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QUALITATIVE ANALYSIS OF NONLINEAR DIFFERENCE
EQUATIONS WITH A THIRTY-ORDER

LAMA SH. ALJOUFI

ABSTRACT. The main purpose of this paper is to determine the forms of the
solutions to the following thirty-order nonlinear difference equations:

Cr—29
Crg1 = = , r=0,1,2, ...
1+ Hi:o Cr—(5i+4)
where the initial conditions (_29, {_23, ..., (o are arbitrary real numbers. More-

over, we investigate stability, boundedness, oscillation and the periodic char-
acter of these solutions. Finally, we confirm the results with some numerical
examples and graphs. The MATLAB program is used to plot the presented
figures.

1. INTRODUCTION

Difference equations have been successfully used to build and analyze mathe-
matical models of biology, ecology, physics, economic processes, and other fields.
Because we still know so little about nonlinear rational difference equations, re-
search into these equations is considered as an active area. The study of global
attractivity, boundedness character, periodicity, and the solution form of nonlinear
difference equations has sparked a lot of interest recently. For some examples of
outcomes in this field. Ahmed et al. [4] obtained the solutions of the difference
equations

Tp—14
T+, 2% 5Tn 8Tn—11Tn—14

Tni1 = , n=20,1,2,...
where the initial conditions are arbitrary real numbers. Ahmed et al. [6] obtained
the expressions of solutions of the class of difference equations
Ty
et ., n=012,..,
+1 4+ Hizlxn—Qi—Q—l

with conditions posed on the initial values z_;, j =0,1,2,...,2k—1; k € {1,2,...}.
Elsayed et al. [I4] obtained the solutions of the difference equations

Tp+1 =

Tp—11
+l+ 2, 2Ty 5Tp-8Tn—_11

Tn+l = ) n=0,1,2,..
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where the initial conditions are arbitrary real numbers. For other related papers,
see [TH3], Bl [THI3] T5H20].

This work aims to analyze some dynamical properties such as equilibrium points,
local and global behaviors, boundedness, and analytic solutions of the nonlinear
recursive equations

(7‘729
Cre1 = = ., r=0,1,2,....
1+ oo G- (5ita)
Here, the initial values (_ag9, (_og, ..., (o are arbitrary real numbers. In this pa-

per, we also illustrate some 2D figures with the help of MATLAB to validate the
obtained results.

Definition 1 We consider mod (x,5) = k—5 [g} , where [A] is the greatest integer
less than or equal to the real number A.

2. THE DIFFERENCE EQUATION - Gr-2
Q Cr1 T Cr—(si4a)

In this section we give a specific form of the solutions of the first equation in the
form
<r729
1+ H?:() Cr—(5i+4)
with conditions posed on the initial values ¢(_;, j =0,1,2,...,29. Also, we investi-
gate the stability and boundedness of these solutions.

Theorem 1. Let {(}22_54 be a solution of Eq. (1). Then, for r =0,1,2,.

Crg1 = , r=0,1,2,.., (1)

1+ 61+T}k*1),u,k
Gor—k = EkH( 1+ (60 + 75 on ) (2)

5
where g = H Emod(k,5)+555 Mk = 6 — [g] and (_y = €, with nuy # —1 such that

ne{l,23,. }k_012 . 29.

Proof. For r = 0, the result holds. Now suppose that » > 0 and that our
assumption holds for r — 1. That is

14 (60 +nk — 1) pge
C3or—30—k = 5kH< 5 Gt ) e ) 3)

Now, it follows from Eq. and using Eq. (| . that

¢ _ C30r—59
30r—29 —
1+ C30r—34C30r—39C30r—44C30r —49C30r —54(30r— 59
g r—2
14(6itnog—1)pog 1+(6i)eqe9c14519524529
€29 H ( 1+(6i+n29) k29 ) 29 1;[0<1+(Gi+1)5459514519524529)

