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GLOBAL CHARACTER OF SYSTEMS OF RATIONAL
DIFFERENCE EQUATIONS

YACINE HALIM

ABSTRACT. This paper deals with the solutions, stability character and as-
ymptotic behavior of the systems of difference equations

1 1
T = =——neN
et 1+yn Yn+1 1+z, 0
where Ng = N U {O}and the initial conditions g and yo, are nonzero real

numbers, such that their solutions are associated to Fibonacci numbers.

1. INTRODUCTION

There has been a great interest in studying difference equations and systems,
see [1]-[13] and references cited therein. Difference equations usually describe the
evolution of certain phenomena over the course of time. Indeed difference equations
have been applied in several mathematical models in biology, economics, genetics,
population dynamics, medicines and so forth.

In this paper and motivated by [7], We deal with the form of the solutions of the
following systems of rational difference equations

1 o
1ty "M~ T+a,

initials conditions are arbitrary nonzero real numbers.
Now, We review some results which will be useful in our investigation.

LTn+1 =

1.1. Fibonacci numbers. Here we will give some information about Fibonacci
numbers. Fibonacci sequence {F), },en are defined by

Fn+2 = Fn+1 + Fn,n S NO (11)
where Fy = 0, F; = 1. The solution of equation (1.1) is given by following formula
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1++5
2

which is called Binet formula of Fibonacci numbers, where o« = and 8 =

15
2

. Also, it is obtained to extend the Fibonacci sequence backward as

F,=F i o—F 1= (-1)""F,
More generally, we can give the following limit

lim Fntr
n— 00

=a",r €.

n

1.2. Linearized stability. Let f and g be two continuously differentiable func-
tions:

foIxJ—1I,g: IxJ—J

where I, J are some interval of real numbers. Consider the system of difference
equations

Tny1 = f(xnvyn)a Yn+1 = f(xnayn)7 (13)

where n € Ny, zg € I and yg € J.
Define the map

H:IxJ—I1IxJ
by
HV) = (f(V),9(V))

where V = (u,v)T. Let V,, = (xn,yn)T, then, we can easily see that system (1.3)
is equivalent to the following system written in the vector form

Vn-‘rl :H(Vn)a n:Oala"'a (14)

Definition 1.

o An equilibrium point point (Z,7) € I x J of system (1.3) is a solution of
the system

= f(z,y),y=g(y).
o An equilibrium point V € I x J of system (1.4) is a solution of the system
V=H(V).

Remark 1. The linearized system, associated to System (1.3), about the equilibrium
point (T,7) is given by

Ln+1 — %(‘/E’ y) a*y(l',y) e
Yn+1 @ - = ag — Yn '
0

Definition 2. Let V be an equilibrium point of system (1.4) and || . || any norm,

for example the Euclidean norm.
(1) The equilibrium point V is called stable (or locally stable) if for every e > 0
there exist § > 0 such that || Vo — V ||< & implies || V,, =V ||< € for n > 0.
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(2) The equilibrium point V is called asymptotically stable (or locally asymp-
totically stable) if it is stable and there exist v > 0 such that || Vo —V ||< v
implies

| Vi =V ||—= 0, n — +o0.

(3) The equilibrium point V is said to be global attractor (respectively global
attractor with basin of attraction a set G C IxJ, if for every Vi (respectively
for every Vy € G)

| Vi =V [|= 0, n — +o0.

(4) The equilibrium point V is called globally asymptotically stable (respectively
globally asymptotically stable relative to G) if it is asymptotically stable,
and if for every Vi (respectively for every Vy € G),

| Vi =V ||= 0, n — +oo0.
(5) The equilibrium point V is called instable if it is not stable.

Theorem 1. (Linearized stability)

(1) If all the eigenvalues of the Jacobian matriz lie in the open unit disk |\| < 1,
then the equilibrium point V of system (1.4) is asymptotically stable.

(2) If at least one eigenvalue of the Jacobian matriz have absolute value greater
than one, then the equilibrium point V of system (1.4) is unstable.

