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SOME SPECIAL FAMILIES OF HOLOMORPHIC AND
AL-OBOUDI TYPE BI-UNIVALENT FUNCTIONS ASSOCIATED
WITH HORADAM POLYNOMIALS INVOLVING MODIFIED
SIGMOID ACTIVATION FUNCTION

S R SWAMY, J NIRMALA AND Y. SAILAJA

ABSTRACT. The aim of this paper is to introduce some special families of
holomorphic and Al-Oboudi type bi-univalent functions by making use of Ho-
radam polynomials involving the modified sigmoid activation function ¢(s) =

%, s > 0 in the open unit disc ®. We investigate the upper bounds on

x .
initial coefficients for functions of the form g4(z) = z + > ¢(s)d;z? in these
j=2

newly introduced special families and also discuss the Fekete-Szegd problem.
Some interesting consequences of the results established here are also indicated.

1. INTRODUCTION AND PRELIMINARIES

Let N be the set of natural numbers, R be the set of real numbers and C be the
set of complex numbers. Let A be the family of normalized functions that have the
form

Jj=2

which are holomorphic in ® = {z € C : |z| < 1} and let S be the collection of all
members of A that are univalent in ©. It is well- known (see[7]) that every function
g € S has an inverse g~ ! satisfying z = g71(g(2)), 2 € ® and w = g(g7 ' (w)), |w| <
ro(g), ro(g) > 1/4, where

g_l = f(w) =w — d2w2 + (ng - d3)&)3 - (5dg — 5dads + d4)w4 =+ ... (2)

A member g of A is said to be bi-univalent in ® if both g and g—! are univalent

in ©. We denote the family of bi-univalent functions having the form (1), by >_.
For detailed investigations of the family > and various subfamilies of the family
>, one can see the works of [4], [5], [6], [14] and [16].
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Recently, Hérzum and Koger [13] (See also [12]) examined the Horadam polyno-
mials h;(x,a,b;p,q) (or briefly h;(z)). It is defined by the recurrence relation

hj(x) = pzhj_1(z) + ghj_2(x), hi(z) =a, he(z) = bz, (3)

where j € N—{1,2}, z € R, a, b, p and ¢ are real constants. It is very clear from
(3) that hs(z) = pbx? + qa. The generating function of the Horadam polynomials
hj(x) is as given below (see [13]):

a+ (b—ap)xz
1—prz—qz2’

G(x,2):= Z hj(z)zd =t =

j=1

(4)

where z € R is independent of the argument z € C, that is x # R(z).

Few particular cases of Horadam polynomials h;(x,a,b;p,q) are:

i) hj(z,1,1;1,1) = F;(x), the Fibonacci polynomials, 4¢) h;(z,2,1;1,1) = L;(x),
the Lucas polynomials, i) h;(z,1,2;2,1) = P;(z), the Pell polynomials,

iv) hj(z,2,2;2,1) = Q;(x), the Pell-Lucas polynomials, v) h;(x,1,1;2,—1) = T;(z),
the first kind Chebyshev polynomials and vi) hj(z,1,2;2,—1) = U,(x), the second
kind Chebyshev polynomials.

In literature, the estimates on |da|, |d3| and celebrated Fekete- Szegd inequality
were found for bi-univalent functions associated with certain polynomials like the
second kind Chebyshev polynomials and the Horadam polynomials. We also note
that the above polynomials and other special polynomials are potentially important
in engineering, mathematical, statistical and physical sciences. More details associ-
ated with these polynomials can be found in [10], [11], [12], [17] and [21]. Additional
information about Fekete-Szego problem associated with Horadam polynomials are
available with the works of [1] and [20].

Let Ay denote the family of functions of the form

> 2 , s :
3(2) =2+ ) e =2+ L6002

where ¢(s) = H%’ s > 0, is a modified sigmoid function. Clearly ¢(0) = 1 and
hence A; := A (see [8]). For g4 € Ay, k € NU{0},5 > 0, an Al-Oboudi type
differential operator D : Ag — Ag, is defined by

DY%g4(2) = go(2),
Djgs(2) = (1= B)gs(2) + Bzgy(2),

Dfgs(z) = Ds(D} " gs(2)), z€D.