5 1+(6i+n 1) r=2 1+4(64) -
5j+4—1)H5j+4 1 1)€4€9€14€19€24529
1+ 11 <E5J+4 H ( lteseoc14€19624820 o \ 1+ (6i+6)eqege14e19e24229
ji=0 =0 =

1 (Gitnsj4a)155+4
Hence, we have

R . H 1+ (6i)ese9e14€10E24E29
30r—29 = €29
1+ (60 + 1) e469€14€19€24€29

3
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Also, it follows from Eq. and using Eq. that

¢ _ C30r—58
30r—28 —
1 + C30r—33C30r—38C30r—43C30r—48C30r—53(30r—58
r—2 r—2
14(6i4+nog—1)pog 14(6i)egegei3c18€23€28
€28 H ( T+ (6i+n28)Hos ) e2s |1 (1+(6i+1)5358613518523528)

= - = — .
5 14(6i+n5j43—1)ns;j4+3 1 " 1+(6i)egege13e18523528
+€368€13€18€23€ -
1+j1;[0<551+3 HU< T+ (6i+n5, 1 3) 15515 3E8E13€18€23€28 l.l;Io T+(6iT6)czee13c18523528

Hence, we have

¢ _. H 1+ (6i)esese13€18€23E28
30r—28 = €28
1+ (60 + 1) e3e8e13618623628

Also, it follows from Eq. and using Eq. that

¢ _ C30r—57
30r—27 —

1 + CSOT732C307‘737C30T742<3OT747C307‘752C30T757

_2
14 (6i4+mno7 =D pgy " 14+(6i)egegeqoeirenncar )
€27 H ( T+(6itn27) a7 ) eor 11 (1+(61?+1>5257612517522627
5 1+(6L+r1 542~ l)u 5j+2 - Tﬁz( 14+(6i)egere10e17622827 )'
1+j];[0<€51+2 Ho( 1+(61+‘7’]5]+2)“5]o+2 l1+ezere12817€22827 7_’1;10 TT(6116)caerc12e17c02c27

Hence, we have

¢ . H 1+ (6i)eaererae17€22827
30r—27 = €27
1+ (6¢ 4 1) eaere10e17622827

Also, it follows from Eq. and using Eq. that

¢ _ C30r—56
30r—26 —

1 + (30r—31630r—36$30r—41G30r—46G30r—51 (30756

r—2
1+(6i+n26—1)p26 14(6i)e1€6511516621626
€26 H ( 1+(6i+n26) 126 ) €26 il;IO(1+(6i+1)5156511516521526)
5 =2 (14 (6idns 41— 1) i1 o TSP 14 (6D)c1ege1ic16521526 )
1+j];[o <€5j+1 iI;[g( 1+(6i+77]5j+1)k‘5j11 l+eie6e11€16€21626 1‘,1;[0 ( T (614 6)c1c6c 1161691626

Hence, we have

¢ . H 1+ (6i)e1e6e11€16E21626
30r—26 = €26
14 (6i+ 1) e1e6e11€1621€26

Also, it follows from Eq. and using Eq. that

¢ _ C30r—55
30r—25 —
1 + (30r—30C30r—35C30r—40C30r—45C30r—50(30r—55
r—2
1+(6i+n25—1)uas 1+(6i)epe5210815520€25
€25 H ( 1+(61+n20)#250) €25 il;lo ( 1+(6i+1)€0€s€105015€20525)

P . - r—2 ) .
1+(6'l+775’*1)/45’ 1+(6@)5055510515520525
1 Er s 53 07 1+e0es5€10€15€20€25 7
+j1;lo > ril;[() 1+(61+775j)1¢5j 7 7 7 z‘l;lo 1+(6i+6)20e5510°15°20°25

Hence, we have

¢ _. H 1 + (67)eoes106 15620625
30r—25 — €25
1 —|— 6Z + 1) E0E5E10€15€20€25

Similarly, one can easily obtain the other relations. Thus, the proof is completed.
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Theorem 2. Assume that the initial values (_29,(_2s,...,(o € [0,00), then every
solution of Eq. is bounded.

