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ON h-TRANSFORMATION OF SOME SPECIAL FINSLER SPACE

MANOJ KUMAR SINGH AND SAMIDHA YADAV

ABSTRACT. The purpose of the present paper is to find the relation between
the v-curvature tensor with respect to Cartan’s connection of Finsler space
Fn = (M",L) and F* = (M™, L) where L(zx,y) is obtained from L(z,y) by
the transformation L(x,y) = € L(x, y) + b;(x, y)y* and b;(z,y) is an h- vector
in (M™, L) . we shall also study the properties of Finsler space F* under the
condition that F™ is some special Finsler space . In particular of e? L(z, y) is
conformal change then (v)h and (v)hv torsion tensors of (M™, L) have been
obtained .

1. INTRODUCTION

Let F* = (M"™,L) be an n-dimensional Finsler space , where M" is an n-
dimensional differentiable manifold and L(z, y) is the Finsler fundamental, function.
Matsumoto [1] introduced transformation of Finsler metric

L=e"L+bi(z)y’ (1.1)
and obtained the relation between the Cartan’s connection coefficients of F™ and
Fn =(M™, L). Tt has been assumed that the function b; in (1.1) are functions of
co- ordinates z° only. If in (1.1) o(x) vanishes and L(z,y) is a metric function of
Riemannian space then L(z,y) reduces to the Randers Space which is introduced
by G. Randers [3]. If L(x,y) is a metric function of Riemannian space then L(x,y)
reduces to the S-conformal change. H. Izumi [2] introduced the h-vector b;(z,y)
in the conformal transformation of Finsler space, which is v-covariantly constant
with respect to Cartan’s connection CT and satisfies LC/sb, =ph;; where CJ; is
Cartan’s C-tensor, h;; is the angular metric tensor, p a function which depends
only on co-ordinates and is given by, p = ﬁ L C"b; and C* = Cj; g7% is the
torsion vector. Thus the h-vector b; is not only a function of co-ordinates but it
is a function of directional arguement satisfying L gz&, = p h;j. Many authors
A.Taleshian et.al.[10] and S.H. Abed [11] studied the properties of such Finsler
Spaces obtained by this metric. In this paper we consider the metric function given
by equation L = e” L(x,y) + b;(z,y)y’, which generalizes many Changes in Finsler
geometry, called h- conformal transfofmation of Finsler metric. The section second
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of this paper gives the relation between Cartan connection CT of F""=(M", L) and
Fn = (M™, L). The third section is devoted to find the torsion tensors ka of Fn
and we consider the case that this space is of scalar curvature. The fourth section
is devoted to find the torsion tensor phjk and to consider the case that this space
becomes a Landsberg space.
For an h-vector b; , we have the following[2].

Lemma 1.1 If b; is an h-vector then the function p and L, =b; - pe?l; are inde-
pendent of 3.

Lemma 1.2 The magnitude b of an h-vector b; is independent of 1.

2. CARTAN’S CONNECTION OF THE SPACE F™
Let b; be a vector field in the Finsler space (M™, L) , if b; satisfies the conditions
(1)by; =0 (2)LC";;by, = phij (2.1)

then the vector field b; is called an h—vector[2]. Here i|j denote the v-covariant
derivative with respect to Cartan’s connection CT'. C’Z-hj is the Cartan’s C tensor,
h;j is the angular metric tensor and p be a function given by

p=(n—1)"1LC, (2.2)
where C? is the torsion vector C?j,g’% . from (2.1) we get
p;bi = L™ phy; (2.3)

Throughout the paper we shall use the notation

Li = 0;L , Lij = 0;0;L ... .

