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THE FUNDAMENTAL SOLUTIONS FOR MULTI-TERM
MODIFIED POWER LAW WAVE EQUATIONS IN A FINITE
DOMAIN

H. JIANG, F. LIU, M. M. MEERSCHAERT, R. J. MCGOUGH, Q. LIU

ABSTRACT. Fractional partial di?erential equations with more than one frac-
tional derivative term in time, such as the Szabo wave equation, or the power
law wave equation, describe important physical phenomena. However, studies
of these multi-term time- space or time fractional wave equations are still un-
der development.

In this paper, multi-term modifed power law wave equations in a finite domain
are considered. The multi-term time fractional derivatives are defined in the
Caputo sense, whose orders belong to the intervals (1, 2], [2,3), [2,4) or (0,n)
(n > 2), respectively. Fundamental solutions of the multi-term modi?ed power
law wave equations are derived. These new techniques are based on Luchko’s
Theorem, a spectral representation of the Laplacian operator, a method of
separating variables and fractional derivative techniques. Then these general
methods are applied to the special cases of the Szabo wave equation and the
power law wave equation. These methods and techniques can also be extended
to other kinds of the multi-term time-space fractional models including frac-
tional Laplacian.

1. INTRODUCTION

In recent years, a growing number of works by many authors from various fields
of science and engineering deal with dynamical systems described by fractional
partial differential equations (see [3, 14, 15, 23]). These new models improve on
the previously used integer-order models. Generalized fractional partial differen-
tial equations have been used for describing important physical phenomena [20].
Baleanu et al. [1, 2] investigated an existence result for a superlinear fractional
differential equation and on the global existence of solutions to a class of fractional
differential equations. However, studies of the multi-term time and space fractional
wave equations are still under development.

The effect of the attenuation plays a prominent role in many acoustic and ultra-
sound applications, for instance, the ultrasound second harmonic imaging and high
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intensity focused ultrasound beam for therapeutic surgery. The attenuation coef-
ficient for biological tissue may be approximated by a power law [8] over a wide
range of frequencies used in ultrasonic imaging and thermal therapy applications.
Frequency-dependent loss and dispersion are typically modeled with a power-law
attenuation coefficient, where the power-law exponent ranges from 0 to 2. To fa-
cilitate analytical solution, a fractional partial di?erential equation is derived that
exactly describes power-law attenuation and the Szabo wave equation [24] is an
approximation to this equation.
Measurements on the changes in phase velocity with frequency have been reported
for at least 70 years, and much of this data, together with the results of more
recent measurements, have been reported by Szabo [25]. He compared the ex-
perimental results with those predicted from absorption measurements based on
causal dispersion relations. The Szabo wave equation was originally presented as
an integro-differential equation for fractional power law media.
Stojanovic [26] found solutions for the diffusion-wave problem in 1-D with n-term
time fractional derivatives whose orders belong to the intervals (0,1), (1,2) and
(0,2), respectively, using the method of the approximation of the convolution by
Laguerre polynomials in the space of tempered distributions. Time domain wave-
equations for lossy media obeying a frequency power-law [13]. Mathematically, the
power-law frequency dependence of the attenuation coefficient cannot be modeled
with standard dissipative partial differential equations with integer-order deriva-
tives.
However, the multi-term time-space fractional wave equations successfully capture
this power-law frequency dependence. Kelly [13] considered a power law wave equa-
tion:

s 19%p 200 T'p o p 0

3 Ot cocos(my/2) Otytl  cos?(EL) OtV

The power law wave equation with the n-term time fractional derivatives whose

orders belong to the intervals [2,3) (if 1 < y < 3/2) and [2,4) (if 3/2 < y < 2),
respectively. The Riemann-Liouville fractional derivative 8¢ =q DY p

1 dm /Ot( p(7)dr

[(m —y) dt™ t — 7)atl-m’

oDYp(t) =

Kelly [13] also considered the Szabo wave equation:

Y Ry
2 0t?  c¢ycos(my/2) Oty

The Szabo wave equation with the n-term time fractional derivatives whose orders
belong to the intervals (1,2] (if 0 < y < 1) and [2,3) (if 1 < y < 2), respectively.
The third term is defined by the Riemann-Liouville fractional derivative of order
y+ 1

The generalized time-fractional diffusion equation corresponds to a continuous time
random walk model where the characteristic waiting time elapsing between two
successive jumps diverge, but the accumulated jump length variance remains fi-
nite and is proportional to t*. The exponent « of the mean square displacement
proportional to t* often does not remain constant and changes. To adequately
describe these phenomena with fractional models, multi-term modified power law
wave equations and several approaches have been suggested in the literature (for

=0.
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example, [6, 9, 10, 12, 16, 18, 19, 20, 21, 22]). However, studies of the multi-term
modified power law wave equations are still limited.

