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DUNKL TRANSFORM OF DINI-LIPSCHITZ FUNCTIONS

M. EL HAMMA, R. DAHER

ABSTRACT. Using a Dunkl translation operator, we obtain an analog of You-
nis’s theorem for the Dunkl transform for functions satisfying the Dini-Lipschitz
condition in the space LP (R, |z|2%*1dz), where 1 < p < 2 and « > f%.

1. INTRODUCTION AND PRELIMINARIES

In [6], Younis proved the theorem related to Fourier transform and Dini-Lipschitz
functions, Younis characterized the set of functions in LP(R) with 1 < p < 2
satisfying the Dini-Lipschitz condition by means of an asymptotic estimate growth
of the norm of their Fourier transform, namely

Theorem 1 Let f(z) € LP(R) with 1 < p < 2 such that

1£(@+ k) — F(@) ) = O <1g}2>) ,
h

where 0 < o < 1 as h — 0. Then F(f) € L#(R) for

p / p
_— < < —_
p+ap—1 f=p p—1
and
1<
5 <7
B

where F(f) stands for the Fourier transform of f.

In this paper, we prove an analog of theorem 1 in the Dunkl transform. For this
purpose, we use a Dunkl translation operator.

The Dunkl operator is a differential-difference operator D,

Daf(x)CU;?+(a+1>W
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where f € LP(R, |z|?*T1dz), (1 <p<2).

Let j,(x) is a normalized Bessel function of the first kind, i.e.,

jalz) = 29T (v J;al)Ja(x) ,

where J,, (z) is a Bessel function of the first kind ([1]).

The function j,(z) is infinitely differentiable and is defined also by

= ()G

j =T 1 _ 27 C 1
o) =T 3 AR 8
From (1), we see that
: ja(z) -1
zhj}lo 22 ;é 0
by consequence, there exist ¢ > 0 and n > 0 satisfying
|2l <0 == ljalz) = 1] > cl2f”. (2)

Let kernel Dunkl [2] function is defined by the formula

ea() = jo(x) +i(20 4+ 2) ' 2j0 i1 (). (3)
The function y = e, (x) satisfies the equation D,y = iy with the initial condition
y(0) = 1. In the limit case with a = —3 the kernel function coincides with the

usual exponential function e**.

The formula (3) gives

11— ja(hz)| < |1 = eq(ha)] (4)
The Dunkl transform is defined by

o~ +Oo
o :/ F@)eaOa) |2z, AR

— 00

The inverse Dunkl transform is defined by the formula

1 too N
flx) = WCH‘D)Q/OO FNea(=Az) A22TLdA.

Plancherel’s theorem and the Marcinkiewicz interpolation theorem (see [4]) we
get for f € LP(R, |z[***dz) with 1 < p < 2 and ¢ such that  + é =1,

1Fllg < Collfllps (5)

where Cj is a positive constant and

o 1/p
1£l = ( / f(w)l”a?|2“+1da:> |

— 00
K. Trimeche has introduced in [5] the Dunkl translation operators 75, h € R.
Proposition 1[3]
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(1) For all x € R and f € LP(R, |z|?**dz)

70 fllp < 4l fllp
(2) For all f € LY(R, |z|**T!dz), we have

— o~

(T f)(A) = ea(AR)f(N)
2. MAIN RESULTS

Definition 1 Let f(z) € LP(R,|z[***'dx) is said to be in the Dini-Lipschitz
Functions class, denoted by D Lip(a,p), if

I (0) = @)l = 0 (lox() )

as h — 0.

A still further extension is possible if we write

Im60) = 1@l =0 (1oa()

for some

Theorem 2 Let f(z) belong to LP(R, |z[***1dz) with o > —1 and 1 < p < 2
such that

Hmﬂ@fwwp—0<(hé)

log )7
as h — 0 and 0 < § < 1. Then f € L#(R, |z|2**+1dz) for
2ap + 2p p

<B<q=-L_
2p+2a(p—1)+op—2 f=q p—1

and

<7

|

Proof. From proposition 1, the Dunkl transform of 73, f (z) — f(x) is (eq(zh) —
Df(z).

We have
Hmﬂ@fwwp—0<(hé)

log )7
as h — 0, then

|mﬂmﬂwwo((””>

log )P

By proposition 1 and formula (5), we have
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> ~ oo 1/p—1
[ = catweif@piap e < o ([ s - sl as)

— 00 —

From (2) and (4), we obtain

[ i Fae &
hz|*| f(z)|?z|** " de < Cop—F—,
0 (log%)w
and hence
AR ey
()| de = — .
0 (log%)’ﬂl
Let

t
vlt) = [ |a @) a4z,
1
Then, if 8 < ¢, and by Holder inequality we obtain

t Bla t 1-B/q
(/ |x2f(x)|q:c2a+1dw> </ d:r)
1 1

Ot 2995 (log t) 747 ¢1=8/4)
= O@t® 9 logt)~"Pe1=F/)
= O((log t)fwﬁtwﬁféﬁﬂi/p)_

IA

¥(t)

Hence

¢ t
/ |f($)|ﬁ$2a+ld$ = / fﬂ’m’(%‘“)%w/ (2)222+ dz
! 1

t
_ t—2B—(2a+1)§t2a+1w(t) +(28+ (2a+1)é _ (2a+1))/ :E—Qﬁ_(QoH-l)%"rQaq/}(x)dz
q 1

t
o) (t*257(2a+1)§+2a+1t1+,8—6,6’+ﬂ/p(10gt)—vﬁ) +0 (/ x7257(2a+1)§+2am1+ﬂ—66+6/1)(10g m)‘”%x)
1

- 0 (t7287(2a+1)§+2a+2+ﬁ755+5/p(10g t)—'yﬁ) .

and for the right hand of this estimate to be bounded as ¢ — co one must have

—25—(2a+1)§+2a+2+6—56+ﬁ/p<0
and
-8 < -1
ie.,

2ap + 2p

>
p 2p+2a(p—1)+op—2

and
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1y
B

Similarly for the integral over (—t,—1). This proves the theorem.

Theorem 3 Let f(z) belong to LP(R, |z|>***1dx), 1 < p < 2 such that

f € DLip(a, p).
Then f € LA(R, |z|2*+1dz) for

ap+1
_ < < - -
pralp—1) -1 fsa=2—9

Proof. The proof goes exactly as that of theorem 2 and yields

t
[ et o (1momene b g 7)
1
and for the right hand of this estimate to be bounded as ¢t — oo one must have

—ﬂ—(2a+1)é+2a+2+§<0
q p

and
—p < —1i.e., 1 < which is always the cas in our situation.

Then

ap+1
ptalp-1)-1
and this ends the proof.
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