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CERTAIN SUBCLASSES OF BI-UNIVALENT FUNCTIONS
DEFINED BY SALAGEAN OPERATOR

J. JOTHIBASU

ABSTRACT. Making use of Saladgean differential operator, in this paper, we
introduce two new subclasses of the function class ¥ of bi-univalent functions
defined in the open unit disc. Furthermore, we find estimates on the coefficients
laz| and |ag| for functions in these new subclasses. Also consequences of the
results are pointed out.

1. INTRODUCTION

Let A denote the class of functions of the form
f(z) = z+2anz" (1)
n=2

which are analytic in the open unit disc U = {z : z € C and |z| < 1}. Further, by
S we shall denote the class of all functions in A which are univalent in U.

Some of the important and well-investigated subclasses of the univalent function
class S include (for example) the class S*(8) of starlike functions of order § in U
and the class K(3) of convex functions of order 8 in U. By definition, we have

5 ={s:7esman(LL

)>ﬂ;z€U;0<ﬁ<l} (2)
and
z //(Z)
f'(z2)
It readily follows from the definitions (2) and (3) that

fEK(B) = zf' € S*(B).
It is well known that every function f € S has an inverse f~!, defined by

F7HfR) =2 2€U

K(ﬂ):{f:fESand?R<1+ )>ﬂ;z€U;O§6<1}. (3)
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and

FUEHw) = w, Jw| <ro(f); r0(f) =

)

A~

where
I Hw) = w — agw? + (2a3 — az)w® — (5a3 — 5azasz + as)w* + .. .. (4)

A function f € A is said to be bi-univalent in U if both f(z) and f~(z2) are
univalent in U. Let ¥ denote the class of bi-univalent functions in U given by (1).
Examples of functions in the class ¥ are

Z 1 142
. —log(l—2z), =1
T “losl—2) 3 Og(lz)

and so on. However, the familiar Koebe function is not a member of ¥. Other
common examples of functions in S such as
2
s— % and -2
2 1—22
are also not members of X (see [7, 21]).

In 1967, Lewin [8] investigated the bi-univalent function class ¥ and showed
that |as| < 1.51. Subsequently, Brannan and Clunie [2] conjectured that |ag| < /2.
Netanyahu [12], on the other hand, showed that r}laé( lag| = 3. Brannan and Taha

€

[4] (see also [23]) introduced certain subclasses of the bi-univalent function class X
similar to the familiar subclasses S*(a) and K(«) of starlike and convex functions
of order o (0 < @ < 1), respectively (see [3]). Thus, following Brannan and Taha
[4] (see also [23]), a function f € A is in the class S5 () of strongly bi-starlike of
order a (0 < a < 1), if

fex,

z2f'(2) am )
arg( ) >’<2, zelU; 0<a<l

and

!
arg(wg(w))‘ <Oé—7r7 wel; 0<a<l,
g(w) 2
where the function g is given by
g(w) = w — asw? + (263 — az)w® — (5a3 — 5asaz + az)wt + ... (5)

the extension of f~! to U.
Similarly, a function f € A is in the class Kx(a) of strongly bi-convex functions
of order a(0 < o < 1) if

zf"(2) am
fex, arg(l—l— 702 <77ZGU;O<a§1
and
wg” (w) am
arg ( 1+ — <—, wel; 0<a<l,
g'(w) 2

where the function g is extension of f~! to U.

The classes S&(5) and Ks(8) of bi-starlike functions of order 8 and bi-convex
functions of order f, corresponding (respectively) to the function classes S*(f)
and K(8) defined by (2) and (3), were also introduced analogously. For each of the
function classes Si(«) and Ky (a), Brannan and Taha [4] found non-sharp estimates
on the first two Taylor-Maclaurin coefficients |az| and |as| (for details see [4, 23]).
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Recently, many authors investigated bounds for various subclasses of biunivalent
functions ([1], [5] - [7], [9] - [11], [13], [14], [16] and [18]- [22]). But The coefficient
estimate problem for each of the following Taylor-Maclaurin coefficients |a,| for
n € N\ {1,2}; N:={1,2,3,...} is presumably still an open problem.
In 1983, Salagean [17] introduced differential operator D : A — A defined by
Df(2) = f(2),
D'f(z) =Df(2) = 2f'(2),
D*f(z) = D(D*" ' f(2))
=2(D* 1 f(2)), ke N={1,2,3,... }.
We note that
DFf(z) =2+ nFanz", k€ Ng =NU{0}. (6)
n=2
The object of the present paper is to introduce two new subclasses of the function
class X associated with Salagean differential operator and find estimate on the
coefficients |az| and |as| for functions in these new subclasses of the function class

Y. In order to derive our main results, we have to recall here the following lemma:
Lemma 1[15] If h € p then

lek| <2 for each k,
where g is the family of all functions h analytic in U for which
R{h(2)} > 0,
where h(z) =1+ c12 + 222 + ... for z € U.

