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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS FOR TWO
KINDS OF NONLINEAR NEUTRAL DIFFERENCE EQUATIONS
WITH VARIABLE DELAY

ABDELOUAHEB ARDJOUNI, AHCENE DJOUDI

ABSTRACT. In this paper, we consider two kinds of nonlinear neutral difference
equations with variable delay. By choosing available operators and applying
Krasnoselskii’s fixed point theorem, we obtain sufficient conditions for the
existence of positive periodic solutions to such equations.

1. INTRODUCTION

In recent years, there have been a few papers written on the existence of periodic
solutions, nontrivial periodic solutions and positive periodic solutions for several
classes of functional differential and difference equations with delays, which arise
from a number of mathematical ecological models, economical and control models,
physiological and population models and other models, see the references in this
article and references therein.

In this paper, we are interested in the analysis of qualitative theory of positive pe-
riodic solutions of delay difference equations. Motivated by the papers [I]-[6],[8],[9]
and the references therein, we concentrate on the existence of positive periodic so-
lutions for the following two kinds of nonlinear neutral difference equations with
variable delay

zn+1)=am)z(n)+ALgn,zm-70))+f(nz0-70)), (1)

and
z(n+1)=a(n)xz(n)+ A Z Q(r)g(n,z(n+r))
b)Y QO f (naln+)), @)
where

g, f:Z xR —= R,
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with Z is the set of integers and R is the set of real numbers. Throughout this
paper A denotes the forward difference operator Az (n) =z (n+ 1) —z (n) for any
sequence {x (n), n € Z}. Also, we define the operator E by Fz (n) = z(n+ 1).
For more on the calculus of difference equations, we refer the reader to [7].

The purpose of this paper is to use Krasnoselskii’s fixed point theorem to show
the existence of positive periodic solutions for equations and ([2). To apply
Krasnoselaskii’s fixed point theorem we need to construct two mappings, one is a
contraction and the other is completely continuous.

The organization of this paper is as follows. In Section 2, we present the inver-
sions of difference equations and 7 and we give the Green’s functions of
and , which play an important role in this paper. Also, we present the Kras-
noselskii’s fixed point theorem. For details on Krasnoselskii’s theorem we refer the
reader to [10]. In Section 3 and Section 4, we present our main results on existence
of positive periodic solutions of and , respectively.

2. PRELIMINARIES

Let T be an integer such that T' > 1. Define Pr = {p € C(Z,R) : ¢ (n+T) =
¢ (n)} where C (Z,R) is the space of all real valued functions. Then (Pr, ||.||) is a
Banach space with the maximum norm

[z = sup a(n)].
nel0,7—1)NZ

Since we are searching for the existence of periodic solutions for equations and
(2), it is natural to assume that

an+T)=a(n), b(n+T)=b(n), r(n+T)=1(n), (3)

with 7 being scalar sequence and 7 (n) > 7* > 0. Also, we assume

-1
0O<a(n)<1,Q(n)>0, Y Q=L (4)

r=—00

We also assume that the functions g (n,z) and f (n,z) are continuous in z and
periodic in n with period T, that is,

gn+T,z)=g(n,z), f(n+T,2)=f(n,z). ()
The following lemmas are fundamental to our results.

Lemma 2.1. Suppose (@7@ hold. If x € Pr, then x is a solution of equation
if and only if

z(t) =g(n,z(n—r7(n)))
n+T-—1

+ ) G f (wa(u—7w))—(1-aw)gz(w—7w)), (6

where

= o ™
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Proof. We consider two cases, n > 1 and n < 0. Let x € Pr be a solution of .
For n > 1 equation is equivalent to

n

l H] [Ag(n,z(n—r () + f (na(n—7 @) [[a= (s)-

s=0
(8)
By summing from n to n + 71 — 1, we obtain

n+T-—1 u—1
Z A [x (u) H a™? (s)]
e .
= > [Bg(wzu—7@)+f(wzw—7@)] [[a ().
u=n s=0

As a consequence, we arrive at

n+T-—1 n—1
x(n+T) H a”(s)—x( )Ha_l(s)
s=0
+T— u
Z [Ag (u@ (u—7 () + f(wa(w—7@)] [Ta" (5)
u=n s=0
Since z (n 4+ T') = z (n), we obtain
n+T-—1 n—1
x(n) H a ' (s)— H a=t(s)
s=0 5=0
n+T-1 u
= Y [Aguwa(u—7@)+fua—7@) [Ta" (s) (9)
u=n s=0
Rewrite
n+T-—1 u
Z Ag (u,x (u—7 (u )))Ha L(s)
s=0
n+T—-1  [u—1
=2 Bl ]Agux(u—wu)))
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Performing a summation by parts on the on the above equation, we get