Proof. Let {¢,}22_y4be a solution of Eq. (T]). It follows from Eq. that

C’I"729
1+ GroaGr—9Gr—14Cr—19Cr—24Cr—29

Then, the sequence {(30r—i}2, ,4 = 0,1,...,29 is decreasing and so is bounded
from above by 1 = max{(_29,(—28, .-+, (o}

OgCr-‘rl =

<(r_29 Vr=>0.

Theorem 3. The only equilibrium point ¢ of Eq. is ¢ = 0.

Proof. From Eq. , we can write

Then, we have
or,

Thus, the only equilibrium point of Eq. is ¢ = 0.

Theorem 4. Assume that the initial values (—29,(-2s;...,Co € [0,00), then the
equilibrium point ( = 0 of Eq. 1s locally stable.

Proof. Let € > 0, and let {¢,}22_o9be a solution of Eq. such that

29
Yol <e
7=0

It suffices to show that |(;] < e. Now

(—29
1+ (—4C-9¢—14C—19C—24C—29

and so the proof is completed.

0< @ = < (29 <6

Theorem 5. Assume that the initial values (—29,(-2s;...,Co € [0,00), then the
equilibrium point ¢ = 0 of Eq. 1s globally asymptotically stable.

Proof. We know by Theorem {4 that the equilibrium point ¢ = 0 of Eq. is
locally stable. So let {¢,}2_,9 be a positive solution of Eq. (). It suffices to show
that lim, o ¢ = ¢ = 0. From Theorem [2{ we have (41 < (q_29 for all » > 0, so
the sequences {(30r—i 2, = 0,1, ..., 29 are decreasing and bounded which implies
that the sequences {{30,—i}524,% = 0,1, ...,29 converge to limit (say Z; > 0). So

- Z29 =0, Zog = Z2g =0,... 7y = Zo -
1+ Z4Z9 714219724229 ' 1+ Z37Z8713218 223298 T 1+ ZoZ5 710215220 %25

which implies that Zyp = Z; = ... = Z39 = 0, from which the result follows.

Z29 07
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3. THE DIFFERENCE EQUATION - G2
Q <7"+1 1_1_[?:0 <r7(5i+4)

In this section we give a specific form of the solutions of the second equation in
the form

Gr—29
<7'+1 = 5 ) T:07172a"'a (4)
1 =TI Cre(si4a)

with conditions posed on the initial values (_;, j =0,1,2,...,29.

Theorem 6. Let {(,}22 o4 be a solution of Eq. . Then, forr=0,1,2,.

14 (60 +mk — 1)
Caor— k—€kH( Gt ) ()

5
where py, = 1] €mod(k,5)+55, M = 6 — [g] and (_j, = ek, with nu, # 1 such that
j=0
ne{l,2,3,..}, k=0,1,2,...,29.

Proof. For r = 0, the result holds. Now suppose that » > 0 and that our
assumption holds for » — 1. That is

¢ - H —1 4 (60 +mp — 1) g (©)
30r—30—k — ¢k .
=1+ (60 + ng) pre
Now, it follows from Eq. (4]) and Eq. @ that
¢ _ (3059
30r—29 —
1 — (30r—34C30r—39€30r—44C30r—49C30r—54(30r—59
r—2 r—2
—1+(6itmna9—1)pag —14(6i)eqe9e14€19824529
€29 11;[0( —14(6i+n29) 129 ) €29 1.1;[0 ( 71+(6i+1>54€9514519524529)
o 5 T=2( —14(6itn51a—1)p5 44 o _ T —14(6)egc0c14c10c04c20 )
lfj];[o (65j+4 il;[0< =y G ) 1—e4e9€14€19€24€20 il;lo ( 71+(6i+6)5459514519624529)

Hence, we have

¢ _. H —1+ (6i)e4e9e14619E24E29
30r—20 = €29
—1+ (60 4 1) 4691419624829

Also, it follows from (4]) and Eq. @ that

¢ _ C30r—58
30r—28 —
1 — (30r—33C30r—38¢30r—43G30r—48C30r—53C30r 58
r—2 r—2
—1+(6itnag—1)pog —1+(6i)ezege13518523€28
€28 H ( “T1+(6itn28)Hos ) ezs J1 (—1+(si+1)5358513518523528)

- = — P— .

