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VALUE DISTRIBUTION OF DIFFERENCE POLYNOMIALS OF
MEROMORPHIC FUNCTIONS

NARASIMHA RAO. B, SHILPA N. AND SANDEEP KUMAR

ABSTRACT. In this article, we establish the an inequality (Milloux inequality)

about the nonlinear difference monomials of the form
m

U(z) = [T (an, £(2))" 1)

=0

m
where n; € C, at least one of the n; # 0 for j = 1,2---m and K = Y kj,

j=0
ko, k1, ,km € N. As an application of the inequality, we also investigate the
value distribution of some difference monomials and polynomials, where f(z)

being a transcendental meromorphic function.

1. INTRODUCTION

Throughout this article, the phrase ”entire function” means that the function
is analytic everywhere in C. The fundamentals of Nevanlinna theory and stan-
dard notations can be read in ( [7, 8, 11]). The notation E = {z:z € R*}
set of positive real numbers of finite linear measure. Let F = {f : f is non —
constant meromorphic function in C}. For fig € F and b € CU {00}, if f—b
and g — b have the identical zeros including multiplicities then f and g share b CM
(counting multiplicities), if the multiplicities are ignored, then f and g share b IM
and if 1/f and 1/g share 0 CM then, f and g share co CM [12]. N(r, ﬁ) denotes
the counting function of f whose b-points are counted according to multiplicity
and the corresponding reduced counting function when multiplicity is ignored is
denoted by N(nﬁ). For ¢(z) € F, if T(r,¢) = S(r, f) then ¢ is called a
”small function” of f where T'(r, @) is the Nevanlinna characteristic function and
S(r, f) = o(T(r. f)), asr — oo, v & E.

Hayman [7] established the following theorem by investigating Picard values of
entire functions and their derivatives.
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Theorem 1. [7] If f(2) is a transcendental entire function, n > 3 is an integer,
and a(# 0) is a constant, then f(z) — af™(z) assumes all finite values infinitely
often.

Zheng and Chen [14] proved the following theorem for difference function for
entire functions

Theorem 2. [14] If f(z) is a transcendental entire function of finite order, and let
a,c be non-zero constants. Then, for any integer n > 3, f(z+¢) —af™(z) assumes
all finite values b € C infinitely often.

The last few years have seen many papers examining complex differences. In
applying the value distribution theory of meromorphic functions, they have derived
new results on differences one can refer ([1],[13],[15]). In 2018, Renukadevi and
Madhural4] considered general differential-difference polynomial of f(z) and its
shifts as follows

) =D an(2) ()0 fl () fm (z) o

A€l
X flz+ )0 f (24 )™ f0 (24 o)
f(Z+ c )/\k,O fl( Ak,1 (m) Ak,m (2)
. % zHcp) o T (2 + )
-G e
el =0 7=0
where [ is a finite set of multi-indices A = (X0,0, - - - s A0,m> A1,00 -+ Aymy - ooy AkL0s - - -
co(=0) and c¢1,...,¢r are distinct complex constants. We assume that the

meromorphic coefficients ax(z), A € I of P(z, f) are of growth S(r, f). We denote

kK m . o
the degree of the monomial [] ] fY) (2 + ci))‘” of P(z, f) by d(\) = Z Z i
i=05=0 i=0 =0
Then we denote the degree and the lower degree of P(z, f) by

d(P) = max{d(\)}, d"(P)=min{d(A)}

respectively. In particular, we call P(z, f) a homogeneous differential-difference
polynomial if d(P) = d*(P). Otherwise, P(z, f) is non-homogeneous. Renukadevi
and Madhura proved the following Theorems.

Theorem 3. [4] Let f(z) be a finite order transcendental meromorphic function, let
a(z) be a small function with respect to f(z). Let P(z f)(;‘é a(z)) be a differential-
difference polynomial of the form (2) and d(co, f) > 1— Then the differential-
difference polynomial

Q(z, f)=f(z)"+ P(z,f), nz=dP)+2
satisfies (o, Q(z, f)) < 1 and hence Q(z, f) — a(z) has infinitely many zeros. The
condition (oo, f) > 1— #” in Theorem 1.1 can be relazed by adding the condition

N( T, f) S(r, f), and we obtain the following theorem.

2k+7

Theorem 4. [4] Let f(z) be a finite order transcendental meromorphic function, let
a(z) be a small function with respect to f(z). Let P(z, f)(Z «(z)) be a differential-

difference polynomial of the form (2) and let §(co, f) > 1 — ﬁ and N (r, %) =

a)‘k,m)v



EJMAA-2023/11(1) VALUE DISTRIBUTION OF DIFFERENCE POLYNOMIALS 61

S(r, f), then the differential-difference polynomial
Q2. f)=f(z)"+P(z,f), nz=dP)+1
satisfies §(a(z),Q(z, f)) < 1 and hence Q(z, f) — a(z) has infinitely many zeros.