n+1T-1

Y. Agluwa(u—7()) [[a™ ()
u=n s=0

n+T-—1 n—1 ]

=g(n,z(n—7(n))) [ II et -I]a" ()
s=0 5=0

n+7-1 u—1
-, y(uaw(u—T(U)))AlHa_l(S)l

o n+T-1 = n—1
=g(n,z(n—7(n))) [ JIOES | (8)1
n+T-1 = 5_0
- Y glwzw—T@)[I-a@][[a" (). (10)
u=n s=0
Substituting into @7 we obtain
n+1T—1 n—1
x (n) l H at(s) - H a”?! (5)]
s=0 s=0
n+T—1 n—1
=g(n,z(n—7(n))) [ I IRGOES | K (8)]
s=0 s=0
n+T-—1 u
= Y gar(u—7@))[1-a(@)][]a"(s)
u=n s=0
n+T—1 u
+ Y flua—r@)[[a"(s).
u=n s=0
Dividing both sides of the above equation by n+ﬁ_l a"t(s)— nlz[l a~!(s), we obtain
s=0 s=0

Now for n < 0, equation is equivalent to

0 0
A [x () [Ja™ (S)] =[8g(n.a(n—7m))+ f (nan—7m)] [T a7 ().

s=n+1

Summing the above expression from n to n 4+ T — 1, we obtain @ by a similar
argument. This completes the proof. ([
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Lemma 2.2. Suppose (@—@ hold. If x € Pr, then x is a solution of equation (@
if and only if

Z Q(r)gn,z(n+r))

Z;i L
B PRI 0 SCICEITRICRRE)
1—a(u Z Q(r)gu,z(u+r))|, (11)

rT=—00

where G is given by @

The proof is similar to that of Lemma and hence we omit it.
It is easy to see that for all n,u € Z,

Gn+T,u+T)=G(n,u), (12)
and

n+T-—1

> Gnu)(l-a(w)=L1 (13)

Lastly in this section, we state Krasnoselskii’s fixed point theorem which enables
us to prove the existence of positive periodic solutions to and . For its proof
we refer the reader to [10].

Theorem 2.3 (Krasnoselskii). Let D be a closed convex nonempty subset of a
Banach space (B, ||.]]) . Suppose that A and B map D into B such that

(i) x,y € D, implies Ax + By € D,

(i) A is completely continuous,

(#i1) B is a contraction mapping.
Then there exists z € D with z = Az + Bz.

3. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS FOR (1.1)

To apply Theorem[2:3] we need to define a Banach space B, a closed convex subset
D of B and construct two mappings, one is a contraction and the other is completely
continuous. So, we let (B, [.]|) = (Pr,|.])) and D={p € B: L < ¢ < K}, where L
is non-negative constant and K is positive constant. We express equation @ as

¢ (n) = (Bip) (n) + (A1) (n) := (Hip) (n),
where A;, By : D — B are defined by

n+1T-1
(Aip)(n) = > Gmu)[f (wo(u—7w)) = (1—a(u)gueu—7w))l,
o (14)
and
(Bip) (n) = g(n,o(n—1(n))). (15)

In this section we obtain the existence of a positive periodic solution of by
considering the two cases; g(n,z) > 0 and g(n,z) < 0 for alln € Z, x € D. We
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assume that function g (n,z) is locally Lipschitz continuous in . That is, there
exists a positive constant k such that

lg (n,2) —g(n,y)| < kllx—yl|, foraln € [0,T —1]NZ, z,y €D. (16)
Denote f(m.2)
n,x
F S ko .
(n,x) () g(n,x)

In the case g (n,x) > 0, we assume that there exist a non-negative constant k;
and positive constant ko such that

kizx < g(n,z) < kox, foralln € [0,T —1NZ, z €D, (17)
ke < 1, (18)

and for alln € [0,T —1]NZ, x €D
(1-k)L<F(nz)<(1—ko)K. (19)

Lemma 3.1. Suppose that the conditions @7@ and 7(@ hold. Then A :
D — B is completely continuous.