5 14 (6i4n5 43— 1) s 43 ( —1+4(6i)egegei3eigengeas )

1— l—e3ege13€18€23€ :
jl;[ (557+3 H < S (T, yr— 3E8€13€18€23E28 il;[o B (T F ) e

Hence, we have

¢ . H —1 4 (67)e3e8e13618€23€28
30r—28 — <28
-1 + GZ + 1) £3E8E13£18E23E28

Also, it follows from (4]) and Eq. @ that

C30r—57
1 — (30r—32C30r—37¢30r—42C30r—47¢30r—52C30r—57

<3OT—27 =
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r—2 L r—2 L.
ear I1 —1+(6itmy7 —1)ugy ear I1 —1+(6i)egegejaeizenaeny
; —14+(6i+n27)p27 ; —14(6i+1)egerei2e17522527
B 5 =2 —14+(6itns 410—1)us; B T=2/ _14(6i ’
5j4+2—1)H5i42 1—¢ ( (6i)egeyeineirenneay )
— i 2E7E€12€17€22€27 z
jl;[o (55]+2 Eo( —1+(6i+ns;42) 5542 L Semostrandrmnssy

Hence, we have

c . H —1 + (6i)eaere 12817622827
30r—27 = €27 :
s \-1 + (6i 4 1) eaere10e17822E27

Also, it follows from and Eq. @ that

¢ _ (30r—56
30r—26 —
1 — (30r—31C30r—36$30r—41G30r—46G30r—51 (30756
r—2
—14+(6i+m26—1) 126 —1+(6i)e1c6€11€16521526
€26 H ( —1+(6i+mn26) 126 ) €26 igo(—1+(6i+1)5156511516521526)

5 T=2 (14 (6itnsj 1 —1)us; r=2, _ ; :
15541~ 1) K541 1+(6i)e1£6£11516521526
1— €541 —27 2 l—c1€6€11€16€21€26 — -

jl;IO it il;IO —1+(6itn5;+1)H5 41 o \ ~1F(6iF6)e1c6e11e16521626

Hence, we have

—14 (67)e1€6c11€16621626
=€
Caor—26 = €26 H ( 14 (604 1)e1e6e11€16E21626

Also, it follows from and Eq. @ that

C _ 4307”755
30r—25 —
1 — (30r—30G30r—35G30r —40$30r— 45C30r—50C30r 55
r_2
—14+(6i+n25—1)pos —1+(6i)egese10€15520€25
€25 H ( Tt nasias ) €25 il;lo(*1+(6‘i+1)50555105155205)25)
5 T=2 (14 (6itng;—1)us; o "2 _—14(6D)zgeseigeiseancas )

Hence, we have

: . H —1 + (6i)e0e5e10615620825
30r—25 = =25 —1+ (60 + 1) soes€10€15620825

Similarly, one can easily obtain the other relations. Hence, the proof is completed.
Theorem 7. Fq. has a unique equilibrium point ¢ = 0, which is a non hyper-
bolic equilibrium point.