2. FIRST SYSTEM

In this section, we study the solutions of the system of difference equations
1 1

mv Ynt1 = 1+,

where the initial values are arbitrary real numbers with xg,yo ¢ { -

12, pu{-Bet p=12 1}

Tpn+1 = (21)

Fon
Fop—1’

2.1. Form of the solutions. The following theorem describes the form of the
solutions of system (2.1).

Theorem 2. Let {zn},,5o, {Un},>o be a solution of (2.1). Then forn=1,2,...,

Fon—1+ Fon—2Yy0 ~ Fop 4 Fop—1o

Ton—1 = ’ - )
" Fon + Fop_1yo R R
y _ Fop 1+ Fopoxp Fon + Fon—1y0
2n—1 —

Yon = 5 -
Fop + Fop_1zo " Bt + Fonyo

Proof. For n = 0 the result holds. Suppose that n > 0 and that our assumption
holds for n — 1. That is,

Fon_3 + Fon_4y0

Fop_o+ Fon_3yo’
Fyp_ 3+ Foy_2wg
Fyy o+ Foy 370
Now it follows from system (2.1) that

Ton—-3 = Ton—2

Yon—-3 = y  Yan—2

_ Fopo+ Foy 310

" Fon_1 + Fop_oxo’
Fop_o + Fon_3yo

Fon_1+4 Fon_oyo
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1
1+ yon—2
1
Foy_2 + Foy_3%0
Fop 1+ Fop_oyo
1

Tan—1 =

1+

Fanl + F2n72y0 + F2n72 + F2n73y0

Fop_1+ Fon_oyo
Fop_1+ Fon_oyo

Fopn_1+ Fop_o+ (Fon—2 + Fan_3)yo0

So, we have
Fon1 + Fon_2y0
F2n + F2n—1y0

Tap—1 =

Also, it follow from System (2.1) that

1
1+ 22,0
1
Fop o+ Foy 329
Fon—1+ Fon_2x0
1

Yon—1

1+

Fop_1 4 Fon_ozo + Fop_o 4+ Fan_3%0

Fop_1+ Fop_2x9
Fypy + Fop_2mg

Fon_1+4 Fan—o+ (Fon—2 + Fon_3)zo

Hence we have
Fop_1+ Fop_omg

Fop + Fop 1o
Similarly, it follow from System (2.1) that

Yon—1 =

1
1+ Yon—1
1
Fop_1 4 Fon_2x0
Foy + Fop_170
1
Fop + Fop 120 + Fon—1 + Fap 270
Foy + Fop_10
Iy + Fop_1%9
Fop + Fop1 + (Fan—1 + Fap_2)xo

1+

So, we have

_ Fon 4+ Fopoamo

Top = .
Fony1 + Fopxg
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Also, it follow from System (2.1) that

1
1+ 2051
1
Fop 1+ Foy_oyo

Fop + Fon—1yo
1

Fon + Fon—1y0 + Fon—1 + Fan—_2%o
F2n + F2n71y0
Fon + Fon_1y0

Fop 4 Fop—1+ (Fon—1+ Fon—2)yo

Yan =

1+

So we get

o FQn + F2n—ly0

Yon = .
" Fapgr + Fanyo

O
2.2. Global stability of positive solutions. Our aim in this section is to study

the asymptotic behavior of positive solutions of the system (2.1). Let I = J =
(0, +00), and consider the functions

fiIxJ—1I9g: Ix—J

defined by
1
flz,y) = m»
1
g(z,y) = T

Corollary 1. System (2.1) has a unique equilibrium point in I x J, namely

. (—1+\/5 —1+\/5>'

2 ’ 2

Proof. Clearly the system
_ 1 _ 1
xr= =
1+ T 1+7
has a unique solution in I x J which is
o (—1+\/5 —1+x/3>

2 ’ 2

Theorem 3. The equilibrium point E is locally asymptotically stable.
Proof. The linearized system, associated to System (2.1), about the equilibrium F

is
—3+V6
Yn+1 73;“/5 0 Yn
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The characteristic polynomial of the System (2.2) about E is given by

—3+v5Y)
P(A) =N — <2>

Consider the two functions defined by

2
a(\) = A2, b(\) = <3+2‘/5> .
We have

<1

|3+x/5
2

Then
LM < la(M)], VA [A[=1

209

Thus, by Rouche’s theorem, all zeros of P(\) = a(A) — b(A) = 0 lie in |A] < 1. So,

by theorem (1) we get that E is locally asymptotically stable.
Theorem 4. The equilibrium point E is globally asymptotically stable.