The quantities and operations refereing to F'™ are indicated by putting bar, thus
from (1.1) we get

Liji = (€7 + p) Liji
d)Lijkn = (€7 + p)Lijkn (2.4)
and so on . If [;, hsj, g;; and Cjji, denote the normalized element of support, the

angular metric tensor, the fundamental metric tensor and Cartan’s C-tensor of F"
respectively, then these quantities in F'? are obtained by (2.4) as [9]

Ii=eli+b; (2.5)

}_lij = 7'(60 + p)h” (2 6)

Gij = 7(e7 + p)gij + [€*7 = 7(e7 + p)|lilj + 7bily + €Lib; + bib; (2.7)
Ciji = 7(e” + p)Ciji + (2L) ' (e7 + p)Viji (hijmy) (2.8)

where 7 = % ,m; =b; - BL™; and Vijk {} denotes the cyclic interchange of indices
i, j, k and summation . From (2.6) and (2.8) we get the following,

Lemma 2.1 If F' is C-reducible Finsler space then F™™ is also a C-reducible Finsler
space. From (2.7), the relation between contravariant components of the fundamen-
tal tensor is given by

39 = (e + ) g — T )7 (L~ )
—7(e” + eV —172(e” + p) "IV + DY) (2.9)
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where b is the magnitude of the vector b* = ¢gb;. From (2.8) and (2.9), we get
Cl = Cl + (2L) ! (hgym" + Bjm; + hi'm;)
— LY p+ L2L) "1 (b? — B2L™))hij + LT mymy)i" (2.10)
Now we shall be concerned with Cartan’s connection of F™ and F™, this con-
nection is denoted by CT'= (F},, Nj, Ciy). Here Nj=F(, (= Y/F};) and C}; =
9" Cyjk. Since for a Cartan’s connection L;;|r = 0, we obtain

OiLij = Lijr Ny + Lyj g + Liv Fjj.. (2.11)
Differentiation of equation (2.4b) leads to
8kfij = (e” + p)akLij + pkLij (2.12)

where we put py, = Jrp = p. If we put
e = F;k - F}, (2.13)
then the difference D;k is obviously a tensor of (1.2) type. In virtue of (2.11)
equation (2.12) is written in the tensorial form as,
(€7 + p)(Lijr Doy, + Ly Dijy, + Lir Dy, = pieLi; (2.14)

In order to find the difference tensor D; x> We construct supplementary equation
to (2.14) from (2.4a) we obtain

,ojL» = e"ajLi + 8jbi (2.15)

From L;; = 0 equation (2.15) is written in the form

LivNj + Lo F; = (7 + p)Lir NJ + (Ly 4 by) iy + by
By means of (2.4) and (2.13) this equation may be written in the tensorial form
as,
(¢7 + p)Liy Dy + Iy + by) Dy = bilj (2.16)
To find the difference tensor D;— » we have the following[4],
Lemma 2.2The system of algebraic equation

(1)L;y A" = B; @2)(l, + b)) A" = B

has a unique solution A" for given B and B; such that B;l’ = 0, The solution is
given by ‘ ‘ ‘
A" = LB'+ 17 YB — LBp)l’

where subscript 8 denote the contraction by b

Now we give the following result.
Theorem 2.1The Cartan’s connection of F™ is completely determined by equation
(2.14) and (2.16) in terms of F™. It is obvious that (2.16) is equivalent to the two
equations ,

(¢7 + p)(Lir Dby + Ly D) + 2(1, + by) Dl = 283 (2.17)
(e” + p)(L"ng - LJTD&) = 2Fl] (218)
Where we put,

on the other hand (2.14) is equivalent to
2(e” + p) Ljr Dig + (€7 + p)(Lijr Doy + Ljrr Do
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— LyirDyj) = prLij + piLjk — pj L
contracting (2.17) with y7, we get
(€7 + p)Lir Diy + 2(1 + by ) Dy, = 2E50.
Similarly from (2.18) and (2.20), we obtain
(€7 + p)Lir Dy = 2F50
(€7 + p)(Lir Do; + Ljr Do; + Lijr Dgo) = poLi;
contracting of (2.21) with y* gives
(I 4+ br)Dgg = Eoo
Now first consider (2.22) and (2.24) and apply lemma (2.1) to obtain,
Diy = (7 + p) "2LE + 77" (Ego — 2L(e + p) ™" Fpo)l’

where we put Fji = g% Fjo
Secondly we add (2.18) and (2.23) to obtain

Li+Dy; = Gij
where we put
Gij = (2(e” + p)) " (2F;; + poLij — (e” + p)Lijr D).
The equation (2.21) is written in the form
(lr +br)Dg; = Gy

where we put
Gj = Ejo —27'(e” + p)Ljr Do
Substituting from (2.25) in (2.27), we obtain
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(2.20)