Proof. From Eq. , we can write

Then, we have

Al

-C'=
or,
' =o.
Thus the only equilibrium point of Eq. is ¢ = 0.
Define the function f (¢1, (2, (3,4, (5, C6) = m on I% where I is a subset
of R such that 0 € I and f(I°) C I. Clearly, f is continuously differentiable on I°
and we have
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_ 1 _ (7¢3¢a¢5Cs
fer(€1,62,63,C4,C5,C6) = (1= Ceataataca)” A CHCRENONENT)) 0 tatatatata)®
- GGG GGG
fCS(C17C2a<3aC47C57C6) - (1 _41<2<3<4C5<6)27fC4(<17<27C3a<43<57<6) (1 —<1<2<3C4<5<6)2’
2 2
For (C1r G Gon Car Css o) = —— RGOS o e ) = —S162GGGs

(1 — ¢1¢2¢3¢4aC5C6) (1 - ¢162C36aCsCo)?

which implies that

the equilibrium point { = 0 is

Cra1 = Gr—29, (7)
and the characteristic equation of Eq. about the equilibrium point ¢ = 0 is
N0 —1=0,

which implies that
INil=1, i=1,2,...,30.

So, ¢ is a non hyperbolic equilibrium point.

4. THE DIFFERENCE EQUATION = _fr-20
Q Cri —1HTT5—0 Sr—(si+4)

In this section we give a specific form of the solutions of the third equation in
the form
Cra1 = %’”’29 . r=0,1,2, .., (8)
=1+ =0 Gr—(5ita)
with conditions posed on the initial values (_;, j =0,1,2,...,29. Also, we investi-
gate the oscillation and periodicity of these solutions.

Theorem 8. Let {(,}22_59 be a solution of the difference Eq. (§). Then for
r=20,1,2,...,

9)

£k
CBOT—k = 7 1 Nrtap:»
(=1 + )

5

where pr, = ] €mod(k,5)+55 » W = (DB and ¢y = ep, with py, #£ 1, k =
=0

0,1,2, ..., 29.

Proof. For r = 0, the result holds. Now suppose that » > 0 and that our
assumption holds for » — 1. That is
€k

(=14 )
Now, it follows from Eq. and using Eq. that

(10)

C30r—30—k = r—Dar

(30r—59
—1 + (30r—34€30r—39C30r—44C30r—49(30r—54C30r—59

C30T—29 =
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c29
(=1tpg9)T 1

— 1 €19 1 r—1 £29
e14(—14p14) (—1+u19)r—1524( th24) (—14pg9)" 1

T —ltea(—14pa)" L

€9
(—1+pg)r—1

€29

r—1 :
(—1 4 cac9e14€19€24€29) (=1 + €469€14€19€24€29)

Hence, we have

€29
—1 4 e489€14810624629)"
Also, it follows from and using Eq. that

<3Or729 = (

(30r—58
—1 + (30r—33C30r—3830r—43C30r—48(30r—53C30r—58

c2g
(—1+pog)"—1

(*1+288)T71 613(714"»#13)7‘71 (71«'»21188)’7‘—1 523(71+N23)T7

<3Or728 =

T —ldes(—14p3)" !

T =38
(—14pgg)" 1

€28

r—1 :
(—1 + 5358513618523628) (—1 + 5358613618523628)

Hence, we have

€28
—1+ 3656136 18623628)
Also, it follows from and using Eq. that

§30r—28 = (

C30r—57
—1 4 (30r—32(30r—37¢30r—42(30r—47C30r—52(30r—57

<30r—27 =

€27
_ (=1+4po7)r—1

- 1 —1 r—1__ €7 —1 r—1__ €17 —1 r—1__ €27
+ea(—=1+p2) Cirey=T e12(—1+p12) i1 e22(—14p22) i aey=T

€27
r—1 .
(—1 +5257512€17522627) (—1 +€2€7€12€17522€27)

Hence, we have
€27

—1+ ege7e12817620807)
Also, it follows from and using Eq. that

§307'—27 = (

C30r—56
—1 4 (30r—31C30r—36(30r—41(30r—46(30r—51(30r—56

<30r—26 =

26
(—1+n96)" 1

= — — — - — 265 T3 — =T ED)
I+e1 (—=14p1) 46;(71+“6),_1 e11(—14p11) (—14p16)" L e21(—1+p21) (—1+ng6)" 1
€26

r—1 .
(—1 + e1€6€11€16€21€26) (—14 c1€6€11€16€21€26)

