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SOME INTEGRALS FOR THE GENERALIZED BESSEL
MAITLAND FUNCTIONS

N. U. KHAN, T. KASHMIN

ABSTRACT. The present paper is the investigation of some integrals for the
generalized Bessel-Maitland functions J.7)(z), which are expressed in terms of
generalized (Wright) hypergeometric functions. Some interesting special cases
involving Bessel functions, generalized Bessel functions, generalized Mitagg-
Leffler functions, Struv’s functions are deduced. These results are also estab-
lished in terms of generalized Wright hypergeometric functions.

1. INTRODUCTION

In recent years, many integral formulas involving a variety of special functions
have been developed by many authors (see [1],[2],([3]),[4],[16], for example). Sev-
eral integral formulas involving product of Bessel functions have been developed and
play an important role in several physical problems. In fact, Bessel functions are
associated with a wide range of problems in diverse areas of mathematical physics.
Here, we aim at presenting two generalized integral formulas involving the general-
ized Bessel-Maitland function, which are expressed in terms of generalized (Wright)
hypergeometric functions. Some interesting special cases of our main results are
also considered.

Definition 1 The special function of the form defined by the series representation

as
VORI F(ij);; 5y (>0 2€0) 1)

is known as Bessel-Maitland function, or the Wright generalized function (see[7]).
An interesting generalization of the Bessel function J}',(2) defined by [10] as follow

s (_1)171 (2/2)V+20'+2m

a4 =
Fol2) %F(o+m+1)F(V+0+Mm+1>’

(2)
wherez € C'\(—o0, 0]; p >0, v, 0 € C.
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Further, another generalization of the generalized Bessel-Maitland function J£)(2)
defined by [14] as follows

- (W)qm(_z)m
JET(2) = , 3
where p, v,y € C, Re(p) > 0, Re(v) > —1, Re(y) > 0 and ¢ € (0,1) N and
Mo =1,(7)gm = F('ll'("vq)m), denotes the generalized pochhammer symbol (see [12]).
We investigate some special cases of the generalized Bessel-Maitland function

(3) by giving particular values to the parameters u,v,~, g.

If g=1,7=1 and v is replaced by v + ¢ and z by (é) in (3), we get

z

22 —v—20

where JI (z) denotes Bessel-Maitland function defined by (3).
Also, if p=1and 0 = 1 in (4), we get

23 (5) =1 (+3) () o ®

where H,(z) denotes Struve’s function (see [8]) defined as follows

B e (_1)m (2/2)V+2m+1
H(2) = Z Lm+3)T(v+m+3) ©

m=0
We have also some important special cases of the generalized Bessel-Maitland func-
tion JJ7(2), as follows.
If ¢ = 0, equation (3) reduces to
Jo0 (2) = J)(2), (7)
where J#(z) is generalized Bessel function defined by (1).
if ¢ =0 and v is replaced by v — 1 and z by —=z, (3) reduces to
‘]5,—71,0(_'2) = (I)(Ma V;Z)v (8)
known as Wright function (see, [5] was introduced by Wright [21].
if g=0, =1 and z is replaced by (%), (3) reduces to
2

7 (1) - (3) " n. (9)

an ordinary Bessel function [16].
If v is replaced by v — 1 and z by —2z, (3) reduces to

J) g (=2) = EJ(2), (10)
where p1, v,y € C, Re(u) >0, , Re(v) > 0, Re(y) >0, ¢ € (0,1) UN, and E}1(2)
denotes generalized Mittag-Leffler function, was given by Shukla and Prajapati [18].
If ¢ =1 and v is replaced by v — 1 and z by —z, (3) reduces to

‘]57771,1(72) = El,y(z)v (11)
was introduced by Prabhakar [15].
If v=1,¢g =1 and v is replaced by v — 1 z by —z, (3) reduces to

I 1 (=2) = Euu(2), (12)
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where p € C, Re(p) > 0, Re(v) > 0, was studied by Wiman [23].
If v=0,¢g=1,7=1 and z is replaced by —z,(3) reduces to
T (=2) = Bu(2), (13)
where p € C, Re(u) > 0, was introduced by Ghosta Mittag-Leffler [12].
If u=ke€ N and ¢ € N in (3), we get