In this paper, a method of separating variables is used to solve the multi-term mod-
ified power law wave equations in a finite domain. It is found that these models
can be recast with the Riemann-Liouville fractional derivative or Caputo fractional
derivative for noninteger power. Then, the basic strategy of this study is that the
Riemann-Liouville fractional derivative is replaced by the Caputo fractional deriv-
ative to derive a modified Szabo model, where the initial conditions can be easily
prescribed. We discuss and derive the analytical solutions of these equations with
nonhomogeneous Dirichlet boundary conditions.

The rest of this paper is organized as follows. In section 2, we give some relevant
definitions and lemmas. The analytical solutions of the multi-term modified power
law wave equations with nonhomogeneous Dirichlet boundary conditions are de-
rived in sections 3. Some special cases are considered in section 4. Finally, we
summarise the main research findings of our work in section 5.

2. BACKGROUND THEORY

For convenience, we introduce the following definitions and theorems, which are
used throughout this paper. A modified time fractional wave equation can be
written in the following form:

Dfu(x,t) = kV2u(x,t) + f(z,t),0 <z < L, >0, (1)

where x and t are the space and time variables, k is an arbitrary positive constant,

VZ=A= %, (A) is Laplacian, f(z,t) is a sufficiently smooth function,

0 < @ <4 and DY is a Caputo fractional derivative of order « defined as [23]
1 ft f(m) (r)dr
D?f(‘r?t) = I;lg;';n*a) 0 (t77)1+a77n7 (2)
o £ (1),

where m — 1 <a<m,a=m¢€ N.

When 1 < a < 2, Eq. (1) is the time-fractional wave equation and when 0 < a <
1, Eq. (1) is a fractional diffusion equation. When «a = 2, it represents a traditional
wave equation; while if o = 1, it represents a traditional diffusion equation.
In some practical situations the underlying processes cannot be described by Eq.
(1), but by its modified multi-term time-fractional wave and diffusion equations
that are given by [19], namely

O%u(z,t
Pyoy o, (D)u(z,t) = k% + f(z, 1), (3)
where 0 <z < L, t>0,
Poay,oe o (Dt)u(x, t) = Dy + Z aiD?i, (4)

i=1
0<a, <. ...<ap+1 <1<y, < <ap, . v1<r—=—1<oap, , <--<a <
a<m,and a;,i=1,...,n,n € N. D{* is a Caputo fractional derivative of order
«; with respect to t.
In this paper, we will discuss and derive the analytical solution of (3) with nonhomo-
geneous Dirichlet boundary conditions using the method of separation of variables,
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respectively. The initial conditions are
O'u(z,0
u(z,0) = go(z), T

ott
where 0 < z < L.
Definition 1. (See [7]) A real or complex-valued function f(z),z > 0, is said to be
in the space C,, a € R, if there exists a real number p > « such that

f(x) = 2 fi(x), (6)

=¢i(x),i=1,--- ,m—1. (5)

for f1(z) € CJ0, 0.

Definition 2. (See [17]) A function f(z),z > 0, is said to be in the space C',m €
No = N U {0}, if and only if f™ € C,.

Definition 3. (See [17]) A multivariate Mittag-Leffler function (n dimensional
cases) is defined as

E(al,...,an),b(zh ) Zn)
n l;

— i Z k! | P (7)
o 1) x - x ln'l“(b—i—Zf:l alll)

k=0 14+ +lp =k
1 20,..., ln >0

in which b > 0,a; > 0,|z;| < oc0,i=1,...,n
Lemma 1. Let g > g > -+ > pp > 0,m; — 1 < pi; <my,m; € Ng = NU{0}, \; €
R,i=1,...,n. The initial value problem

{ (DHy)(z) — S0, Ai(DHoy)(z ) ( ) (8)
y<k>(0)—ckeRk—0 -1, m—-1<p<m,

where the function g¢(z) is assumed to lie in C,l, if € N,in C1,,if p ¢ N, and
the unknown function y(z) is to be determined in the space C"4, has the solution

y(@) = yy(z +chuk x>0, (9)
where N
o) = [ 0BG (b9t~ (10)
0
and
o - Kot po—pg
uk(x) = E + Z A 1E(,),k+1+y—,u7¢ (x)v
T =+l
k=0,...,m—1, (11)
fulfills the initial conditions u\” (0) = 6, k,1 = 0,...,m — 1. The function
E(%ﬁ(aj) = EM*Mw-,lifunﬁ()‘lxu_m T )‘nmu_un)' (12)
The natural numbers I,k =0,...,m — 1, are determined from the condition
my, > k+1,
13
{ My, +1 <k (13)
In the case m; < k,i=1,...,n,weset [y :=0,andif m; > k+1,i=1,...,n, then
lk =n.