It is easy to see that if gs(2) =z + > ¢(s)djz? € Ay, 2 € D, then
j=2

Dhgs(z) =2+ (1+(j — 1B d(s)d;27, 2 € D.
j=2

When ¢(s) = 1, we have the differential operator defined by Al-Oboudi [3], which
reduces to Sélagean differential operator, when 8 =1 [15].
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We recall the principle of subordination between two holomorphic functions g(z)
and f(z) in ©. It is known that g(z) is subordinate to f(z), written as g(z) <
f(2), z € ®, if there is a ¢(z) holomorphic in D, such that (0) = 0 and [(z)| <
1, z € ®, such that g(z) = f(¥(2)). In particular, if f is univalent in ©, g(z) <
1() & 9(0) = £(0) and (D) € F(D),

Inspired by recent trends on bi-univalent functions, we define the following spe-
cial families of }" by making use of the Horadam polynomials h;(x), which are
given by the recurrence relation (3) and the generating function (4).

Definition 1. A function g(z) in Y. of the form (1) is said to be in the family
S~ (2,7, 1.k, B,0(5)), 0 <y <1, u >0, u>7, ke NU{0}, >0 and ¢(s) =

1_‘_2?, s> 0; Zf
z(Dgg¢(2))’ + MZQ(DEW(Z))” <G(z,2)+1—a,z€D
(1= 7)Dfigs(2) +72(Dfigs()) ’

and

w(Dfs(w))" + pw? (D fo(w)”
(1 =)D fo(w) + 1w (DEfo(w))

where fy(w) = g;l(w) is an extension of g~* to ® given by (2),a, b, p and q are
as in (3) and G is as in (4)

<G(z,w)+1l—a,w €D,

It is interesting to note that the special values of v and p lead the family
Ss (2,7, 1, k, B,¢(s)) to the following various subfamilies:

1. Fory=pu= %, we get the family 5~ (z,k, 3, ¢(s)) = & (x, %, %,k, B, 9(s)) of
functions g(z) in > of the form (1) satisfying
(2*(Dfgs(2)")' (w(DEfo(w))")
(2Df94(2))’ (wDE fo(w))’
where z, w € D, fy(w) = g;l(w) is an extension of g~! to ® given by (2),a, b, p
and ¢ are as in (3) and G is as in (4).
2. When~ =0, pu = %, we get the family #5~(z,k, 8, ¢(s)) = &x(x,0, %, k, B,6(s))
of functions g(z) in Y of the form (1) satisfying
(2*(DEgs(2))") (w?(DEfo(w))")’
2 Djge(2) 2 D§ fg(w)
where z, w € D, fy(w) = g;l(w) is an extension of g~! to ® given by (2),a, b, p
and ¢ are as in (3) and G is as in (4).
3. On taking v = %7 p =1, we obtain the family Z5~(z, k, 3, ¢(s))
=Gx(z,1,1,k, B,¢(s)) of functions g(z) in Y of the form (1) satisfying

22(2(Dfgs(2))")’ 2w(w(Dffs(w))')
(2D5g4(2)) (wDgfs(w))
where z, w € D, fy(w) = g;l(w) is an extension of g~! to ® given by (2),a, b, p

and ¢ are as in (3) and G is as in (4).
4. For v = 0, we have the family Zs~(z, u, k, 8, ¢(s)) = &5 (2,0, i, k, B, $(s)) of

<G(z,2)+1—a, and < G(z,w)+1—a,

<G(z,z)+1—a and < G(z,w)+1—aq,

<G(z,2)+1—a and

< G(z,w)+1—a,
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functions g(z) in " of the form (1) satisfying

( Dfsgs(2) ><1+M (Dhgs(2)) < G(z,2)+1

and
( Djfo(w) )(HM (D§ fo(w))

where z, w € D, fy(w) = g;l(w) is an extension of g=! to ® given by (2),a, b, p
and ¢ are as in (3) and G is as in (4).