1 Alg;y) ;
NOESE
v Ak;v+1) ;

—q7z

J57;(Z) = ? (14)

where Jl’f,;; (z) is another representation of the generalized Bessel-Maitland function
defined by (see [19]), ¢Fk(.) is the generalized hypergeometric function and the sym-
bol A(g;~) is a g-tuple %, 'YTH, s %‘1_1; A(k;v+1) is a k-tuple £EL, 222 %
The generalization of the generalized hypergeometric series ,F, (10) is due to Fox[9]
and Wright ([24],[25],[26], for example) who studied the asymptotic expansion of

the generalized Wright hypergeometric function defined by (see, also [21]).

p
(a1, A1), ... o (o, Ap); s H1 I(a; + Ajk) K
j=
»¥Yq z| = Z 7 T (15)
(ﬁl ) Bl); """ 5 (Bq ) Bq)7 k=0 H F(Bj +B_]k) '
j=
where the coefficients A1, - -, A, and By,- - -+, By are positive real numbers such

that
q p
1+ B;j—> A; >0. (16)
j=1 j=1

A special case of (15)

p
(1, 1), ... , (ap, 1); H1 I'(a;) Qa, ... . s
]:
»¥q 21 = 4 ply z
(ﬂl 5 1)7 """ ) (Bq ) 1)? H F(BJ) 51) """ 5 ﬂq )
j=1
(17)
where ,F, is the generalized hypergeometric series defined by [15].
A1, e , Qp; n
F, ! P 5| = i (@1)n - (ap)n i'
. — (Bl)n(ﬁq)n n:
81y e R qu n=0
:qu(ala"' y Qpj Bh'"ﬁq; 2)7 (18)

(M\)y is called the Pochhammer’s symbol [16].
For our present investigation, we required equation (3) and also need to recall the
following Oberhettinger’s integral formula [13].

9)6 T(26)(T (A — 6)

2/ T(A4+A+9) "’ (19)

/ 227Nz 4+ a+ Va2 + 2ax) N = 20a™? (
0

provided 0 < R(J) < R(\).
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2. MAIN RESULTS

In this section, we established two generalized integral formulas, which are ex-
pressed in terms of generalized (Wright) hypergeometric functions, by inserting the
generalized Bessel-Maitland function (3) with suitable arguments into the integrand
of (19).

Theorem 1 The following integral formula holds true:

Oox‘sfl T+ a+ Va2 + 2ax) NI ( y )d:r
/0 ( ) YT\ z+a+ V22 + 2z
21—5a5—>\1-\(25) (Ay Q)v ()‘ - 5a 1)7 (1 + )‘7 1)7 3
= T 313 =<, (20)
v (v+ 1), (1+A+6,1),(A\1);

where x > 0; 0, A\, p, v,y € C; R(S) > 0,R(v) > —1,R(u) > 0,R(y) > 0,0 <
R(5) < R(\),and ¢ € (0,1)JN.

Theorem 2 The following integral formula holds true:

>~ 6—1 2 —A T,y Ly )
T r+a+Vz?+2ax) " Jb dz
/0 ( ) 4 (m+a+\/x2+2ax
7 21750157/\1'*()\_5) ()‘aq)a (263 2)7 (1+)‘a1)§ ]
(

T'(7) Vs B
(v+1Lp), A+A+62),(N\1);

21)

where z > 0; §,\,u, v,y € C; R() > 0,R(¥) > —1,R(w) > 0,R(vy) > 0,0 <

R(6) < R(A),and g € (0,1)JN.

Proof. By applying (3) to the integrand of (20) and then interchanging the order

of integral sign and summation, which is verified by uniform convergence of the

involved series under the given conditions, we get

> 6—1 2 =X T,y Y
T T+a+ Vr?+ 2ax) J dx
/0 ( ) e (:C+a+\/$c2+2aw>

_ qm ym > 5—1 2 2 —)\—md 29
Zm'l“z/—kum—i—l)/o 2z +a+ Va2 + 2ax) x (22)

In view of the conditions given in theorem 1, since
R(v) > -1, 0 < R(5) < R(A), We can apply the integral formula(19) to the integral
(22) and obtain the following expression:

> 6—1 2 -\ TH,Y Y
+a+ +2 JH: d
/0 " H(z+a x ax) ; (:E iy m) x
2179097 (20) i (=1)™T(y+gm)TA+1+m)I(A =8 +m) (g)m (23)
B I'(y) — m! D(v+pm+ DI'A + 1IN+ + 1+ m) \2/ 7

which, upon using (17), yields (20). This completes the proof of theorem (1).

