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A COMMON FIXED POINT THEOREM IN SEMI-METRIC
SPACE USING E.A PROPERTY

U. RAJOPADHYAYA, K. JHA, R. P. PANT

ABSTRACT. In this paper, we establish a common fixed point theorem for three
pairs of self mappings in semi-metric spaces using implicit function and E.A
property which improves and extends similar known results in the literature.

1. INTRODUCTION

Fixed point theory in semi-metric space is one of the emerging area of interdis-

ciplinary mathematical research. Polish mathematician Stephan Banach published
his contraction principle in 1922. Since then, this principle has been extended
and generalized in several ways in semi-metric space. In 1928, K. Menger [10] in-
troduced semi-metric space as generalization of metric space.In 1986, G. Jungck
[7] introduced the notion of compatible mappings. Again, in 1998, G.Jungck and
B.E.Rhoades [8] introduced the notion of weakly compatible mappings and showed
that compatible mappings are weakly compatible but not conversely. Also in 2009,
M. Imdad and J.Ali [6] introduced new class of implicit function and proved some
common fixed point theorems. The significance of this type of implicit function
is to relax the notion of triangle inequality. Most recently, M. Aamri and D. El
Moutawakil [1] introduced the notion of property (E.A) which is a generalization
of compatible as well as non-compatible mappings. In this paper, we prove a com-
mon fixed point theorem for three pairs of self- mappings using implicit function in
semi-metric space.
Definition 1 Let A and B be two self -mappings of a semi-metric space d(X,d).
Then A and B are said to be compatible if lim,,—, d(ABx,, BAz,) = 0 whenever
{zn} is a sequence in X such that lim,_,cd(Azy,t) = lim,_ed(Az,,t) = 0 for
some t € X

Definition 2 Let A and B be two self -mappings of a semi-metric space d(X,d).
Then A and B are said to satisfy the property E.A if there exists a sequence {z,,}
such that lim,—cod(Axy,, t) = lim,ood(Bz,,t) = 0 for some t € X.
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Definition 3 Let A and B be two self -mappings of a semi-metric space d(X,d).
A point x in X is said to be coincidence point of A and B iff Ax = Bx .

Definition 4 Let A and B be two self -mappings of a semi-metric space d(X,d).
Then A and B are said to be weakly compatible if they commute at their coinci-
dence points.

2. ImpLICIT FUNCTION

In this section we discuss about the notion of new class of implicit function given
by M. Imdad and J. Ali [6] which is different from the one considered in V. Popa [12]
with examples. Let ? be the family of lower semi-continuous functions F' : RS— R
satisfying the following conditions.

(Fy) : F(t,0,0,t,t,0) > 0, for all ¢ > 0.

(Fy) : F(t,0,t,0,0,t) > 0, for all ¢ > 0.
(F3) : F(t,£,0,0,t,t) > 0, for all t > 0.

Example 1 F(ty,...,tg) = t1-max {ta, %, %}

(F1) : F(t,0,0,t,t,0) = £> 0, for all t > 0.
(F2) : F(t,0,t,0,0,¢) = £> 0, for all ¢ > 0.
(F3) : F(t,t,0,0,t,t) =0, for all t > 0.

3. MAIN RESULTS.

Theorem 1 Let A,B,T,S,P and @ be self mappings of semi-metric space (X, d)
which satisfy the inequality
(1)F((d(ABx),d(Pz,Qy),d(ABz, Px),d(TSy, Qy), d(Pz,TSy),d(Qy, ABz)) < 0.
Suppose that

(ii) AB(X) C Q(X) or TS(X) C P(X)
(iii) P(X) and Q(X) are closed subset of X
(iv) the pairs (AB, P) and (T'S, Q) are weakly compatible mappings

Then AB,T'S,P and @ have a unique fixed point. Furthermore, if the pairs (A, B)
and (T,S) are commuting pair of mappings then A,B,T,S,P and @ have a unique
common fixed point.

Proof If (AB, P) satisfy the property E.A then there exists a sequence {z,} in X
such that

limy—oo ABx,, = limy,_oo Pz, =t for some t € X.

Since AB(X) C Q(X), hence for each {z,} there exists {y,} in X such that
ABx,= Qy,. Letting n — oo, we have

limg, 00 QYn = limp oo ABx, = t.

Therefore, we have lim, oo ABx, = limy 0o QYn = limy, 0o = t.
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We assert that limg, TSy, = t.
If not, we put = z,, and y = y,, in inequality (i), we get

F(d(Aana TSyn)a d(Pxna Qyn)7 d(Aana Pxn)v d(TSy’m Qyn)a d(Pl‘n, TSyn)a d(Qyna AB-Tn)) <
0. Letting n — oo, we have

F(d(t,TSyn),0,0,d(TSyn,t),d(t, TSyy,),0) < 0.

This is a contradiction. Therefore,we get lim,— T Sy, = t.

Hence, we have

limy 0o ABxy = limy, 0o Qun = limy oo Py, = limy, oo TSy, = t.