Hence, we have

€26
—1+ e166e11616€21€26)
Also, it follows from and using Eq. that

C307—26 = (

C30r—55
—1 + (30r—30¢30r—3530r—40C30r—45(30r—50C30r—55

C30T—25 =



EJMAA-2023/11(1) ANALYSIS OF NONLINEAR DIFFERENCE EQUATIONS 9

25
(“1+pop)" 1

e10(—14p10)" "t 7(—1+;11i)r_1 £20(—14p20)""

T —1l4eo(—14po)" "

1 €5 1 €25
(—1+pu5)"—1 (—14pg5)" 1
€25

r—1 .
(—1 + 5055510615520525) (—1 + 5055510615520625)

Hence, we have
€25

—1 4 eoese10815620€25)
Similarly, one can easily obtain the other relations. Hence, the proof is completed.

C30r—25 = (

Theorem 9. Eq. has three equilibrium points 0 and 4+/2, which are nonhy-
perbolic equilibrium points.

Proof. The proof is similar to the proof of Theorem |7 and will be omitted.

Theorem 10. Fjq. 1s periodic of period 30 iff up, =2 ;k=0,1,...,29 and will
be take the form

C30r—k =€k, £=0,1,...,29, r=0,1,2,...
Proof. The proof follows immediately from Theorem [§]

Theorem 11. Assume that €g,€1,...,e29 € (0,1). Then the solution {(,}22_5
oscillates about the equilibrium point ¢ = 0, with positive semicycles of length 30,
and negative semicycles of length 30.

Proof. From Theorem 8] we have (i, (o, ..., (30 < 0 and (31, (32, ..., 6o > 0, and the
result follows by induction.

C'r—29
—1-TT5_0 ¢rm(5i44)

5. THE DIFFERENCE EQUATION (41 =
In this section we give a specific form of the solutions of the fourth equation in
the form
Cry1 = %*29 . r=0,1,2,.., (11)
—-1- Hi:() Cr—(5i+4)
with conditions posed on the initial values (_;, 7 =0,1,2,...,29. Also, we investi-
gate the oscillation and periodicity of these solutions.

Theorem 12. Let {(,}52 o be a solution of the difference Eq. (L1). Then for
r=20,1,2,...,

€k

(30r7k = ( )7'ozka (12)

—1—

5 ,
where i, = ] €mod(k,5)+5; » A = (71)[%]+1 and (_p = e, with ux # —1, k =
§=0

0,1,2,...,29.
Proof. For r = 0, the result holds. Now suppose that » > 0 and that our
assumption holds for r — 1. That is

€k
(=1 = )
Now, it follows from Eq. and using Eq. that

C30r—30—k = (13)
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(30r—59
—1 — (30r—34€30r—39C30r—44C30r—49¢30r—54C30r—59

<30r729 =

€29 T

_ (=1—pog)™—
T —l—ea(—l-pa)" ——2 614(*1*m4)r2_91 £19
(—1—pg)r—1 (—1—p19

€29

r—1 .
(—1 — e4€9€14€819€24€29)  (—1 — €4€9€14€19€24E29)

1 £

—1— r—1____ €29
=T eaa(mlmpaa) T

Hence, we have
€29

—1 — e489€14€10624620)"
Also, it follows from Eq. and using Eq. that

C3Or729 = (

<30r758

—1 — (30r—33C30r—38C30r—43C30r—48(30r—53C30r—58
€28
_ (Clopgg)— 1
- _1_63(_1_#‘3)7‘71578613(_1_)“13)/:"2781¢623(_1_#23)r7
(—1—pg)"—1 (—1—p1g)" 1
€28

1 | '
(—1 — e3ese13€18€23628)  (—1 — e368€13618€23€28)

<30r728 =

1 €28

(—1—pgg)" 1

Hence, we have
€28

—1 — e3e5613€18623628)
Also, it follows from Eq. and using Eq. that

§30r—28 = (

4307”757

—1 — (30r—32830r—37C30r—42(30r—47C30r—52830r—57

27
— (Z1l—pa7)"—
T _1—eo(—1— r—1___ 7 —1— 7"2*715# —1— T—
ea( p2) CispmrT e12( Hi2) T €22( H22)
€27