(2.26)

(2.27)

(2.28)

(2.29)

Gij = (eo + p)_l[Flj - LLUTF(; + Lij((e” + p)Eoo — QLF,QO + zpo)(Qf)_l] (230)

By virtue of (2.22),G; are written as
Gj = Ejo — F}

(2.31)

Thus we have obtained the system of equation’s (2.26) and (2.28),and applying

lemma (2.2) to these equation’s we obtain
Di; = LG + 771G, — LGgj)l'
where we put G;- =g’ Grj
Finally from (2.20) and (2.17), we get
LirDjr-k = Hijk (lr + br)D;k = Hj
where we put

e’ +p)

Hyp = Ejp— 5 (Lir Dy + Lir D)

(2.32)

(2.33)

_ 1
Hijie = (2(e” +p)) " (prLij + ejLi — piLlij) — 5 (LijrDog + Likr Do — Lijr Dg;)

Now applying lemma (2.1) to equation (2.33), we get
e = LH, + 7 "(Hj), — LHgjp)l'

(2.34)
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where we put H;k =g Hpj, . By virtue of (2.32) H,j, and Hji are written in
terms of known quantites,

1
Hij, = iL(ijerr — L G}, — Lik,aGg) + LijA, + LipAj — LjpA; (2.35)

L
where
Ai = (2(e” +p) "' pi + (27) NG — LGgi)
3. THE h-TORSION TENSOR Ry OF F™

Let F™ be a locally Minkowski space whose fundamental function L is expressed
by L(y) = (gijyiyj)%(yi = dz') in terms of an adoptable co-ordinate system z° .
The connection parameter CI' of the certain connection of F is given by

Y =0,NI =Fj; =0,C}), = g Crjie (3.1)
Thus the h-covariant differentiation Xj; of a covariant vector field X; may be
written as X;|; =0;X; . In view of (2.13), (2.32) and (3.1), the connection parameter
Nj of F™ may be written as

N, = LG% + 771Gy — LGgy)l' (3.2)
The value of G;; in (2.30) may be written as
Gij = (66 + e)il{Aij + Lil(FjQ(li + Fiolj) + Lj) + Gh”} (33)
where B B
G = (2LL) ' ((e” + p)Eoo — 2LFp0 + Lpo) (3.4)
and
The h-torsion tensor thk of (M™, L is defined
Rujk = Vijk){hni(0uN] — N0, N1)} (3.6)

The symbol V{; ) denotes the interchange of (j, k) and substraction. In view of
(2.6), we have

Rujk = Vijm{(e” + p)LLyi(0 N} — N7 O, N!)} (3.7)
By virtue of (3.1) and (2.13) equation (2.26) may be written as Lh,;N;f = G, by

which we write Lhiahl\_f; = Gp|; and Wj,k){Lhi]\_f,:éTN;} = V(o) (LGL0,Ghy) Thus
(3.7) may be written as

Rpjk = (7 + p)Vij i) AL(Ghjr — LG}, Grj)} (3.8)
By virtue of equation (3.3), we have
Gijin = (7 + p) " [Anji + L™ (I Fjops + L Frojr) + Glhkhg]
— (€7 + p) 2 pr(Anj + L(nFjo + 1jFro) + Guhy) (3.9)

0:Ghj = (e + p) [=2(Fino0rCpt + C1s Fonr) + 9,Ghyj + (G
— po(2L) Y (2Chjr — L7 (Unhjr + Ljhne)) + L2 (hpe — nly) Flo
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+ (hjr = Uile) Fro) + L™ H((In Fjr + Ui Fr + 27 (pihar — prhr))- (3.10)
From equation (3.3) and (3.10), we get
(€7 + p)* Vi iGr0:Grs} = Vi {—[470,G + GO;G + L™ 1;(F}0,G + G?)