> < G(z,w)+1—aq,

Definition 2. A function g(z) in Y of the form (1) is said to be in the family
Cs(z,v, 1k, B,0(5)), 0 <y <1, u>0,pu>v ke NU{0}, 5 >0 and ¢(s) =
%, s> 0, Zf

T+
2(Dfgs(2)) + nz*(Digs(2))”
(1= 7)z +72(Dfgy(2))

<G(r,2)+1—a,z€D

and
w(Df fs(w)) + pw? (D fo(w))”
(1 = 7w +yw(Df fo(w))’

where fg(w) = g;l(w) is an extension of g~* to ® given by (2),a, b, p and q are
as in (8) and G is as in (4).

<G(r,w)+1—a,w €D,

It is easy to observe that the special values of v lead the family
Es~(z,7, 1, k, B,6(s)) to the following subfamilies:
1. For v = 0, we get the family Ry~(z,u, k, 8,¢(s)) = L2 (x,0,u,k, B,¢(s)) of
functions g(z) in > of the form (1) satisfying

(DEgs(2)) + nz(Dfgs(2))" < G(z,2) +1—a, 2 €D
and
(Dffs(w)) + po(Df fo(w))” < Gz, w) +1—a, w €D,
where fy(w) = g;l(w) is an extension of g~! to D given by (2),a, b, p and ¢ are as
in (3) and G is as in (4).

2. When v = 1, we obtain the family Os~(x, u, k, 8,6(s)) = s (z, 1, u, k, B, ¢(s))
of functions g(z) in > of the form (1) satisfying

WD) o
”“( (Dhgs(2)) ) ot

and
(DS o))"
H ( (Do)

where z,w € D, fy(w) = g;l(w) is an extension of g=! to D given by (2),a, b, p
and ¢ are as in (3) and G is as in (4).

) <G(z,w)+1—a,
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Definition 3. A function g(z) in Y. of the form (1) is said to be in the family
By (2, &7k, B,¢(s), £ =1, 7>1, ke NU{0}, B> 0 and é(s) = 5 >0,
if

2
1+e==?

(1= &) +&l(2(Dfgoe(2))T
(DEga(2))

<G(z,2)+1—a,z2€D

and
(1 -8 + €D fo(w))
(Dffo(w))
where fg(w) = ggl(w) is an extension of g=! to ® given by (2),a, b, p and q are
as in (3) and G is as in (4).

<G(zr,w)+1—-a,weD,

Note that the particular values of £ and 7 lead the family Bs~(x, &, 7, k, 3, ¢(s))
to the following two subfamilies:

1. When 7 = 1, we have the family .5~ (v, k, 8, é(s)) = Bs=(v,&,1,k, B,¢(s))
of functions g(z) in > of the form (1) satisfying

1 2(Dfgs(2))"

ST ITNEA (1  Dhgs(a))

>-<g(x,z)+1—a,z€©

and
1 w(Dffs(w))"
- 14 ORI
(D5 /o)) +5< Dk @)
where fy(w) = ggl(w) is an extension of g~! to ® given by (2),a, b, p and q are as
in (3) and G is as in (4).
2. For £ = 1, we have the family Ns~(z, 7, k, 3,¢(s)) = Bx=(x,1,7,k, B,¢(s)) of
functions g(z) in >_ of the form (1) satisfying
[(2(DEge(2))]7 [(w(DEfo(w)))]”
(Dfgs(2)) (D5 fs(w))

where z, w € D, fy(w) = g;l(w) is an extension of g=! to D given by (2),a, b, p
and ¢ are as in (3) and G is as in (4).

(1-¢) )%Q(x,w)Jrla,wE’D,

<G(z,z)+1—a and

< G(z,w)+1—aq,

Remark 1. i) Families &~ (x,v, u, k, 1, #(s)), Ls(x,7, 1, k, 1, #(s)) and
B~ (z,8,7,k, 1, ¢(s)) are studied in [18].
ii) Families £s~(x,, 1,0, B, 1) and By~ (x,§, 7,0, B, 1) are investigated in [19].