It is easy to see that a similar arguments as in the proof of theorem (2) will establish
the integral formula (21).

Next we consider other variations of theorem 1 and theorem 2. In fact, we es-
tablish some integral formulas for the generalized Bessel-Maitland function JJY(2)
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expressed in terms of the generalized hypergeometric function ,Fj. To do this, we
recall the well-known Legendre duplication formula (see, [20], for example ) as

(N)gn = 27 @)n (A2+1>n (neNy) (24)

now we are ready to state the following two corollaries.

Corollary 1 Let the condition of theorem 1 be satisfied and replacing p by k in
the generalized Bessel-Maitland function J£7)(2) in (20) and using(14). Then the
following integral formula holds true:

> 6-1 2 -\ 7k, Y
T r+a+Vz?+2ax) T, d
/0 ( ) 4 <$+a+\/:ﬂ2+2ax>
y 2795 AT(20)T(A + 2)T(A + 1 — 0) Alg:7) D )
= ql'k 1k |
T(v + DD+ DDA 16 + 2) Ative1) s F
where () > 0,R(\) > 0, and A(g; y) is a g-tuple 7, A’TH, vy Lr‘q]*l; Alk;v+1)
is a k-tuple &L, w2 bk

Corollary 2 Let the condltlon of theorem 2 be satisfied and replacing p by & in the
generalized Bessel-Maitland function J/'7(z) in (21) and using the relation (14).
Then the following integral formula holds true:

= g 2 —X 7k, Yy )
2°(x+a+ Va2 +2azx) " J, dx
/0 ( ) a (x+a+\/x2+2a1'
2 TEITA LT+ 1-6) Alg;7) g -
T T+ IO+ DI(A+6+2) OF Ak +1) |

provided A, 6 € C; R(5) > 0,R(N\) > 0,R(5) < R(A andx > 0.

Proof. By writing the the right-hand side of (20) in the original summation for-
mula, after a little simplification, we find that, when the last resulting summation is
expressed in terms of 4 F} in the relation (14), this completes the proof of corollary
1. Similarly, it is easy to see that a similar argument as in proof of corollary 1 will
established the integral formula (26). Therefore we omit the details of the proof of
the corollary 2.

3. SPEcCIAL CASES

On setting ¢ = 0 in theorem 1 and theorem 2 and making use of the relation (7),
then the generalized Bessel-Maitland function J}¥(2) will have following relation
with Bessel-Maitland function J#(z) as follows:

1 The following integral formula holds true:

>~ 5—1 2 -\ TU Yy
x r+a+Vz?+2ax) Il dz
/0 ( ) (x+a+\/w2+2ax>

<)‘_671)7 (1+>\;1)a
= 2'7%a"AT(26) 213 1. @0
(v+1Lp), I+A+6,1), (A1)

provided A, 6 € C;0 < R(5) < R(A) andz > 0.
2 The following integral formula holds true:
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> 6—1 2 - TU0 ( Ty )
/0 2" (x+a+ Va2 + 2ax) T PP s dx
(26,2), (L+ A, 1);
= 21790 A (N — 6) 913 =L, (28)
w+1Lp), (14+A406,2),(N1);
provided A, 6 € C;0 < R(5) < R(A) andz > 0.

On setting ¢ = 0 and v is replaced by v — 1 and z is by —z in theorem 1 and
theorem 2 and making use of the relation (8), we obtain the following integral
formulas involving the Wright function as follows:

3 The following integral formula holds true:

> 5—1 2 Y Lo Yy
T r4+a+ Vi +2ax) @y dx
/0 ( ) <u x+a+v:62+2aa?>
= 217009721 (26) 913 Lo (29)

(v, 1), (14 A+06,1), (A, 1);
provided A, 6 € C;0 < £(§) < R(A) andz > 0.
4 The following integral formula holds true:

> 5—1 2 - Lo ry )
x r4+a+Vr?+2ax) Q| ;v dx
/0 ( ) (ﬂ z+a+ Va?+ 2ax
(257 2)3 (1+)‘31)§
= 217907 A0 (N — §) 913 =, (30)

(vypm), (14+X+6,2),(\1);
provided A, 6 € C;0 < £(5) < R(A) and z > 0.
On setting u = 1,¢ = 0 and z is replaced by (%) in theorem 1 and theorem