Proof. We first show that (A1) (n+T) = (A1) (n).
Let ¢ € D. Then using we arrive at

(A1) (n+1T)
n+27T—1

= Y G@t+Tu)lf(up—7) - 1-au)g(up-7@).

u=n+T
Let j =u — T, then
(Aip) (n+T)

n+1T-—1
= > G+Tj+D)f(+Te(i+T—7(G+T))

C(l-aG+T)g(+TooG+T—7G+T)))]
n+T-1

= > G Gel-70)) - 1-al)gleli-70))

j=n

= (A1p) (n),
by , and .

To see that A (D) is uniformly bounded, we let n € [0,T — 1]NZ and for ¢ € D,
we have by that

(A1) (n)]

n+T-1

=1 D> Guwlf(uelu—7w)) —(1-a)g(upu—r)

u=n

<(1-k) K.
From the estimation of |(A;¢) (n)| it follows that
[Arp| < (1 —k2) K.
This shows that Ay (D) is uniformly bounded.
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Next, we show that .4; maps bounded subsets into compact sets. As A; (D)
is uniformly bounded in R, then A; (D) is contained in a compact subset of B.
Therefore A; is completely continuous. This completes the proof. O

Lemma 3.2. Suppose that (@7@ and (@) hold. If By is given by with
k<1, (20)

then By : D — B is a contraction.

Proof. Let By be defined by (L5). Obviously, (Bip) (n+T) = (Bip) (n). So, for
any ¢, € D, we have
[(Brg) (n) = (Bry) (n)] < |g (n, ¢ (n — 7 (n))) — g (n, ¢ (n — 7 (n)))|
<kle—vl.
Then ||Biyp — Bi¢|| < k|l¢ — ¢||. Thus By : D — B is a contraction by (20). O

Theorem 3.3. Suppose (3)-(5) and (16)—-(20) hold and there exists ang € [0,T — 1N
Z such that F (ng,z) > (1 — k1) L for any x € D. Then equation has a positive
T-periodic solution x in the subset Dy = {p € B: L < p < K}.

Proof. By Lemma the operator A; : D — B is completely continuous. Also,
from Lemma [3.2] the operator By : D — B is a contraction. Moreover, if ¢, € D,
we see that

(B1) (n) + (A1) (n)
=g(n,¢(n—7(n)))

n+T-—1

+ ) G [f (e (u—7 () = (L= a(u)g(up(u—T(u))

n+T-—1
SkK+(1-k)KE Y Gonu)(l-a(w)

:kgK-i-(l—kg)K:K.
On the other hand,

(B19) (n) + (Avp) (n)
=g (¢ (n—r7(n)))
n+T-1
+ Y G [f (e (u—7w) = (1 —a(u)g(wew—r1())
o n+T-1
>kL+(1-k)L > G(nu)(l-a(u)

=kL+(1—k)L=L.

This shows that B1y¥ + A1 € D. Clearly, all the hypotheses of the Krasnoselskii
theorem are satisfied. Thus there exists a fixed point x € D such that x = Ayz+B;x.
By Lemma this fixed point is a solution of .



EJMAA-2015/3(1) NONLINEAR NEUTRAL DIFFERENCE EQUATIONS 73

Next, we prove that € D;. We just need to prove that for all n € [0,T — 1]NZ,
x (n) > L. Otherwise, there exists n* € [0,T — 1] N Z satisfying = (n*) = L. From
@, we have

L=g(n* ¢ n" —7(n"))

n*4T—1
+ Y GO f (we(u—7 () = (1 —a(u)g(up(u—T(w))
n*+7T-1
=ik Y G- a() (LT g o= )|
From 1 " LG (0, u) (1= a (u)) = 1, it follows that
n*+T-1

Y Gntu)(1—a(w)[F (u,2)— (1—k)L] <0.

