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GENERALIZATIONS OF SOME INEQUALITIES FOR THE
p-GAMMA, ¢-GAMMA AND i-GAMMA FUNCTIONS

KWARA NANTOMAH, EDWARD PREMPEH

ABSTRACT. In this paper, we present and prove some generalizations of some
inequalities for the p-Gamma, ¢g-Gamma and k-Gamma functions. Our ap-
proach makes use of the series representations of the psi, p-psi, ¢-psi and k-psi
functions.

1. INTRODUCTION

We begin by recalling some basic definitions related to the Gamma function.

The Psi function, ¢ (¢) is defined as,

0(0) = 5 C0) =

t>0. (1)
where I'(¢) is the classical Euler’s Gamma function defined by
I(t) = / e “x'tda, t>0. (2)
0
The p-psi function, 1,(t) is defined as,
d ()
t) = —In(Cp(t) = 2
wp( ) dt n( P( )) I\p(t)?

where I',(¢) is the p-Gamma function defined by (see [3], [2] )

t>0. (3)

B plpt B P’
Fp(t>_t(t+1)...(t+p) ). (L) peN, t>0. )

The ¢-psi function, 1,(t) is defined as,

d 0

alt) = g () = £ 5

t>0. (5)
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where I'y(t) is the ¢-Gamma function defined by (see [5])

oo

_ 1—-4q"
Fq(t):(l_q)l th7 g€ (0,1), t>0. (6)
n=1
Similarly, the k-psi function, 1y (t) is defined as follows.
d I (1)
t) = — In(Ty(t)) = =& t>0.
Ue(t) = G I(Tu() = [EL 150 ™

where I';,(t) is the k-Gamma function defined by (see [1], [6] )
Tw(t) = / e~ gt dx, k>0, t>0. (8)
0

In [4], Krasniqi and Shabani proved the following results.
pteI'(a)  T(a+t) pteX-HD(a+1)

< 9
L@~ Tpla+h) Tyt 1) ®)
for t € (0,1), where « is a positive real number such that oo +¢ > 1.
Also in [2], Krasniqi, Mansour and Shabani proved the following.
(1-gq)feT(a) _T(a+t) (1-q)" ' IT(a+1) (10)

T, (a) ST att) S T, (at1)

for ¢t € (0,1), where « is a positive real number such that o +¢ > 1 and ¢ € (0,1).

In a recent paper [7], K. Nantomah also proved the following result.

ky—n

e (7)) | Tla+t) ke 0 )D(a + 1)
Fk(a) - Fk(a—i—t) - Fk(a—i— ].)

for t € (0,1), where « is a positive real number.

(11)

The main objective of this paper, is to establish and prove some generalizations
of the inequalities (9), (10) and (11) as previously established in [4], [2] and [7]
respectively.

2. PRELIMINARIES

We present the following auxiliary results.

Lemma 2.1. The function ¥(t) as defined in (1) has the following series represen-
tation.

¢(t)=—7+(t—1)zm=—7—%+2ﬁ (12)

n=0 n=1

o0

where v is the Euler-Mascheroni’s constant.

Proof. See [8].
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Lemma 2.2. The function ¢,(t) as defined in (3) has the following series repre-
sentation.

Gpt) =lnp— 5" — (13)

Proof. See [4].

Lemma 2.3. The function ¢4(t) as defined in (5) has the following series repre-

sentation.
qt+n

Yq(t) = —In(1 —¢) + Ing Z T_gn (14)

n=0

Proof. See [2].

Lemma 2.4. The function ¥i(t) as defined in (7) also has the following series

representation.
o0

_ Ink—v 1 t
vr(t) = = t+n§=:1nk(nk+t) (15)

Proof. See [7]

3. MAIN REsSuULTS
We now state and prove the results of this paper.
Lemma 3.1. Leta >0,b>0 andt > 1. Then,
ay+blnp+ a(t) — b, (t) >0

Proof. Using the series representations in equations (12) and (13) we have,

[e’e] 1 p 1
ay+blnp +ap(t) — by (t) = alt - lgm +b; R R

Lemma 3.2. Leta >0,b>0 and a+ 5t > 1. Then,
ay+blnp+ av(a+ Bt) — bip,(a + 5t) > 0
Proof. Follows directly from Lemma 3.1
Lemma 3.3. Leta >0,b>0, g€ (0,1) andt > 1. Then,
ay —bIn(1 — q) + a(t) — bipg(t) > 0

Proof. Using the series representations in equations (12) and (14) we have,

e 1 o0 gttn
ay—bIn(1—q)+ap(t) —bipy(t) = a(t—1) —————blng ———>0
nz:%(l—f—n)(n—kt) T;)l—qu

Lemma 3.4. Leta>0,b>0, g€ (0,1) and o + Bt > 1. Then,
ay —bln(l — q) + ay(a + Bt) — by (o + St) > 0