2 and making use of the relation (9), into accounts, yields the following integral
formulas involving the ordinary Bessel function as follows:
5 The following integral formula holds true:

> 5—1 2 —A—2v < Y )
/0 2’7 (x4 a+ VP + 2ax) gy PRI dx
. A+2v—16,2), (14+ X+ 20,2);
= () 277" (26) oty —u
wv+11), A4+ A+2v+14,2),(A+2v,2);
(31)
provided A, 6 € C;0 < R(5) < R(A) and = > 0.
6 The following integral formula holds true:
> 5—1 2 —A—2v Yy
/0 27 (x +a+ Va2 + 2ax) Jy<x+a+\/m>dx
(26,4), (1+ X+ 2v,2);
= 21700 AT D(A+20—6) 913 —
wv+1,1), A+ A+2v+4,4), A+ 2v,2);
(32)

provided A, € C;0 < R(4) < R(A) and = > 0.
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On replacing v by v—1 and z by —z in theorem 1 and theorem 2, and making use
of the relation (10) , we get the following integral formulas involving the generalized
Mittag-Leffler function as follows:

7 The following integral formula holds true:

= -1 2 —A .9 Y
x z+a+ V2 +2ax) "ElL dx
tA ( ) B <x+wr+Vx2+2ax>
(rYaQ)7()‘_5a 1)) (1+>\71)7
= 2179097 A1(20) 313 Lo (33)

(v, 1), (1+X+38,1),(\1);
where 0, A\, p, v,y € C, R() > 0,R(A) > 0,R(p) > 0,R(v) > —1,R(y) > 0,q €
0,1)UN.

8 The following integral formula holds true:

> 6—1 2 —A177,9 ( Ly )
/0 "z +a+ Va?+ 2ar) "B PRI dx
s (1,9),(26,2), (14 A,1);
=2 a F(/\ - 5) 31/)3 % ’ (34)
(vyp), (T+X+6,2),(\1);
where 6, \, u, v,y € C, ®(5) > 0,R(A) > 0,R(p) > 0,R(v) > —1,R(y) > 0,q €
(0,1)|JN and = > 0.
On setting ¢ = 1 and v is replaced by v—1 and z by —z in theorem 1 and theorem
2 and making use of the relation (11), we get the following integrals formulas
involving the Mittag-Lefller functions as follows:
9 The following integral formula holds true:

> 6—1 2 Ay Y
x r+a+Vz?+2ax) "E], dz
/0 ( ) i (m+a+\/w2+2ax>

(’77 1)7 ()‘ - 67 1)7 (1 + )‘7 1)7
=2'7%a°"1(20) 313 20,
(1), T+ A+6,1), (A 1);
where §,\ € C; R(0) > 0, R(\) > 0.
10 The following integral formula holds true:

> 6—1 2 Ay Ty >
x r+a+ i+ 2ax) "E) dx
/0 ( ) " <x+a+\/x2+2ax

(7,1),(26,2), (14 A,1);

ke
—
w
&
=

=2'7%a" AT (A = 6) 593

N

(36)
(v,p), (T+X+6,2),(A\1);
where §, A € C; R(d) > 0,R(N\) >0, = > 0.

On setting v = 1 and v is replaced by v — 1 and z by —z in theorem 1 and
theorem 2 and making use of the relation (12), we get the following integral formulas
involving the Mittag-Leffler function as given below.

11 The following integral formula holds true:

> 6—1 2 -2 Y
T T+a+ Va2 +2ax) "E,, dz
/0 ( ) - <x+a+\/x2+2ax>
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(A=146,1), (1+A,1)), (1,1);

= 21706721 (20) 313 g (37)
(1), T+ A+46,1), (A 1);
where §, \, u, v, € C; R(0) > 0,R(N\) >0, = > 0.
12 The following integral formula holds true:
> 5—1 ) DY Yy )
T T+a+ VvVl +2ax) "E,, dzx
/0 ( ) o <x—|—a—|—\/as2+2aa:
(25,2)7 (1"_)‘71)7 (Ll);
= 21700972\ = 6) 393 L1, (38

(Va :u)v (1 + A+ 672)a ()‘7 1);

where §, A\, u, v, € C; R(5) > 0,R(N\) >0, = > 0.