1 | '
(—1 — egerer2e17€20627)  (—1 — 267126 17€22€27)

C30r727 =

T s37
(—=1—pap)r=1

Hence, we have
€27

—1 — egere10e17620607)"
Also, it follows from Eq. and using Eq. that

<307"—27 = (

4307”756

—1 — (30r—31C30r—36(30r—41C30r—46(30r—51630r—56

<26
— (—1—pge)" 1

- —1— —1— T—1 €6 11— r—1 €16
=i #a) (717“6)1,,1611( pa) (—1-p16)

€26

1 |
(—1 — ec1e6€11€16€21€626)  (—1 — €1€6€11€16€21€26)

C30r726 =

£26
r—1

11— T—1_ 26
el pa21) (—1—pag)

Hence, we have
€26

—1—e186c11€16621626)
Also, it follows from Eq. and using Eq. that

<307"—26 = (
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(30r—55
—1 — (30r—30€30r—35(30r—40$30r—45(30r—50C30r—55

<30r725 =

25
_ (—1—pps)™ =1

T l—eg(—1— r—1 —1— r—1___ ®15
60( /»bo) 510( ,ulo) (Ci—pis)"— 1T

€

—1— r—1 25
e20( 120) i sy=T1

€5
(—1=u5)™ 1

€25

r—1 .
(—1 - 5055510615520625) (—1 - 5055510615520625)

Hence, we have

€25
1 r
—1 = 5055510515520825)

C307“725 = (

Similarly, one can easily obtain the other relations. Hence, the proof is completed.

Theorem 13. Eq. has a unique equilibrium point { = 0, which is a nonhy-
perbolic equilibrium point.

Proof. The proof is similar to the proof of Theorem [7] and will be omitted.

Theorem 14. Fjq. 1s periodic of period 30 iff u = =2, k = 0,1,...,29 and
will be take the form

Caor—k =€k, k=0,1,...,29, r=0,1,2,...
Proof. The proof follows immediately from Theorem [12]

Theorem 15. Assume that €g,€1,...,€29 € (0,00). Then the solution {¢,}72_o
oscillates about the equilibrium point ¢ = 0, with positive semicycles of length 30,
and negative semicycles of length 30.

Proof. From Theorem we have (3, (2, ...,(30 < 0 and (31, (32, ..., (g0 > 0, and
the result follows by induction.

6. NUMERICAL INVESTIGATION

This section is included to ensure that the constructed results are accurate.
Under specified initial conditions, we provide various 2D examples.

Example 16. The graph of Eq. and the case when (_99 = 2, (_9g = 1.5,
(—27 = 3.5, (_o6 = 1.4, (o5 = 2.2, (24 = 5.2, (23 = 0.5, (_o2 = 2.1, (_o1 = 7.5,
(20 = 5.1, (19 =4, (18 = 6.2, (17 = 73, (16 = 1, (—15 = 6, (-14 = 0,
Coi3 =3, Coia = 9.5, Coip = 0.4, (1o = 102, (g = 2.3, (_s = 0.5, C_y = L.7,
(—6=07,(5=05(4=17,(_3=52,(_2=5.3,(_1 =5 and {y =1 is shown
in Figure[d].
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| Plot of g(r+1)= (Z(r-29)/(1+Z(r-4)*Z(r-9)*g(r-14)*g(r-19)*g(r-24)*g(r-29))

o 50 100 150 200 250 300 350 400 450 500
r

FIGURE 1. The behavior of Eq. .