— L72G(Fjo — 27 polj + 27 Lpj) bk + 245 (Fe00:Ciiy, + CiipFar + (2L) ™' poChier)
+2GFy0(0;Chy + 2C5,Chy) — L (AnjFro — FroFji — F§ Fypluli) — L7 AL Fipli
+2F; (Fe00rCh 4+ C i (Far )l +2F C Farln)] = L2 poCrjr Fy e +27 L2 po (I Ay

+ 1A + L7 00 Aro) + 27 L (pi Ank — prAjn) + 27 L7205 (1 Ago + 1 Fio) -
on substituting (3.9) and (3.11) in (3.8) and we get B 4y
Theorem 3.1The h-torsion tensor Ry ;i of the Finsler space F™ is written in the
form

Ruji = (7 + p) "V {LL G} b + L*Kpjie + (Inkji + 1 Kin) — nljkor} (3.12)

where
G = A50,G + GI;G — L™ (G\;(e” + rho) — (F}9,G + G*)l;)
—L72GFjo 4+ 27 'L72G(Lp; — pol;).

K = Kjor, — T(A}Fji — 2GC5, Foo + L™ (2Fj0Fro + poAj
+p0Cirr F§ + (2L) " (prFjo + pj Fro))

Knje = T[L 7 (€7 +7ho) Apji, — 247 (Fy0 0, Chy + Crp Far) — 2G Fyo(9;Chy +2C5,.Ch)

+L72(Anj Fro — FroFjk) + poL ™ Chjr Ay + (20) " (pAnk + pnAji))-
If the Finsler space F™ is of scalar curvature R then we have the equation ij =
R L2 hy; [4]. Tf the scalar R is constant then F™ is said to be of constant curvature.
From equation (3.12) the contracted h-torsion tensor R;g; of F™ is given by

Rin = (60 + p)il(iLGéhij + L2Wij — L(linQ + leiO) + Woolilj) (313)

where we put W;; = Kjo; — K;j0 + K;; and W;; is symmetric in the indices i and
j. Equation R;o; = RL?h;; may be written as R;o; = 7(e” + p)RL%h;;. Thus from
equation (3.13) we get the following :

Theorem 3.2 Let F™ be a Finsler space with the metric L = e°L + 8 where
L = (9:;(y)y'y")Y/2, B = bi(x,y)y" and b; is an h vector in (M™, L). If F™ is of
scalar curvature R then the matrix [Ah;; — W;;] is of rank less than three where
A=1((€° + p)°T°R — Gy).

Now we consider the case Fj; = 0. In this case A;; = 0, K, = 0, K;; = 0 and
hence W;; = 0 holds good. Therefore the tensor Rin of F™ is reduced to the form
Rioj = (€% + p) "' LLG{h;j. Consequently we have the following
Theorem 3.3Let F™ be an above Finsler space. If the condition F;; = 0is satisfied,
then F™ is of scaler curvature R = ((e + p)7)~2G}. Now we get the following,
Theorem 3.4 In the above theorem if the scalar R is constant, then R = 0 and
the space F™ is a locally Minkowskian space.

Proof. From equation (2.3) and F;; = 0 we get

237«F7;j = Lil(pjhir - pihjr) =0 (314)
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which after contraction with y* gives pg = 0. Thus contracting equation (3.14)
withg’” we get p; = 0.Therefore the scalar R is written in the form

R=((e” +p)7)*(G*b— L™ (e” + p)G)o (3.15)
From equation (3.15) and G = (e” + p)Ego(2LL)~* it follows that the condition
R = constant is written in the form

[28Eq0j0 — 3Eg, + 4(L* + 6L° % + 8*)C]

+ 2L[Ego)o + 88(L* + B*)C] =0 (3.16)
from above equation we see that first bracket is a fourth degree polynomial and
second bracket is third degree polynomial in 3° .Therefore we write

2BEqoi0 — 3Eg +4(L* + 6L*5° + )C =0 (3.17)
Egoo + 88(L* + 5%)C =0 (3.18)

From equation (3.17) and (3.18) we get
3Eq, = 4C(L* — B)(L* +35%) (3.19)