Since P(X) is closed subset of X. Hence lim,_,ocPz, =t € P(X). Therefore,
there exists u € X such that Pu =t.

We assume that Pu = ABu. If not, we put x = u and y = y,, in inequality (i), we
get

F(d(ABu, TSy,), d(Pu, Qyy), d(ABu, Pu), d(TSyn, Qya), d(Pu, TSy,.), d(Qyn, ABu)) <
0. Letting n — oo, we have

F(d(ABu,t),d(Pu,t),d(ABu, Pu),0,0,d(t, ABu)) < 0. This is a contradiction.
Therefore, we get ABu = Pu. Hence, u is a coincidence point of (AB, P).

Also, we have Q(X) is closed subset of X.
Therefore, we get lim,—0cQuyn=1 € Q(X).

Hence, we have Qw = t for some weX. Suppose Qw = T'Sw. If not we put z = x,,
and y = w in inequality (i) we get

F(d(ABx,, TSw),d(Px,, Quw),d(ABx,, Px,),d(TSw, Qw),d(Px,, TSw),d(Qw, ABx,)) <
0. Letting n — oo, we have

F(d(t, TSw),d(t,Qw),d(t,t), d(TSw, Qu), d(t, TSw),d(Qw,t)) < 0.
F(d(Quw,TSw),0,0,d(TSw, Qu), d(Qw, T Sw),d(Qw,t)) < 0.

This is a contradiction.Therefore, we get Qw = T'Sw. Hence w is a coincidence

point of (T'S, Q).

Since, (AB, P) and (T'S, Q) are weakly compatible mappings, we write.

ABt = ABPu = PABu = Pt and TSt = TSQuw = QT Sw = Qt.

Since, ABt = t. If not we put x =t and y = y,, in inequality (i) we get

F(d(AB, TSy,), d(Pt, Qyn), d(ABt, Pt), d(TSy,, Qyn), d(Pt, TSy, ), d(Qya, AB)) <
0.

Letting n — oo, we have
F(d(ABt,t),d(ABt,t),0,0,d(AB,t),d(t, ABt)) < 0.

This is a contradiction. Therefore, we get, AB = t. Therefore ¢ is a common fixed
point of AB and P.

Similarly, we can show that ¢ is a common fixed point of T'S and Q.

Hence t is a common fixed point of AB, T'S,P and Q.
Therefore, we get ABt =TSt = Pt = Qt = t.
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For Uniqueness, let z be another fixed point of AB,T'S,P and Q). Then by definition
we get ABz=TSz=Pz=Qz=z.

If we put x =t and y = z in inequality (i), we get
F(d(ABt,TSz),d(Pt,Qz),d(ABt, Pt),d(TSz,Qz),d(Pt,TSz),d(Qz, ABt)) < 0.
F(d(t, z),d(t, z),d(t, t),d(z, 2),d(t, z),d(z,t) <0

or F(d(t,z),d(t, 2),0,0,d(t,z),d(z,t) < 0.

This is a contradiction. Therefore, we get t = z.
Hence, we have AB,T'S,P and () have unique common fixed point.

If the pairs (4, B) and (T, S) are commuting pair of mappings then

A(t) = A(ABt) = A(BAt) = AB(At). This implies At = ¢.

B(t) = B(ABt) = BA(Bt) = AB(Bt). This implies Bt =t

Similarly T'(t) =t and S(t) = t.

This shows that A, B,T,S, P and @ have a unique common fixed point.

This completes the proof.

The proof assuming that 7'S(X) is subset of P(X) is similar to the above proof.

Example 1 Consider X = R with the semi-metric space (X, d) defined by
d(z,y) = (r—y)%. Define a self map, A, B, T, S, P and Q as Az = %” Br = -3z+4
S(x)=—-2x+3,T(z) = L;l,P(os) =—x+2and Q(z) =2z — 1.

For the sequence @, = + and y, = = + 1, the mappings satisfy all the conditions

of above Theorem 1 and hence they have a unique common fixed point x = 1.
In the above Theorem 1, if B and S are identity mapping, then we have the follow-
ing corollary

Corollarly 1 Let A/T,P and @ be self-mappings of (X,d) which satisfy the in-
equality

() F((d(Az, Ty), d(Pz, Qy), d(Az, Pz),d(Ty, Qy), d(Pz, Ty), d(Qy, Az)) < 0.
Suppose that

(ii) A(X) C Q(X) or T(X) C P(X)
(iif) P(X) and Q(X) are closed subset of X

(iv) the pairs (A, P) and (T, Q) are weakly compatible mappings
Then A, T,P and @ have a unique common fixed point.
This is the result of M.Imdad and J.Ali.

Remark Our result generalizes the result of M. Imdad and J. Ali [6], extends the
results of J.K. Kohli and D. Kumar [9], H.K. Pathak, R. Tiwari and M.S. Khan
[11], M.Imdad, Santosh Kumar and M.S. Khan [5]and other similar results in semi-
metric space.
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