For functions of the form (1) belonging to these newly introduced families

Gz(x577 u’ k7 /87 ¢(S))722(z777 l’l’, k7 /87 ¢(S)) and %Z(x’ 67 T7 k? ﬂ’ ¢(S))’ We derive
the estimates for the coefficients |d2| and |d3| and also consider the celebrated

Fekete- Szegd problem [9] in Section 2.

2. COEFFICIENT ESTIMATES AND FEKETE-SZEGO INEQUALITY

We obtain coeflicient estimates in the following theorem for functions in
62(%,’}/, 122 k;v 67 ¢(8))
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Theorem 1. Let 0 < v < 1, u > 0,40 > v,k € NU{0},8 > 0 and ¢(s) =
T_i,s, s> 0. If g(2) of the form (1) is in &~ (2,7, u, k, B,¢(s)), then

T (14 B8k (s)VI((1 = A+ 2u) (bx)? — A2 (pba? + ga)
1 (bx)? |bx| }
ds| < + 6
IS T | TR ©)
and for 6 € R
|bx| |y - _(+28)%s
L | TR e eEm |- | < 7
|d3 — (5d2| < bl [1— (1+28)ks
(1+8)2F o (s) - (1+28)%s | 7
(1+28)*¢(s)[(1—v)A+2u) (bx)2 = A2(pbz2+qa)| A+8)2kp(s) | = 7
where ,
pbx* + qa
= (1= +2u - N [ T 8
o |- DA (), (®)

A= (1—-7v+2p). (9)

Proof. Let g(z) € &x(x,v,p,k, B,¢(s)). Then, for two holomorphic functions m

and n such that m(0) = n(0) = 0,|m(z)| < 1 and [n(w)| < 1, z,w € D, and using
Definition 1, we can write

2(Dfgs(2))" + pnz*(Djge(2))"

(1 =7)DEgs(z) +v2(Dhgs(2))

=G(z,m(z)+1—-a

and

w(Dffol@)) + p(DEF@)

(1- ’Y)Dgqu(w) + 7w(D§f¢(w))/ =G(z,n((w)) +1 )
Or, equivalently
2(D5gs(2)) + nz2(Dhgy(2))"

(1 )Dhga(3) +72(Dhge(ayy M) T e halemE ha@mE)

(10)

and
w(Dj f(w)) + pw? (D fo(w))”
(1 =7)D§ fo(w) + (D fo(w))

- =1+hi(z) —a+he(v)n(w) + ha(z)(n(w))? + ...
(11)
From (10) and (11), in view of (3), we obtain
2(Dfgs(2)) + nz*(Digs(2))”
(1 —=7)Djgs(2) +v2(Dfges(2))
and
w(DEfo(w)) + pw?(DE fo(w))”
(1 =)D} fo(w) + yw(Df fo(w))

It is well known that if |m(z)] = |miz + moz? + m32® + .. < 1, 2z € D and
In(w)| = [mw + naw? + nzw? + ... <1, w €D, then

|m;| < land|n;| <1(i € N). (14)

S = 1+ho(x)nw+[he(2)ng+hs(x)nd]w?+.... (13)
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Comparing the corresponding coefficients in (12) and (13), we have

(1+8)*9(s) Adz = ha(a)my (15)
2(1+26)"¢(s) (A + p)ds — (1 + B)*¢*(s)(1 +7)Ad3 = ha(2)mz + hs(z)mi (16)
= (14 8)"6(5) A da = ha(w)m (17)
—2(1+28)"¢(s) (A + p)ds + (1+ B)*° 6% (s)(v* — (4 + 2u)y + (3 + 10p))d3 a8)
= ha(x)ng + hs(z)ni.

where A is as in (9). From (15) and (17), we can easily see that

m; = —nyg (19)
and also

2(1+ B)*"¢*(s)X%d3 = (m] + ni)(ha(2))*. (20)