If C' # 0 then in view of Fy; = 0 and bg|g = 0, the h-covariant derivative of (3.19)
gives

3Eno|0 = 8CB(L* — 35%) (3.20)
Elimination of Eggjo from (3.18) and (3.20) gives L?3C = 0 from which we get
B =0as L2C # 0. Since 3]-5 = b, therefore b; = 0 gives E;; = 0. Hence Equation
(3.19) gives C = 0. This contradicts our assumption C' # o. Hence the scalar

R = C = 0 and from equation (3.19) we get Eyg = 0. Since F;; = 0 gives p; = 0,
therefore Eop = 0 implies Fy; = 0 that is b;; = 9;b; = 0. Thus b; does not contain
x'. Hence F™ is Locally Minkowskian space.
4. THE hv-TORSION TENSOR P, OF F™
The hv- torsion tensor Py i of F™ is defined as

Prjic = Chjkjo = ¥ 0-Crjr — 0rChijic N§ — Vinjiy{Chijr Frp} (4.1)
where V{;;1) denotes the cyclic interchange of indices ¢jk and summation. In view
of (2.8) and Pp,j1=C}jxjo =0, we obtain

Y 0,Chjk = Chjrjo = 2(LG + FBo)Chjk + Vinjr L(2L) ™" (poru
+ (e + p)(brjo — L7~ Goli ) bz} (4.2)
3,Chjr = 7(” + p)d,Chjr + L™He” + p)Chjrmy + Viniim{(€” + p) L™ Cpjrmy,
L) 4 )i+ (p— BL i) + 2L 4 iy} (43)
where we put n;; = l;m; + l;m;, therefore from (3.2), (3.3) and (4.3), we get

0rChji Ny = 2L0,Chji Fy — (2LG — Lpy — 2F Bo)Chjic + Vi {2F o Chmu,

— L' Fronje — hinj (L™ Faoli, — L) (p— BL™" ) Fro + (G — (2L) ' po)my)} (4.4)
By virtue of equation (3.2), (3.3) and (2.8), we have
Viniey{Cnjr Fiio} = 3LGChji + Vi {LCh; (Arr + L™ Frolk)

1
— 20} Frome + L™ Fronjr + 5 his (Agk + L™ Fpoly, + L72BF0 4 3Gmy)} (4.5)
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from equation (4.2), (4.4) and (4.5) equation (4.1) gives the following
Theorem 4.1 The hv-torsion tensor Pj;i of a Finsler space F™ is written as

Prji = =27Thjir F§ + (LG — 7p0)Chjie + Vinjiy {mCh; (Frolk + LFyr) + i Pr.}
. where

2P, = —Agk + L_l[(e" + p)EkO + (’T — p)FkO — (Fgo + 2LG — Tpo)lkak

Thikr = LChjijr + Chjrle Vinjny {Crjrln }

If the condition F;; = 0 is satisfied then the hv-torsion tensor Py of F" is given
by

Prji = (LG — 7p0)Chji + Vinjiy{hn; Pr} (4.6)
where
G = (QLI_/)_l{(BU + p)Eoo + .Z/po}

2P, = L_l[(ea + p)Fro — (QEG — 7po)lK] — Gmy.

Now we shall treat a Landsberg space of I'™. Such a space is by definition, a
Finsler space with vanishing of hv-torsion tensor Phjk. On the other hand a Finsler
space F™ with C ), = 0 is called a Berwald space.

Theorem 4.2 Let F"(n > 3) be a Finsler space with the metric L = e’ L + 3
where L = (gi;(y)y'y?)'/2, B = bi(z,y)y’ and b; is an h vector in (M™, L). In the
case Ij; = 0 if F™ is a Landsberg space then F™ is a Berwald space.

Proof. The condition (LG — 7pg) = 0 implies that Egy = 0 i.e. E;; = 0 and hence
F;; = 0 it follows that b; is independent of x'. Thus F™ is locally Minkowskian. In
the case (LG — 7pg) # 0,from equation (4.6) it follows that P, is equivalent to

Chji = (LG = 7p0) ™" Vinjry{hnj Pi}

Hence F™ is C-reducible, then F™ is also C-reducible. Then F™ is a Berwald space
[5].