Proof. Follows directly from Lemma 3.3
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Lemma 3.5. Leta>b>0,k>1andt>0. Then,

kay —b b —b
= Dk 4 T () — be(t) 2 0
Proof. Using the series representations in equations (12) and (15) we have,
kay—by b = =
———4—-Ink+—— b (t) =1t
e 0 a}zj Z nkH
Lemma 3.6. Leta>b>0,k>1 and a+ St > 0. Then,
kay—by b b
—— + —-Ink t)—b t
Tt ikt +5t+‘“/’(0‘+5) (o + pt) >
Proof. Follows directly from Lemma 3.5
Theorem 3.7. Define a function Q by
bat aﬁ’ytr( + 6t)a
p’Ple !
Qt) = 0 N 16
O =gy 1€@) e (16)

where a, b, a, B are positive real numbers such that a+ [t > 1. Then Q is increasing
on t € (0,00) and for every t € (0,1), the following inequalities are valid.

p—bﬁte—aﬁwtr(a)a F(a+5t)u pbﬁ(l—t)ea,ﬁ"y(l—t)r<a+6)a

T,()f  ~ Thla+pe T, (a + B)° an)
Proof. Let f(t) =InQ(¢) for every t € (0,00). Then,
B ptBtedBIT (o + Bt)®
) = s Ay

=b0tlnp+ afyt+alnT'(a+ Gt) —bInT, (o + 5t)

Then,

f(t) = aBy +bBInp + afp(a + Bt) — bBy(a + Bt)
Blay+blnp + ap(a + Bt) — bpy(a + St)] > 0. (by Lemma 3.2)

That implies f is increasing on ¢ € (0, 00). Hence (2 is increasing on ¢ € (0, 00) and
for every t € (0,1) we have,

Q(0) < Q(t) < Q1)
yielding the result.
Theorem 3.8. Define a function ¢ by
(1 — q) 7"t (o + Bt)®
Ly(a+ Bt)b ’

where a, b, o, B are positive real numbers such that a4t > 1. Then ¢ is increasing
ont € (0,00) and for every t € (0,1), the following inequalities are valid.

(b(t) = € (Oa 00)7 VIS (07 1) (18)
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(1 _ q)bﬂte—aﬂ'ytr(a)a _ F(a—l—ﬁt)a _ (1 _ q)bﬁ(t—l)ea,ﬁ'y(l—t)r(a +B)a
Ly(a)? Ly(a+ pt)° Ly(a+B)° .
Proof. Let g(t) = In¢(t) for every t € (0,00). Then,
(=g e (a4 )
9(t) =In T, (o + B
= —bftn(l —q) + aByt + alnT(a+ ft) — bIlnT (o + 5t)

(19)

Then,

g'(t) = =bBIn(1 = q) + aBy + aBy(a + Bt) — bBvy(a + Bt)
= Blay —bln(l — ¢) + ayp(a + Bt) — bipy(a+ Bt)] > 0. (by Lemma 3.4)

That implies g is increasing on t € (0,00). Hence ¢ is increasing on t € (0, 00) and
for every t € (0,1) we have,
$(0) < ¢(t) < o(1)
yielding the result.
Theorem 3.9. Define a function 0 by

kaBy—bBy

(o + Bt) VeI (o + )
k= T+ Bt)b

where a, b, a, B are positive real numbers such that a > b. Then 0 is increasing on
t € (0,00) and for every t € (0,1), the following inequalities are valid.

o(t) = . te(0,00), k>1 (20

a(afb)eft(w)l—\(a)a - F(()é+ﬂt)a _ (a_i_ﬂ)(afb)e(l—t)(w)r(a+ﬂ)a
(a+ ﬁt)(a*b)kbfgtfk(a)b ~ Tk(a+ Bt)d — (a+ 5t)(a7b)k%(t—l)rk(a T )

(21)
Proof. Let h(t) = In6(t) for every t € (0,00). Then,

kaBy—bBy

(a -+ BV (o 1 e

h(t) =In T
Ty (a + i)
— (a—b)Ina + Bt) + b?ﬂtlnk—kt(w)

+alnT(a+ ft) —blnTy (o + Bt)

Then,
n(t) = M + % Ink + ﬁ;;gt + aBy(a + Bt) — bByy(a + Bt)
— | B =0 P 920 et ) — ba+ B1)| > 0

k k a+ pt
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That is as a result of Lemma 3.6. That implies b is increasing on ¢ € (0, 00). Hence
6 is increasing on t € (0,00) and for every t € (0,1) we have,

0(0) < 0(t) <0(1)
yielding the result.

4. CONCLUDING REMARKS
We dedicate this section to some remarks concerning our results.

Remark 4.1. If in Theorem 3.7 we set a = b = 8 = 1, then the inequalities in (9)
are restored.

Remark 4.2. If in Theorem 3.8 we set a = b = 8 = 1, then the inequalities in (10)
are restored.

Remark 4.3. If in Theorem 3.9 we set a = b = 3 = 1, then the inequalities in (11)
are restored.

With the foregoing Remarks, the results of [4], [2] and [7] have been generalized.
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