Wu and Xu[10] obtained the following theorem by considering the non linear
difference monomial

O(z) = [T (z+ )[R (z+ o) [ (2 + ), 3)
and
d=dy +da+ - +dp,
where c¢1,co, - , ¢y are complex constants satisfying at least one of them is non
zero and dy,ds, -+ ,dy € N.

Theorem 5. [10] Let f(z) be a transcendental meromorphic function of finite order,
and assume that 6(oco, f) = 1. Suppose that U(z) is a nonlinear difference monomial
of the form (3). Then,

(1) for §(0,f) > 0,¥(z) assumes every non-zero value « infinitely often and

Ao ¥(2)) = o(f)

(2) for 5(0 f)=1,9(2) assumes every non-zero value o infinitely often and

T(r,9(2)) ~ dT(r, f) ~ N (r, \P(l)

z) —a
2

as T ¢ E,r — oo, where E is a possible exception set of v with finite logarithmic
measure.

2. PRELIMINARY LEMMAS
Lemma 2.1. [6] Let f(2) be a transcendental meromorphic function of finite order,

then
o ( 2659) s

Lemma 2.2. [3] Let f be a transcendental meromorphic function of finite order.

Then
N(r,f(z+¢)) =N(r, )+ S(r, f),
T(’I“,f(Z—I—C))ZT(’r‘,f)-i-S(’l“,f),

where S(r, f) = o(T(r, f))(r = 00), possibly outside a set E of r with finite loga-
rithmic measure.

Lemma 2.3. [5] Let f be a transcendental meromorphic function of finite order.
Then for any positive integer n, we have

m (7", Acf (z>) — S(r, f).

f(z)
Lemma 2.4. [11] Suppose that f(z) is a transcendental meromorphic function in
the complex plane and P(z) = apz™ + 2"V + -+ a,, where ap(#0),a1,- - ,an

are constants. Then

T(r, P(f)) = nT(r,f) +5(r, f)
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Lemma 2.5. [9] Let f(2) be a transcendental meromorphic solution of finite order
of a difference equation of the form

Uz, f)P(z f) = Q(z ), (4)
where U(z, ), P(z, f) and Q(z, f) are difference polynomials such that the total
degree degy U(z, f) = n in f(z) and its shifts and deq; Q(z, f) < n. Moreover,
we assume that all coefficients ax(z) in (4) are small in the sense that T (r,ay) =

S(r, f) and that U(z, f) contains just one term of maximal total degree in f(z) and
its shifts. Then, for each ¢ > 0, we have

m(r, P(z, f)) = 5(r, f)
possibly outside of an exceptional set of finite logarithmic measure.
Lemma 2.6. [2] Let F(r) and G(r) be monotone increasing function such that

F(r) < G(r) outside of exceptional set E that is of finite logarithmic measure.
Then for any a > 0, there exists ro > 1 such that F(r) < G(ar) for all r > rg.

Lemma 2.7. Let f be finite order transcendental meromorphic function and if
U(z) as defined in (1), then for every o € C\ {0}, we have

KT(r, f) < KN (r, }) FAKN(r f) + N (r, \P(Z)l_a) S0 f). ()

Proof. Since the meromorphic function ¥(z) is not constant, there is a 8 € C\ {0}
such that AgU(z) = Ag (¥(z) — a) # 0. Observe that

I VU(z) ¥(z)—a

fE afk afk
:\I!(z) B AgT(z) T(z)—a (©)
affaff Ag(¥(2) - )’
where
Ap¥(z) _ ﬁ (A f(z+B)M)  W(z)
afk _j:O afk afk
I (A fEEBNY ()
N QT_IO( = ) afk
and
()N K
g;?:él—[;ﬂzo (Anjfj()) :

the definition of proximity function and lemma 2.3, it follows that

m<r7 ZIJ(“ZK)> =m r,ﬁ (Anjff(Z)>’fj

Jj=0

< jzzzokjm (r, A}]f) +S(r, f)

= 5(r, f)- (7)
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Similarly, we get

m (r, Aﬂm(z)) — S@r, ). (8)

afk

From (7), (8) and (6), we get
V(z)—a
m (1.5 ) < m (r, 220225 ) + 5, ).

hus

L mr RIOLIS T L T
r(nge) < (rmga) + () s
= T : mr Yz —a T
Sl GRS Corr) RECUTC
Also from (1), we get
T(r,®) <2KT(r,f)+S(r, f). (10)
Thus
p(V) < p(f) and S(r,0) = S(r, ). (1)

Nevanlinna’s first fundamental theorem gives us

Combining above inequality with lemma 2.3, we get

m (r, m> = S(r, f). (13)

Since Ag (¥(z) — o) = Ag¥(2), it follows that

N <r, 7AB\I(,\P(Z) - 0‘)) <N <r, 7 !