O

Proof. Let {2, yn}, >0 be a solution of system (2.1). By theorem (3) we need only

to prove that E is global attractor, that is
lim (z,,y,) = E.

n—oo

From Theorem (2), We have

lim z = lim Fon & Fonao
2n —
Fan_
1+ mo—5—+
— 3 2n
I vera—
n— 00 n
Fop + o

1+ xoi

a—+ xg

—14++5

I

and
lim 29,1 = lim Fon—1 %+ Fon—2y0
n—o0 n—oo  Fop + Fon 1o

Fon_2
1 + .TO F27171

n—00 n
Fap—1 + %o
1
1+ xg o
a—+ xg

—1++5
—

-1 -1
Then lim z, = ﬂ Similarly, we obtain lim y, = ﬂ

n— o0 2 n— o0 2
have

lim (2,,y,) = E.

n—oQ

. Hence we
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O
2.3. Numerical example. For confirming the results of this section, we consider
the following numerical example.

Example 1. We assume xg = 0.4 and yo = 3.2 (See Fig. (1)).

x(n)
w

10 15

25

FIGURE 1. This figure shows that the solution of the system (2.1)
is global attractor.

3. SECOND SYSTEM

In this section, we study the solutions of the system of difference equations

1

Tn+1 = ﬁ7 Yn+1 = 1

1

3.1
- — (3.1)
where the initial values are arbitrary real numbers with xq, yo ¢ {O, 1}.

3.1. Periodicity of solutions.

Lemma 1. Let {xn}nzof {yn}nZO

be a solution of (3.1). Then for n > 0 we have

Tn4+6 = Tn,

Yn+6 = Yn,
that is {xn}n>0 and {y"}n>o are periodic with periods siz.
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Proof.

Hence we have

Similarly, we have

So we have

xn+6

Yn+6

GLOBAL CHARACTER OF SYSTEMS...

1
Tt = T
n—
1
1
1 ——
1- Tn+4
-1+ Tn44
Tn+4
1
1l -
=1+ Ynys _
1 = Yn+3
1—yn+s
1 1
1- T2 1— 1
1- Yn+1
1
—1
_1+yn+1: +1—$n
yn—i-l ]‘
1—2x,
Tnie = Tp, 1 2> 0.
1
Y(n+5)+1 = ﬁ
n—
1
1
1 ——
1= ynta
=1+ Ynta
Yn+4
1
L= -1+
I n+3 = Tpis
1- Tn+3
1 1
1—zp
L1
1+ 2z _ 1—yn
Tn41 1
1- Yn

Yn+6 = Yn, N > 0.
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3.2. Form of the solutions. In the following theorem we give explicit formulas
for the solutions of system (3.1).

Theorem 5. Let {zn}, 50, {Un},>o be a solution of (3.1). Then forn=1,2,..,

1 1
Ten_5 = s _
6n—5 1— o Yen—5 1— o
—1+4+x -1+
Ton—4 = —— Yen—a = —,
Zo Yo
Ten—3 = yo;l Yen—3 = X0,
Ten—2 = 1— 2y Yen—2 = 1— w0
—1+% -1+
Ton—1 = —» Yen—1 = ——
Yo Zo
Ten = X0, Yen = Yo-

Proof. For n = 0 the result holds. Suppose that n > 0 and that our assumption
holds for n — 1. That is,

1 1
x - = b - = b
6n—11 11—y Yen—11 1— o
-1+ x -1+
Ton—10 = —— > Yén—10— —
Zo Yo
Ten—9 = ?Jo,l Yen—9 = X0,
Ton—8 = e =
6n—38 1— 2’ Yen—8 11—y
—1+% -1+
Ton—7 = — Yen—7 = ————
Yo Zo
Ten—6 = X0, Yen—6 = Yo-

Now it follows from system (3.1) that

1 1
Ten— =
on=s 1 —yen—s 1—1o
and
1 1
Yén—>5

1 —26n-6 1—a0

Also, it follow from System (3.1) that

_ 1
Tonmd =T Yon—5

1

- I
B 1-— i)
So we get

7]. + Zo

Ten—4 = Zo

Again from System (3.1)
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1
Yen—4a 1— 2on s
- 1
= —
1
1 =190
So we have
—1+w
Yon—a4 = ———.
Yo

Similarly, one can easily prove the other relations. Thus, the proof is complete. [

3.3. Numerical example. For confirming the results of this section, we consider
the following numerical example.

Example 2. We assume xg = 0.2 and yo = 1.1 (See Fig. (2)).
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40
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FicUre 2. This figure shows the periodicity the solution of the
system (3.1).

4. CONCLUSION

In this study, we mainly obtained the relation between the solutions of system
of difference equations (2.1) and Fibonacci numbers. We also presented that the

—14+5
2

that the solutions of system of difference equations (3.1) are periodic with period
six and so this solutions are unstable.

solutions of equations in (2.1) actually converge to (%\/g, ) . We prove also
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