On setting v = 0,qg = 1,7 = 1 and z is replaced by —z in theorem 1 and theorem
2 and making use of the relation(14), we get the following integral formulas as
follows:
13 The following integral formula holds true:

(o]
o—1 2 - Yy
T T+a+Vr?+2ax) "E dzx
/0 ( ) M<x+a+\/m2+2ax)
()‘_6’1)7 (1+)‘71)a (Ll)a
= 217909721 (26) 393 g (39)

(L), A4+X+94,1), (A1)

where §, \, u, € C; R(6) > 0,R(A\) > 0.
14 The following integral formula holds true:

> 5—1 2 Y Yy
T T+a+Vr?+2ax) "E < >dac
/0 ( ) "Nz +a+ Va2 + 2ax

(25a 2)’ (1 + A, 1)1 (1a 1);

=217 AT (A = 6) 3y

(SIS

, (40)
(L), (T+X+46,2), (A1)
where §, A, u, € C; R(5) > 0,R(\) > 0.
On setting ¢ = 1,7 = 1,v = v + ¢ and z is replaced by (%) in theorem 1
and theorem 2 and using the relation (4), then the generalized Bessel-Maitland
function JJ(2) will have following relation with Bessel-Maitland function JJ!,(2)

as follows.
15 The following integral formula holds true:

> 6—1 2 —X T Y
/0 2 x4+ a+ Va2 + 2ax) Ju’a(aﬁ—&—a—i—\/M)dx
(A=14,2), (1+AX,2), (1,1);
= 217009721 (20) 3143 —v | (41)
(v+o+1pu), (1+X+46,2), (A2);
where §, A\, 0,v € C; R(6) > 0,R(N) > 0,R(p) > 0.
16 The following integral formula holds true:

> 5—1 ) A Ti Yy )
T T+a+Vz?+2ax) "I, dz
/0 ( ) ’ (m+a+\/x2+2ax
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(26,4), (1+A,2), (1,1);
= 217909 AT (A = §) 303 = |, (42)
(4o+1,1), 1+X1+64), (A2);

where §,\,0,v € C; R(4) > 0,R(N\) > 0,R(u) > 0.

Also, setting =1, 0 = % in (41) and (42) and using the relation (5), then we

get the integral formulas involving the Struv’s function H,(z) as follows.
17 The following integral formula holds true:

M

> 5—1 2 - Yy
T r+a+\Vx?+2ax) "H, dzx
/0 ( ) (x+a+\/w2+2ax>
(/\_572)7 (1+A72)a (171)7
= 217045AT(26) 51b5 |, (43

(v+32.1), 1+X244,2),(\2);
where §, \,v € C; R(5) > 0,R(A\) > 0..
18 The following integral formula holds true:

> 5—1 ) DY ry )
T r+a+ vV +2ax) "H, dzx
/0 ( ) <x+a+\/x2+2az
(26,4), (1+X,2), (1.1);
_ _ a2
= 217000720\ = 6) 393 |, (49
431, A+X+6,4),()2);
where 6, \,v € C; R(4) > 0,R(A) > 0.
19 The following integral formula holds true:
> 5—1 2 -\ 7k Y
x r+a+ Va2 +2ax) J, dx
/0 ( ) <x—|—a—|—\/x2+2aa:>
y 27900 AT (20)T (A + 2)D(A + 1 —0) T -
= 0F%k — | (45
where k is positive integer 0, A,v € C; () > 0,R(\) > 0.
20 The following integral formula holds true:
* s 2 -\ 7k Ty )
2’ (x+a+Va?+2ax)" ", dx
/o ( ) <m+a+\/x2+2aa:
27900 A0\ — )T (A + 2)T(26 + 2) T -
= OFk 7k | (46)
Fv+1HI'A+ DT (A+5+3) Alk;v +1) : k

where k is positive integer §, A\, v € C; R(d) > 0,R(X\) > 0.

4. CONCLUDING REMARK

In the present paper, we investigate new integrals involving the generalized
Bessel-Maitland function J}'7(z), in terms of the generalized (Wright) hypergeo-
metric function. Certain special cases of integrals involving the generalized Bessel-
Maitland function have been investigated in the literature by a number of authors
with different arguments (see,[12],[15], [18], [19], for example). Also, the generalized
Bessel-Maitland function J//;)(z) are expressed in terms of Fox H-function [9], and
the generalized hypergeometric function 4F} [14]. Therefore, the results presented
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in this paper are easily converted in terms of a similar type of new interesting
integrals with different arguments after some suitable parametric replacements.
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