If we add (16) and (18), then we obtain
2(1+ B)%¢*(s)((1 = M)A+ 2p)d3 = ha(z)(mz +n2) + hy(z)(mi +ni).  (21)

Substituting the value of m? + n? from (20) in (21), we get

(ha(x))*(m2 + n2)

3 = — SRy , (22)
2(1+ 5)*#¢2(s) [(1 = 7)A + 2p) (h2(x))? — Ahs(x)]
which yields (5) on using (14).
Using (19) in the subtraction of (18) from (16), we obtain
(L+8)*6(s) » ha(z)(m2 — no)
ds = d . 23
Y= 2 2T AT 2B 0t ) 23)
Then in view of (20), (23) becomes
o — (h2(2))*(mi + 1) ha(x)(mg — ny)
5 21+ 20 6N T AT+ 28) () A+ )’
which yields (6) on using (14).
From (22) and (23), for § € R, we get
1
d3 — &d3| = |h T(6,x) + )
= o] = ) |(T6.0)+ (o gamios ) ™
1
TS, z)— ;
+ (169~ rrarma ) ™
where
2k s
7(6.1) (e ) (hate)?
,T) = :
2(1+ 8)**¢2(s) [(1 = 1)A + 2p) (h2(2))? — Ahs(x)]
In view of (3), we conclude that
[P ()| . 1
s — a2 < | ZFacoEn ¢ 0 S TO0)S smmpysmon
2[ha()|[T(6, )] 5 |T(6, ) = 1(1128)F ¢ (5) (Mt i) *
which yields (7) with J as in (8). This evidently completes the proof of Theorem
1. (]

Remark 2. The results obtained in Theorem 2.1 coincide with Corollary 1 and
Corollary 3 obtained in [17], for 4 =0,7=0, k=0 and ¢(s) = 1.
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In the following theorem, we find coefficient estimates for functions in
£E(ZL‘, Yy My ka Ba ¢(S))

Theorem 2. Let 0 < v < 1,4 >0,u > v,k € NU{0}, 8 > 0 and ¢(s) =
#,8 > 0. If g(2) of the form (1) is in £x~(x,7, 1, k, B, $(s)), then

| < [b(2)]V/[b(2)]

(14 B)Fe(s)y/[(4y% — (7 + 4p)y + 3(1 + 2p)) (b))% — 492 (pba? + qa)|’

(24)
1 b22? |b(z)]
ds| < + 25
6l < (5 33yeas) | 407 * 50 £ (%)
and for § € R
|ds — 63|
@l |y _a+2m)ts
3(1+28)F 6 (s) (9 +1) "1 amrem| = M
= Ib(a)? [1- LE20e
1+5)2F6(5) ,‘1_ 1+28)% | 5 ar
T 2B) 6 () (2 —(TH )7+ 3(1+20)) (b)) 2 — 402 (pha® Tqa)] A+A2 () | =
(26)
where
M= 2 = (7 a4+ 30+ 20) — a0 (B I | g
BECEI A = H b2a? (27)
d=1—-v4+p.

Proof. Let g(z) € s~ (x,v,p, k, B,¢(s)). Then, for two holomorphic functions m
and n such that m(0) = n(0) = 0, |m(z)| < 1 and [n(w)| < 1, z,w € D, and using
Definition 2, we can write
2(Dfgy(2)) + uz*(Dfgs(2))"
(1 =)z +72(Dfge(2))

=G(z,m(z))+1-a (28)

and
w(Dffs(w))" + pw? (DE fo(w)”
(1 = 7w +yw(Dfs(w))
Following (10), (11), (12), and (13) in the proof of Theorem 1, one gets the following
in view of (28) and (29):

=G(z,n(w))+1—a. (29)

2(1+ B)*¢(s)ddy = ha(x)my (30)
3(1+20)"¢(s)( + p)ds — 4(1 + B)**¢*(s)0vd5 = ho(z)my + ha(x)mi  (31)
—2(14 B)*é(s)9 dy = ho(x)ny (32)

—3(1+28) ¢ (s) (0 + p)ds + 2(1 + ) ¢*(s)[2v* — (5 + 2u)y + 3(1 + 2p)]d3
= hg(l‘)nQ + hg(x)nf,
where ¥ is as in (27).