Proof. (See [17, 12]).
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Definition 4. (see [11]) Suppose the Laplacian (—A) has a complete set of or-
thonormal eigenfunction ¢,, corresponding to eigenvalues A2 on a bounded region
D, ie.,(=A)pn = A2y, on a bounded region D; B(p) = 0 on 9D, where B(y) is
one of the standard three homogeneous boundary conditions. Let

}_:{f:icn@nvcn: <f7<pn>v§:‘cn|2|/\‘g <00, }, (14)
n=1 n=1
then for any f € F,(—A) is defined by
(_A)f = io: CnAEL@n- (15)
n=1
Lemma 2. ( See [4, 11]) Suppose the one-dimensional Laplacian (—A) has a
complete set of orthonormal eigenfunctions ¢,; corresponding to eigenvalues A2,

on a boundary region Q = [0,L], if (=A)pn1 = A2p,1 on Dirichlet boundary
conditions,i.e.,

—Dp =N,
©(0) =0,
p(L) =0.
The eigenvalues are \2; = "2’;2 for n =1,2,--- and the corresponding eigenfunc-

tions are nonzero constant multiples of ¢,,1 = sin("F%)

3. A MODIFIED MULTI-TERM TIME POWER LAW WAVE EQUATION WITH
NONHOMOGENEOUS DIRICHLET BOUNDARY CONDITIONS

Firstly, we consider the modified multi-term time power law wave equation (3)
with the initial condition (5) and the Dirichlet boundary condition:

u(0,1) = pa (1), t>0,
{ u(L,t) = Z2(t)» t>0, (16)

where p;(t), p2(t) are nonzero smooth functions with order-one continuous deriva-
tives. In order to solve the problem with nonhomogeneous boundary conditions,
we firstly transform the nonhomogeneous condition into a homogeneous boundary
condition. Let

u(z,t) = Wz, t) + V(z,t), (17)
where
p2(t) — pa(t)

V(x,t) = T

x + pa(t) (18)
satisfies the boundary conditions
V(O’ t) = Ml(t)a
19
{ V(L) = pa(t), 19)
and the function Wi (x,t) is the solution of the problem:
P(Dy)W(x,t) + k(—=A)W (x,t) = fi(x,t),

Wo(x,0) = wo(z), Mgt(f”’o) = pi(x), (20)
wW(0,t) =0,
W(L,t) =0,
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with
filz,t)  =—-P(Dy)V (0 t) + f(z,1),
po(x) = gola) + 20200g — 4y (0), (21)
u1(0) 8t ua(0)
pile) = i(e) + oy (0
where 0 <z < L,t>0,i=1,2,--- ,m — 1. Using Definition 4 , we set

Z cn (t sm (22)

where @,,1 are eigenfunctions that given in Lemma 2 corresponding to eigenvalues
A2,. We expand fi(z,t) in a Fourier series in the interval [0, L] by the eigenfunctions
sin A\,1x, namely

= Z fr1(t) sin Ay, (23)

n=1

where

L
Fun® =07 [ (60 sinnngde (24)

0

L L

bn, ::/0 cpil(x)dx:/o sin® A1 zde. (25)

Using the initial condition

{ S en(0)sinhgr = ¢u(a),

Zoo 0" cn1(0)

26
pe1 — g sin A1 =pi(x),i=1,2,---,m—1. (26)

We assume that ¢4 (x), 11 (x), w1 (z) are continuous functions with one-order deriv-
ative. Multiplying (26) by sin A\,jz, and integrating from 0 to L respect z, we
obtain

m(0) = FJy or(€)sim g, (27)
7605;(0) —gf (&) sin MF2dE i =1,2,--- ,m —1,

where b,, is given in (25).
Based on Definition 4 and substituting (22) and (24) into (20) gives the following
equation:

P(Dy)ent () + kARicn1(t) = fua(2), (28)

where A1 are given in Lemma 2. According to Lemma 1, we have

t
N / GP ()79 f (£ — 7)dT + ent (0)uo ()
0
m—1 4;
8’cn1 (O)
——u(l), 29
+ ; o uilt) (29)
in which
G?(t) =By ooy (@t o —ant kA2 tY), vy =a—ay, i = 1,2, ,n,

uo(t) = 1= kA%t GL, o (1), (30)
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n

tS
us(t) = i Z @it PG,
i=hs+1
7k)‘21ts+aGe+1+a(t) (31)
in which s =1,2,--- ,m — 1, and % are given in (27).