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS St (a)

Definition 1 A function f(z) given by (1) is said to be in the class Sg)‘(oz) if the
following conditions are satisfied:

Dk+1f(z) o
haiad <1 <
arg((l)\)Dkf(z)+)\pk+1f(z))‘< ,0<a<l, 0<AK1, z€eU

fex 5
(7)

and

<%,0<a§1; 0<A<1, wel, (8

DM g (w)
r
PEN = NDRg(w) + ADFTg(w)
where the function g is given by (5).
Remark 1 Taking A = 0 in the class S]{:’A(a), we have Sgo(a) = Sk(a) and
f € S&(a) if the following conditions are satisfied:

DFHLEf(2) an
> _ — <1
fe ,arg(Dkf(Z)>’<2,O<a_,z€U (9)
and i
DFHlg(w) am

)
where the function g is given by (5).
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We note that for & =0 and A = 0 the class Sy’ (a) = S&(a) is class of strongly
bi-starlike functions of order a(0 < o < 1). When & = 1 and A = 0 the class
Sy%(@) = Ks:(a) is class of strongly bi-convex functions of order (0 < a < 1). For
k = 0 the class was introduced and studied in [11].

We begin by finding the estimates on the coefficients |as| and |ag| for functions
in the class Sg’/\(a).

Theorem 1 Let f(z) given by (1) be in the class Sg)‘(a), 0<a<land0<A<1

Then
2¢

as| < 11
laz] < Vaa(l = N)3F +2a(A2 — 1) — (a — 1)(1 — X\)2]22k (1)
and )
o 4o
< . 12
95l < st =y T = o (12)
Proof. It follows from (7) and (8) that
DM1f(z)
XD ) Ay~ ) "
and -
DM g(w)
= @ 14
(1= N Drg(w) + ADF () — ()] (14)
where p(z) and ¢(w) in p and have the forms
p(z) =1+piz4+p22+... (15)
and
q(2) =14+ quw + u? + ... (16)
Now, equating the coefficients in (13) and (14), we get
25(1 = Aaz = apy (17)
1
228(\2 — 1)a2 +3%(2 — 2)\)as = 3 [(a — 1)pT + 2aps] (18)
— 21 = Nag = aq (19)
and )
2(1 — \)(2a3 — a3)3" + (\? — 1)2%%a = 3 [ — 1)gf + 2age] - (20)
From (17) and (19), we get
b1 =—q (21)
and
221 = N)%a3 = o® (b} + gi). (22)
From (18), (20) and (22), we obtain
2 o*(p2 + g2)

27 Ja(l - N3F + 20002 — 1) — (@ — 1)(1 — N2k

Applying Lemma 1 for the coefficients po and ¢s, we immediately have
2c
lag| < .
Vaa(l = N)3F + 2a(A2 — 1) — (o — 1)(1 — \)2]22k

This gives the bound on |ag| as asserted in (11).
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Next, in order to find the bound on |as|, by subtracting (20) from (18), we get

de Vgt @)

384 — 4N)az — 3F(4 — 4N)ak = alpy — ¢2) + 2

It follows from (21), (22) and (23) that

_ a(p2 — q2) *(pi +qi)
3E(4—4)) | 22RFL(1 N2

Applying Lemma 1 once again for the coefficients p1, p2, ¢1 and ¢o, we readily get

as + (24)

las| < « n 402

a .
SI=3k1 =) 22R(1 = )N)2
This completes the proof of Theorem 1.

Taking A = 0 in Theorem 1, we obtain the following corollary.
Corollary 1 Let f(z) given by (1) be in the class S&(a) and 0 < a < 1. Then

2¢

lag| < (25)
V4a3k + (1 — 3a)22k
and )
4o e}

Putting k£ = 0 in Corollary 1, we obtain the coefficient estimates for well-known
class Sp” (@) = S&(«) of strongly bi-starlike functions of order « as in [4]. Consid-
ering k = 1 in Corollary 1, we obtain well-known class Sy, () = K () of strongly
bi-convex functions of order o and coincide with results in [4].

3. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS M5 (83)

Definition 2 A function f(z) given by (1) is said to be in the class Mg)‘(ﬂ) if the
following conditions are satisfied:

DRHLF(2)
fex ((1 “NDFI(E) + ADFF(R)

)>B, 0<B8<1;0<A<]1, z€U
(27)
and
§R( DkJrlg(,w)
(1= A)DFg(w) + ADFHg(w)
where the function g is given by (5).

Remark 2 Taking A\ = 0 in the class M2 (3), we have ME(8) = ME(B) and
f € ME(B) if the following conditions are satisfied:

>>B,0§6<1;0§/\<1,weU, (28)

Dk+1f
and k+1()
D
%(M)>ﬁ,ogﬁ<1;weu (30)

where the function g is given by (5).
We note that for k = 0, A = 0 the class M%"(8) = S&(8) is class of bi-starlike
functions of order (0 < 8 < 1). When k£ — 1 = XA = 0 the class MIE’O(B) = Kx(B)
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is class of bi-convex functions of order S(0 < 8 < 1). For k = 0 the class was
introduced in [11].

Next, we find the estimates on the coefficients |as| and |as| for functions in the
class Mg’)‘(ﬁ).
Theorem 2 Let f(z) given by (1) be in the class ME*(8),0 < 8 < land0 < A < 1.
Then

2(1-p)
|CL2| S \/22k()\2 _ 1) + 2(1 _ )\)3}9 (31)
and ( 5)2 ( B)
4(1 - 1-
laz| < 22k(1 — \)2 + 3k(1—-N) o
Proof. It follows from (27) and (28) that there exists p, ¢ € p such that
DHf(2) Bt (- B2 (33)
(1= NDkf(2) + ADFFLf(2) ’
and k+1
DT g(w) = 5+ (1 - B)g(w), (34)

(1 = A)DFg(w) + AD*+1g(w)
where p(z) and ¢(w) have the forms (15) and (16), respectively. Equating coeffi-
cients in (33) and (34), we get

2"(1 = N)ag = (1 - p)p (35)
22F(A% — 1)a2 + 3%(2 — 2\)az = (1 — B)pa (36)
—2P(1 = Naz = (1-8)q (37)
and
21— A)(263 — a)3" + (A — 1)2%a3 = (1 - Ao, (38)
From (35) and (37), we get
b1 =—q (39)
and
2211 = N)%a3 = (1 - B)°(p] + 4i)- (40)
Also, from (36), (38) and (40), we obtain
2 (1= 8)(p2 + g2)

927 Q2R TN — 1) + 4(1 — N)3F

Applying Lemma 1 for the coefficients po and g2, we immediately have

2(1 —
o] = x/22k(x2-§)4-§?1-A)3k'
This gives the bound on |as| as asserted in (31).
Next, in order to find the bound on |as|, by subtracting (38) from (36), we get
3(4— )as — 34— AN)ad = (1 - B)(p2 — o). (41)
It follows from (39), (40) and (41) that

(1-B)*(pT +qi)
22k+1(1 _ A)Q

(1 - »3)(292 - CJ2)
k(4 —4N)

as = + (42)
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Applying Lemma 1 once again for the coefficients py, pa2, ¢1 and g2, we readily get

‘CL‘< 4(1_ﬁ)2 (1_ﬂ)
SIS 92k (1= N2 T BRI - A

This completes the proof of Theorem 2.

When A = 0 in the Theorem 2, we get the following corollary.

Corollary 2 Let f(z) given by (1) be in the class M%(3) and 0 < 3 < 1. Then

1-p
and ( 2
A1-p2 1-8
lag| < 5ok + T (44)

Putting £ = 0 in Corollary 2, we have the coefficients estimates for the well-known
class MY%"(8) = S5(8) of bi-starlike functions of order § as in [4]. Further, taking
k =1 in Corollary 2, we obtain the estimates for the well-known class My’(8) =
Ks(p) of bi-convex functions of order 8 and our results reduces to [4].

Remark 3 For k£ = 0 the results obtained in this paper are coincide with the results
discussed in [11]. Further, for the different choice of k the results discussed in this
paper would lead to many known and new results.
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