The results (24)-(26) of this theorem now follow from (30)-(33) by applying the
procedure as in Theorem 1 with respect to (15)-(18). O

Remark 3. The results obtained in Theorem 2 coincide with results found in [[2],
Theorem 8] for p=0,v=0, k=0 and ¢(s) = 1.
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Theorem 3. Let £ > 1,7 > 1,k € NU{0}, 8 > 0 and ¢(s) = #,s >0. If
g(z) of the form (1) is in Bs~(x,&,7,k, B,9(s)), then

da] < b/ lbz 3
(1+ B)*e(s)\/[(867% — Té7 + 1) (ba)? — 4(267 — 1)2(pba® + qa)

1 (bx)? |bx|
ds| < 35
) < (a3 | Tt~ TP * 6T (35)
and for § € R,
|ds — 6d3|
[b(z)| . (1+2B)*s
5(1+28)% 6 (s)(36r—1) = areree | = O
< (28R [ba|®
62k a(s) 1 — (1+28)"%s |>Q
(1+28)k¢(s)[(8672 —TET+1) (bx)2 —4(267—1)2 (pbz2+qa)| (1+B)%k¢(s)! = =5
36)
where
1 pbz? + qa
O=—" (872 -7 1) —4(2er —1)2 [ &=—F
ey |67 — Ter 1) —ater 1 (M

Proof. Let g(z) € Bx~(x,&,7,k, B,¢(s)). Then, for some analytic functions m and
n such that m(0) = n(0) = 0,|m(2)] < 1 and n(w)| < 1, z,w € D, and using
Definition 3, we can write

(1= &) +&l(2(Dfgoe(2))T
(DEga(2))

=Gz n(z)+1—a,z€D (37)

and
(1 =€)+ &[(w(Df fo(w)))]
(D fo(w))

Following (10), (11), (12), and (13) in the proof of Theorem 1, one gets the following
in view of (37) and (38):

=0(znw)+1—a,weD. (38)

2(1+ B)" (267 — 1)¢(s)dz = ha(z)my (39)
4(1+ B) g% () (2672 — A€+ 1)d3 +3(1+2B)*¢(5) (36T —1)d3 = ha(x)my +h3(x()25
—2(1 4 B)F(267 — 1) (s)da = ha(x)m (41)
2(14 B)2F¢%(s) (472 + &7 — 1)d3 — 3(1 +2B)%¢(s5) (36T — 1)d3 = hao(x)ng + hy(z)n?.
The results (34)-(36) of this theorem now follow from (39)-(42) by applying(fflg
procedure as in Theorem 1 with respect to (15)-(18). 0

In next section, we present some interesting consequences of our main result.
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3. COROLLARIES AND CONSEQUENCES
Corollary 1. Let g(z) be in the family H#s (v, k, B,¢(s)). Then

2|bx|+/|bx|

d
lda] < (14 B)*o(s)\/|7(bx)2 — 9(pba® + qa)|’
1 4% |ba|
|ds| < T -
(L+28)%¢(s) | 9 4
and for some § € R,
[bx| 1= (1+28)*s
) 4(12B)F¢(s) ’ (1+8)2*¢(s) | =
|ds — dd5| < bl |1— _(+28ks
|bz| (1+8)2F (s)

(1+28)"5
1 - afgrgm | 2 1

(T128)F 6 (s)[7(bx)2—0(pba®+qa)]

2
where J, = % ‘7— 9 (”b;;;q“)‘ .