Example 17. The graph of Eq. @ and the case when (_o9 = 1.5, (_og = 2.1,
Coo7r = 3.2, (o6 = 4.3, (25 = 5.25, (o4 = 6.3, (_23 = 7.2, (L2 = 2.15, (o1 =
4.05, C_Q() = 1.01, C—19 = 3.47 C—lS = 0.2, C—17 = 03, 4—16 = 4.17 <—15 = 66,
C_14 = 75, <_13 = 89, <—12 = 4.27 C—ll = 0.4, C—lO = 0.2, C_g = 2.13, C_g = 5,
(—7=017,(_6=027,(_5=35,(_4 =047, (_3=1, (2 =10.6, (-1 = 0.75 and
Co =5 is shown in Figure[3

35Plo': of g(r+1)= (g(r-29)/(1-g(r-4)*g(r-9)*g(r-14)*g(r-19)*g(r-24)*g(r-29))

30 B

25 - B

20 B

o 50 100 150 200 250 300 350 400 450 500
r

FIGURE 2. The behavior of Eq. .

Example 18. The graph of Eq. and the case when (_o9 = 0.2, (_28 = 0.5,
C_27=0.5, C_26 = 0.4, (_o5 = 0.2, (24 = 0.2, (_23 = 0.5, (_22 = 0.1, {_o1 = 0.5,
C—20=0.1, ¢ 19=04,¢18=0.2, (17 =03, (_16 = 0.1, (_15 = 0.6, (_14 = 0.5,
(13 = 0.3, (12 = 0.5, (_11 = 0.4, (_19 = 0.2, (_g = 0.3, (s = 0.5, {_7 = 0.7,
C_ﬁ = 07, C_5 = 05, C_4 = 07, C_3 = 0.2, C_Q = 03, C—l = 0.5 and Co = 0.1 1s
shown in Figure[3



EJMAA-2023/11(1) ANALYSIS OF NONLINEAR DIFFERENCE EQUATIONS 13

° gIOt of Z(r+1)= (Z(r-29)/(-1+g(r-4)*g(r-9)*g(r-14)*g(r-19)*g(r-24)*g(r-29))

0.6 B

0.4 B

0.2 B

= ot} B

-0.2

o 20 40 60 80 100 120 140 160 180
r

FiGURE 3. The behavior of Eq. .

Example 19. The graph of Eq. and the case when (_29 = 0.5, (_28 = 0.1,
(27 = 0.2, (_26 = 0.3, (—25 = 0.25, (24 = 0.3, (23 = 0.2, (22 = 0.15, (21 =
0.05, ¢_90 = 0.01, (_19 = 0.4, (_18 = 0.2, (_17 = 0.3, {_16 = 0.1, (_15 = 0.6,
C_14 = 05, C—13 = 09, 4_12 = 0.2, C—ll = 0.47 C—lO == 0.2, C_g = 013, C_g = 05,
(7 =10.17,(6 =027, (5 = 0.35, (_4 = 0.47, (_3 = 0.52, (_2 = 0.63, (-1 = 0.75
and (o = 0.81 is shown in Figure [}

1Plcﬂ: of g(r+1)= (g(r-29)/(-1-g(r-4)*g(r-9)*g(r-14)*g(r-19)*g(r-24)*g(r-29))

0.8 B

0.6 B

0.4 B

0.2 4

= o} B

-0.2 - B

-0.4 .

-0.6 - Ny

_o0.8

-1

(o] 26 46 G‘O 86 160 1é0 14;0 1é0 180
FIGURE 4. The behavior of Eq. (11)).

7. CONCLUSION

To summarize, this paper has investigated four main rational difference equations
with thirty-order. We have introduced the solutions of the considered equations
using modulus operator. In Theorem I} we have presented and proved the solutions
of Eq. , while Theorem has shown the boundedness of the solutions of Eq. .
It has been proved that the fixed point of Eq. is globally stable. Theoremhas
presented that Eq. is periodic of period 30 if and only if p, = 2. Furthermore,
in Theorem we have explored the solutions of Eq. which are periodic of
period 30 if and only if u, = —2. We have also plotted the periodicity of Eq. .
and Eq. in Figures (3| and EL respectively. Finally, the used approaches can be
simply applied for other nonlinear equations.
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