(2) —

) © N (r, Ag((2) — )

1
U — «

<N ( ) LN U (= 1 8) + N(rU()) + S(r. f)

=N (r, \pla> +4KN(r, f)+ S(r, f) (14)

From 2.4,(9) and (12)-(14), we get

KT(r, f) =T (7‘, flK> + S0 f)

=KN (r,},) +4KN(r, f)+ N (r,
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3. MAIN RESULTS

In this paper we consider the difference polynomial of the form

Q=)= ax(z) ] (Alf() ™, (16)
eI j=1

where I is the finite index set and the coefficients ay(z) are small functions of f,
m

l; = Iila;({l)\j} and d(p) = Y I be the degree of Q(z, f), and obtained the following
€ j=1

theorem.

Theorem 1 Let f(z) be a finite order transcendental meromorphic function and

Q(z, f)(# q(2)) be difference polynomial defined in (16) and ¢(z) be a small function

of f. assume that 6(co, f) > 1 — m and the difference polynomial
Pz, f)=f"+Q(2[f), n=>dp)+2, (17)

satisfying d(q, P(z, f)) < 1 and P(z, f) — ¢(z) has infinitely many zeros.

Proof. Since §(0, f) > 0, we claim that ¥(z) is a transcendental meromorphic

function. Otherwise, then there is a rational function ¢(z) such that ¢(z)¥(z) =1,

1 U(z
=)

=0

Since f is transcendental and from lemma 2.3, we get m (r, fLK) = S(r, f), from

first fundamental theorem of nevanlinna, we get
1
KT(Taf) :T(r7fK) =T (T, f[(> +S(T,f)
1
< N (7‘, fK> +S(T7f)

KT(r,f) < KN (r, %) +S(r f).

Which is contradiction to §(0, f) > 0. Hence ¥(z) is transcendental meromorphic
function.
(1) Since 6(0, f) > 0 and d(oo, f) = 1, in this case a positive number x < 1 exists
such that

1
N (r, f> < kT(r, f), (18)
N(r, f) = o()T(r, f). (19)
From lemma 2.7, (18) and (19), we get
K(1 = 4(o(1)) = 0)T(r, f) < N (r, — a) + S0, f), (20)

r ¢ E,r — oo, where E is a possible exceptional set with finite logarithmic measure.
Since f is transcendental, combining lemma 2.6 and (20), we can get that ¥(z)
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assumes every non-zero value « infinitely often and A(«, ¥(2)) = p(f).
(2) Since 6(0, f) =1 and 6(o0, f) =1,

1
N (7“, f) =S(r, f), (21)
N(r, f)=S(r, ). (22)

From (1) and lemma 2.3, we have

T(r,¥) =m(r,¥)+ N(r, T)
<m (r,af\I,K> +m (r,af®) + N(r, ) + S(r, f)
=Km(r, )+ 2KN(r, f)+ S(r, f)
T(r,f) < KT(r, )+ S(r, f) (23)

From (21)-(23) and lemma 2.7, we get

KT(r,f) <N <r, \I/1> + S(r, f),

< N(r, W)+ S(r, f)
< KT(r, f)+ S(r, f). (24)

Since f is transcendental, (24) means that ¥(z) assumes every non-zero value o
infinitely often and

T(r, ¥(=)) ~ KT(r, ) ~ N (1,55

as r ¢ E,r — oo, where FE is a possible exceptional set of r with finite logarithmic
measure.

Theorem 2 Let ¥(z) be a non linear difference monomial of the form (1), If
0(oo, f) =1 and f(z) be a finite-order transcendental meromorphic function, then

(1) for 6(0, f) > 0,¥(z) assumes every non-zero value « infinitely often and
Aa, ¥(2)) = a(/f)

(2) for 6(0, f) = 1,¥(z) assumes every non-zero value « infinitely often and

T(r,U(2)) ~ dT(r, f) ~ N (r’ \Il(z)l—a)

as r ¢ E,r — oo, where F is a possible exception set of r with finite logarithmic
measure.