Therefore we obtain the fundamental solution of the modified multi-term time
power law wave equation with Dirichlet boundary condition as

u(z,t) = W(x t) + V(:L' t)
t) — t
—chl sin —&-MQ( )L'ul( )$+M1(t)7 (32)
where ¢y is given in (29), in which ¢,;(0) and 8%11() are given in (27).

4. SPECIAL CASES

In this section, we give some special cases using the results in Section 3.
Case 1. We consider a modified power law wave equation:
1 0% N 2000 ovtip ak  0%p

g ot2  cocos(my/2) Oyl cos?(TE) Ot

= V?p, (33)

where the fractional derivatives are defined by the Caputo fractional derivatives
and whose orders belong to the interval [2,3) (if 1 <y < 2). The initial conditions
are given by (5) with m = 3 and boundary conditions are given by (16).

Firstly, we consider the interval [2,3) (if 1 <y < 3).

We rewrite (33) as the following form:

o%p  2cos(TE)ovtlp  cos?(BE) 9%p  cos?(TE)

2
= —==" . 34
o2y coap  Otytl a2 o a2 Ve (34)
Y 2/m
Let a; = 2COS(TJ), = COS2(27y)7k = (J) , then Eq. (34) becomes
Ccoxp COOLO ,0
62yp 3y+1p 52 P )
D2y +a p vy +ac— a2 = kV-<p. (35)
Comparing Eq. (35) with Eq. (3) (let az = - = a, =0, a = 2y, a1 = y + 1,

as =2, f(z,t) =0, u(x,t) = p(x,t)), we obtain the analytical solution of (35) with
initial conditions (5) and Dirichlet boundary conditions (16) as

u(z,t) = Wiz, t) + V(z,t)

ad t) — us(t
=3 () sin e + Mz‘ + p(b), (36)
where
1) ¢ 1
D) = / GRY(r)r 2L {0 (¢ = 7)dr + e (0)uo(t)
+¢p1 (0)ur (t) + ¢y (0)ua(t), (37)
Gfl(t) = E(y—1,2y—2,2y),n(7a1ty717 7a2t2y723 7]{/\%1752?”), (38)
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fDa—7 = vt / FO &t = 7) sin A £, (39)

1(1)(:177]5) _ azyg;'; 1) Ca ay;ltxy/ﬁ ) o mgg,t)’ (40)

up(t) = 1—kX PGP, (1), (41)

ui(t) = t—kAHTHGEL, (1), (42)

us(t) = ;—2' — axt™ Gy} — kN PTVGRL, (1), (43)

Here b,V (x,t) are given in (25) and(18), ¢,1(0), c,;(0) = 60#;(0) and ¢/,(0) =

% are given in (27).

Case 2. Similarly, we obtain the fundamental solution of the modified power law
wave equation (33) in the interval [2,4) (if 2 <y < 2). The initial conditions are
given by (5) with m = 4 and boundary conditions are given by (16).

u(z,t) = W(z,t)+V(z,1)
= t) — pa(t
= Z 05121) (t) sin ppx + H2(t) — i (t) 17 pl )x +pa(t), (44)
where
@) ' 2)
i (t) = / GRA(T) T~ [P (8 — T)dr + car (0)uo(t)
0
+cp1(0)ur (t) + cpp (0)ua(t) + i (0)us(t), (45)
GWDQ(t) = E(y,1 2y—2 2y) (—alty 1, —a2t2y 27—]€)\ilt2y), (46)
uo(t) = 1—kA Y GTR, (1), (47)
u(t) = t— kAL ETVGER, (1), (48)
£2
us(t) = o1 a2t2yG2y+1 k)‘21t2+2yG3+2y( )s (49)
43
ug(t) = 31 — st TIGRY — kALY GEE (1) (50)

Here f(g) (t — 7) is same as fr(tll) (t —7), cn1(0), 1 (0) = 70‘:"8;(0), i (0) = 9%cn1(0)
and ¢/} (0) = % are given in (27).
Case 3. We consider the following modified Szabo wave equation:

o 1020 oy
2 0t?  c¢ycos(my/2) Otyt!