5. SOME CURVATURE PROPERTIES OF FINSLER SPACE F™

The v-curvature tensor S;j;r; of F™ with respect to Cartan connection CT' is
written in the form

Sijkt = CumCiy — CikmCyf (5.1)

A Finsler space F™ (n > 4) is called S3 -like[6] if the v-curvature tensor S;jx; is of

the form
S

(n—1)(n-2)
where the scalar S is function of co-ordinates only.

A non-Riemannian Finsler space F™ (n > 5) is called S4-like [7] if S,z iis of the
form of

Sijrl = (hirhji — hithji) (5.2)

L?S, ik = hie M1 + hjiMyy, — hyg My — hji My (5.3)

wherelM;; is symmetric and indicatory tensor.
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A non-Riemannian Finsler space F™ of dimension n > 3 is called C-reducible [5]
if the (h)hv-torsion tensorCj;j is written in the form of

Ciji = Cihjr + Cjihg + Crhij) (5.4)

1
n+1 (
where C; = C,

A Finsler space F™(n > 2) with C? = ¢"/C;C; # 0 is called C2-like[8], if (h)hv-
torsion tensor Cjjj, is written in the form of
1
c?

A Finsler space F™(n > 3) with C? # 0 0 is called semi C-reducible[7], if the
(h)hv-torsion tensor Cjj is of the form of

Cijk = == CiC;Cy, (5.5)

P q
Cijr = m(hijck + hjkCi + hii Cj) + 02 CiliChk (5.6)

where p and ¢ = (1 — p) does not vanish p is called the characteristic scalar of the
Fm .

From equation (5.1) and (2.8) and (2.10), the v-curvature tensor of F™ is given
by

Sijer = 7(€” + p)Sijer + hjedi + hadj, — hjdik — higdjy (5.7)

where d;; = (e” + p){SWLl—thil + ghzha + gpmimi} and m? = mym’, m' = gim;

Let us suppose that F™ be an S3-like Finsler space, then from equation (5.2),
(2.6) and (5.7), we have

Siikt = hiPji + hjx Pi — hj P, — hi Py
where
Py = (e 4 o)
(n—=1(n-2)
Which shows that F™ is an S4 - like Finsler space .
Let us suppose that F™ is an S4-like Finsler space then from the equation (5.3),
(2.6) and (5.7), we obtain

Sijkt = hjrBi + haBji, — hjiBi, — hip By
where
Bij ={(r(e” + p))~"di; — L7*M;;}
Which show that F™ is an S4 - like Finsler space.
Next let us suppose that S;;; = 0 then from equation (2.6) and (5.7),we get

Sijkt = hjpEy + haFEje — hj By — haEj
Where
By ={r(e” +p)} " 'djn

which shows that F™ is an S4-like Finsler space Summarizing all these results we
get the following.
Theorem 5.1 If F" is any one of the following Finsler spaces

(a) S3-like Finsler space

(b) S4-like Finsler space

(c¢) A Finsler space with vanishing v-curvature tensor,
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then F™ is an S4 - like Finsler space.
The v-curvature tensor S;;x; of a C-redusible Finsler space has been obtained by
Matsumoto|[5] is of the following form

Sijrt = (n+1)"2(hyCj1.Cit — hircji — hjiCir,) (5.8)

where (a) C;; = 2*1C2hij + C;C; Since (5 is a symmetric and indicatory tensor
therefore (5.8) shows that F'™ is an S4-like Finsler space.

Thus in view of theorem (5.1) we have the following result.

Theorem 5.2 If F™ is a C-reducible Finsler space, then F™ is an S4-like Finsler
space.

From equation (5.1) and (5.5) it can be shown that the v-curvature tensor S,
of a C2-like Finsler space vanishes. Therefore in view of theorem (5.1) we have the
following.

Theorem 5.3 If F™ is a C2-like Finsler space, then F™ is an S4-like Finsler space.
Acknowledgement: The authors are thankful to referee for his/her valuable com-
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