Proof. First, we prove that P(z, f) cannot be reduced to any constant. Suppose,
assume that P(z, f) = d, where d is some constant. Then from (17), we get
f"=d—Q(z, f), also it can be written as

[ =d= Q= f). (25)
Since n > d(p) + 2, then from (25) and lemma 2.5, we get
m(r, f) = S(r, f) (26)

Since (o0, f) = 6 > 0, then for any given ¢g(0 < ¢y < 9) and sufficiently large r,

we have
50,1 = it 740

=4>0,
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which implies that
(6 —€0)T(r, f) < m(r, f). (27)

From (26) and (27), we get T'(r, f) = S(r, f). Which is contradiction. Hence P(z, f)

can never reduce to constant. set h;(z) = ATU and substituting this in (17), we get

d(p)

Pz, f) = f"+ Y _bi(2)f'(2), (28)
t=0

where b (2) = > ax(z) ] (hj(z))l”, t=0,1,---,d(p). Clearly from lemma 2.1,
j=1

m(r,by) = S(r, f), (29)
using (28),(29) and lemma 2.4, we obtain
m(r, P) < nm(r, f)+ S(r, f). (30)
Also from (17) and lemma 2.2, we get

N(r, P(z, f)) < N(r, f") + N(r,Q(z, ) + S(r, f)

< aN(r, f) +d(p) _Z N(r,ALf)+S(r, f)

< n¥ o)+ dl) 3N S0 (1) 4 G- 00
j=1 i=0

<N )+ ) 3 S N (1) (1) £+ G - )

)N ESD By

From (30) and (31), implies

m2 +m — 2

T(r,P(z, f)) < <n + (2> d(p)) T(r, )+S(r, f) and S(r,P) = S(r(,g];)).
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And also from (17) and lemma 2.2, we have

N(r,P) < N(r,f)+ N(r,P(z, f)) + S(r, f)

(r,ALf) + S(r, f)

Il
E
=
<
]
=

From (17), it is possible to write

P(z,f) —q(z) = " + P(z, ) — a(2). (34)

Differentiating (34), on simple calculation, we get

= <nf' -/E-a ) -0 - en - g i o9
and
ot (f <nf’ —f“;,_qq) )) = (Z‘? Qz, f)—Q'(z,f)—U;_Z) a+q.. (36)

Next, we assert that nf/ - f% Z 0. If not, nfT = (1133:2) , integrating this, we

get P —q = Cf", for some constant C, substituting this in (34), we get

(C=1f" =Q(z f) —q(2). (37)
Since Q(z, f) # q(z), observe that C' # 1. Also we have n > d(p), from (37) and
lemma 2.5, we get m(r, f) = S(r, f). Since §(oc0, f) > 0, from (27), we conclude
that T'(r, f) = S(r, f). which is a contradiction. Since d(p) < n—2, from (36), (37)
and lemma 2.5, we obtain

P _
m(r,nf —f - )—S(r,f). (38)

, P9\ _
m(r,f(nf —f P >> =S(r, f). (39)

Let us consider
N (rnf - “;_q;f) < N )+ N )+ N, P=a)+ N (r, 55 ) +0(1). From
(33), above inequality implies

—q) m2+m — —
N (n nf - (J;_qq)f> < N(r, f)+<+2+2) N(r, f)+N (n Pl_q>+S(r,f).
(40)
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Similarly,
—aq) 2 _ _

N (r,nf - (I;qq)f> < 2N(r, f)+ (m—|—2m—|—2> N(r, f)+N (r, qu)—i—S(r, f)-
(41)

From (38) and (40), we obtain

. (P-q) m? +m+ 2\ — _

T (r,nf - P—qf) < N(r, f)+<2) N(r, f)+N <r, o )+S(r, f)-

(42)

Also from (39) and (41), we have

T (r, nf — (1;;_q)/f> < 2N(r, f)+(mQ+m+2> N(r, f)+N (n Pl_q)+5(r7 1)

Thus, from (42) and (43), we get

which implies

T(r,f) < (m*+m+5)N(r, f) +2N <r, > +8(r, f). (44)

P—q

For any given € (< e<d—1+ ), It is possible to write (44) as

TS
T(r,f) < (m?+m+5) (1= 6+ ON(r, /) + 2N (r, 55 ) + S(r, /)
or

(1—=(m*+m+5)(1-56+¢+0(1))T(r,f) <2N (7"7 Pl_q> : (45)

From (32) and (45), we get
(1= (m2+m+5)1=3+e) +01) T(r, P) < 2n+(m?+m—2)d(p))N (r, PL) .

—4q

N(rs) 1 (me -
Thus, lim sup Pa >1 (m”+m+5)1-0+¢)

r—oo T(r,P) — 2n+(m2+m—2)d(p)
choose (m? +m +5)(1 — & + €) < 1, then from the above inequality, we have
N (ney)
lim sup > 0,

oo T(r,P)
therefore
w )
0(q,P) <1— h?isip TPy
Hence, P(z, f) = f™ 4+ Q(z, f) assumes ¢(z) infinitely often.

<1.
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