=0, (51)

whose orders belong to the interval (2,3] (if 1 <y < 2). The initial conditions are
given by (5) with m = 3 and boundary conditions are given by (16).
Similarly, we rewrite this equation as

8y+1p 52]9
ST T 0 = kV?p, (52)
where a = CO;EI%), E= C;’Z(O%)

Comparing (51) with Eq. (3) (letas =---=a, =0, a=y+1, any =2, f(z,t) =0,
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u(z,t) = p(x,t) ), we obtain the fundamental solution of (51) with initial conditions
(5) with m = 3 and Dirichlet boundary conditions (16) as

u(z,t) = Wi (z,t) + Vi(z,t)

= c 3)(t) sin J0% 4 200 — B () — (1)

- e, 69

where

By = / GP3, ()7 D (¢ — r)dr + e (0)uo ()
+c,1 (0)ur (t) + ¢y (0)ua(t), (54)
GnD?’(t) = Ey1yin(—at’™! —kXZ ), (55)
- = bt / SO (6,1 — ) sin A, (56)
6y+1v t 0%V
Oy = VD FVED 57)
wlt) = 1— kXGRS (1), (58)
w(t) = t— kXTGP (1) (59)
up(t) = ﬁ—k/\21t3+yG (). (60)

Here b, 1,V (x,t) are given in (25) and(18), c,1(0), c,;(0) = %1(0) and ¢/,(0) =
% are given in (27).
Case 4. The time-fractional telegraph equation:

ka%(x, t)

Di%u(x,t) + aDju(z,t) = 902

+ f(x,1), (61)

1
O<x<L,t>O,§<a§1,

(e, 0) = o(2), 2200 g, 0) (62)

U(O’ t) = :U'1<t)’ U(Lv t) = ,U'Q(t)7 (63)

where 1/2 < a < 1. From Eq. (32), the analytical solution of time-fractional
telegraph equation (61), (62) and (63) can be written as the following form:

sm Ty x + pi(t), (64)

= palt) — (1)
0=3 enll I
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where
t
) = / GRAT) T2 f D (= 7)dr + e (0)uo(t) + ¢y (0)un (£),(65)
0
G,’;"‘*(t) = Ela,a),(—at®, —kX2 %), (66)
L
D) = b / FD (et — ) sin A, (67)
0
W(a,t) = —(DP +aDMV (2,8) + f(a,1), (68)
up(t) = 1_k)\72L1t2aG?f2a(t)» (69)
ui(t) = t—at> OGP (8) — kA2 2GR, (1) (70)

Here b !,V (z,t) are given in (25) and(18), ¢u1(0), ¢, (0) = 2226 and ¢ (0) =

ot
2
8%%12(0) are given in (27).

5. NUMERICAL EXAMPLE

In this part, we give an numerical example to illustrate validity of our solu-
tion techniques. We consider Case 4 in the above section and take the following
conditions and parameters. The initial conditions in (62) are taken as

po(z) =0,¢1(x) = 0. (71)
The boundary conditions in (63) are taken as
1251 (t) = t5, ,ug(t) = €t5. (72)

We take the other parameters as a = 1, k = 1, a = 0.8 in Eq. (57). And it
is easy to testify the exact solution is u(z,t) = e%t5. The exact solutions and
analytic solutions are plotted in Fig. 1, which shows the present method is in good
agreement with the exact solution.

6. CONCLUSIONS

In this paper, we have proposed some new solution techniques to derive funda-
mental solutions to multi-term modified power law wave equations with nonhomo-
geneous Dirichlet boundary conditions in a finite domain. The multi- term time
fractional derivatives are defined in the Caputo sense, whose orders belong to the
intervals (1,2], [2,3), [2,4) or (0,n) (n > 2), respectively. These techniques are
based on Luchko’s Theorem, a spectral representation of the Laplacian operator, a
method of separating variables and fractional derivative techniques. By using these
techniques, fundamental solutions of the modified power law wave equations and
a modified Szabo wave equation are also derived. These methods and techniques
can also be extended to other kinds of the multi-term time-space fractional models
including fractional Laplacian.
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261 —— analytical solution ]
—— exact solution

241 .

22 .

=1)

u(x,t
=
(oo}
T
I

14 .

[N

F1GURrE 1. The analytic solution and exact solution.
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