Noting that F (u,xz) > (1 — k1) L and F (ng,x) > (1 —k1)L, no € [0,T — 1] N Z,
we obtain

n*+T-1
> G u)(1—a(w)[F (u,z) — (1 - k) L] >0.
This is a contraction. So, z € D;. The proof is complete. (]

In the case g (n,z) < 0, we substitute conditions f with the following
conditions respectively. We assume that there exist a negative constant k3 and a
non-positive constant k4 such that

ksr < g(n,z) < kqx, foralln € [0,T —1NZ, z €D, (21)
—ky <1, (22)

and for alln € [0,T —1]NZ, x €D
L— kK < F(n,z) <K — kL. (23)

Theorem 3.4. Suppose @7(@, @ and (@)- hold and there exists a ng €
[0, T — 1]NZ such that F (ng,x) > L — k3K for any x € D. Then equation has
a positive T-periodic solution x in the subset D1.

The proof follows along the lines of Theorem [3.3] and hence we omit it.

4. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS FOR (1.2)
We express equation as
¢ (n) = (Bay) (n) + (A2¢) (n) := (Hap) (n)
where Ag, By : D — B are defined by
n+T-—1 —1
(Az) ( Z G (n,u) lb(u) Y Q) f(uputr)

r=—00

1-a) 3 Qe+, (24)

rT=—00
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and
(Bap) ( Z Q(r)g(n,p(n+r)). (25)
Denote -
Hn,a) = — ¢ (n2)— g (n,2).

1—a(n)

We substitute conditions and with the following conditions respectively.
we assume that for all n € [0, — 1] NZ, x € D,

(1—-k)L<H(nz)<(1-ko)K, (26)
and
L—ksK <H(n,z)<K—kyL. (27)

Lemma 4.1. Suppose that the conditions (@7(@ and f@ and (@) hold.
Then As : D — B is completely continuous.

Proof. Obviously, (Azp)(n+T) = (Asp)(n). To see that Ay (D) is uniformly
bounded, we let n € [0,7 — 1] NZ and for ¢ € D, we have by that

|(A2¢0) (n)]
n+T-1 -1
< Z G (n,u) [b(u) QW) fupu+r)
(1—a(u Z Q(r)g(u,o(u+r)) ’
n+T—1 T -1 b(u)
< Y Gwl-aw) Y Q) mf(um(%&ﬂ))—g(um(uw))
u=n s r=—00 »
<(1-k)K Z G (n,u) (1 —al( ))ZQU‘)
=(1-k) K

From the estimation of |(Az¢) (n)| it follows that
[Aze0ll < (1 — k2) K

This shows that Ay (D) is uniformly bounded.

Next, we show that 4s maps bounded subsets into compact sets. As Ay (D)
is uniformly bounded in R, then A, (D) is contained in a compact subset of B.
Therefore As is completely continuous. This completes the proof. (Il

Lemma 4.2. Suppose that (@7@, @ and (@/ hold. If By is given by , then

By : D — B is a contraction.



EJMAA-2015/3(1) NONLINEAR NEUTRAL DIFFERENCE EQUATIONS 75

Proof. Let By be defined by (25). Obviously, (Bap) (n+T) = (Ba2y) (n). So, for
any ¢, € D, we have

|(Bz2p) (n) = (Bay)) (n)]
Yo QmMgph+r)— Y Qr)gnv(n+r)

<
Ti;oo r=—00
< Y QMg (n+r)—gn,4(n+r))
<kle—vl Y. Q)
=klle -l

Then ||Bap — Bot|| < k|l — ¢||. Thus By : D — B is a contraction by (20). O

Similar to the results in Section 3, we have

Theorem 4.3. Suppose (@7@, (@7@, (@ and (@) hold and there exists a

ng € [0, — 1] NZ such that H (ng,x) > (1 — k1) L for any x € D. Then equation
@) has a positive T-periodic solution x in the subset 1.

Theorem 4.4. Suppose (@7@, (@, (@7@ and hold and there exists a

ng € [0,T — 1] NZ such that H (ng,z) > L — k3K for any x € D. Then equation
@) has a positive T-periodic solution = in the subset D1.

(1]
2]

(3]

(4]

(5]

(6]
(7
(8]
9

(10]
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