Corollary 2. Let g(z) be in the family Zs~(x,k, 8,$(s)). Then

] < |bx|\/|bx ds| < 1 [bQ 2 N bx]
2 ) 3| = e
(1 + B)*g(s)1/]3(bz)2 — 4(pz? + qa)| (1+28)kp(s) | 4 5
and for 0 € R,
S — | - _a42B)*s
y < | D - ARt | < 72
|d3 - 6d2‘ < bel (a+2p)ks
T a+5)2Fg(s) Sy = (1+2p8)%s > J
(1+28)F¢(5)[3(bx)? —4(pbx? +qa)] (1+5)%Fé(s) >

where Jo = ‘3 4 (pblfz;q“

Corollary 3. Let g(z) be in the family Z5~(x,k, 3,¢(s)). Then

2|bx|\/\bx

|da| <

(14 B)*o(s)/]13(bx)? — 25(pbx? + qa)|’
1 4222  |ba|
|d3| < % 5
(1+208)kp(s) | 25 7
and for § € R,
|ds — 6d3|
lb| o a2t
7(1+2B)56(s) ‘1 e | < I
< 2lba|® |1— (a+2p)ks
(1+8)2F (s) |y g2t | J
(1+28)% ¢ (s)[13(bx)? —25(pbx2+ga)| 1+8)%e(s) | = U3

where J3 = 3¢ ‘13 - 25 (pbfj%) .

Corollary 4. Let g(z) be in the family Ps~(x,u, k, B,¢(s)), Then
e pel T
(1+ B)(s)(/ [I(1+4p)(b)? — (1 +240)2(pba? + qa)
ds| < 1 [ b2x? |bx|
(1+28)ke(s) L (1421)?  2(1+3p)

)
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and for 6 € R,

[ba| Cly_ _(+28)ks
) 2(1+3p)(1+28)F ¢ (s) Pt (14+8)2k ¢(s) < Ja
|d3 — dd3| < __(+2m)s
152k 6(s) o a2t | g
(1+28)*¢(s)[(1+4p) (bx)2 = (1+2p)% (pba?+qa)] 1+B)%Fé(s) | = 74
where Jy = m ‘(1 +dp) — (1 +2u)? (M> )
Corollary 5. Let g(z) be in the famz'ly ﬁz(x,u,k, B,9(s)). Then
| < )|/ [b(x)
T (1 B)Re(s)V/13( 1+2M)(bx) (1+u)2(pbx2+qa)|
1 b2z b(x
|d3| < k [ 2 + | ( )‘ }
L+ 28)0(s) |10+ w2 301+ 20)
and for § € R,
1263] o 428t
2 3(1+2B)F o (s)(1+2m) 7‘1 amram | S M
‘dg — 6d2| S |b(w)\3 1— a+2p)ks
152k 5(s) , ‘1 __(+428)% | ar
(1+28)%¢(s)[13(1+2u) (bx)2—4(1+p) 2 (pbr2+qa)] 7 A+8)%Fe(s) | = 71
2
where My = m ‘3(1 +2u) — 4(1 + p)? (%)‘-
Corollary 6. Let g(z) be in the family Qz(ac,,u,k7 B,9(s)). Then
< @)/ T
T (14 B)F(s \/2u| ba)? — 2u(pba® + qa)|
1 b2z b(x
< o [ s b
2u(1 +28)%e(s) [ 2p 3
and for § € R,
__b(=@)| . _(+28)%s
, 6(1128)F ; ’1 e | = Mo
|ds — dd5| < Ib()]? |1 —Ct280%s
192 5(5) , ‘1 B CE T Y
(14+28)*¢(s)|u(bx)? —2p2 (pba? +qa)| A+9)Fg(s) | = 72
where My = ’1—2M (M)‘.
Corollary 7. Let g(z) be in the family M5 (x,§, k, B,¢(s)). Then
] < |b:£|\/|bx|
(14 B)ko(s)/](€+ 1) — 426 —1)2(pba? + qa)|’
1 bx)? b
e L { o ]
(L+28)*a(s) [4(26 —1)*  3(3¢—1)
and for § € R,
|b()] N PR CE 7)o
) 3(1+2B)F¢(s)(36—1) ’ )1 (14+8)2k¢(s) <
|d3 — (5d2| S 1— a+28)ks |bx|3
(1+8)%F ¢ (s) . (1+28)*s
(1+28)F p(s)[(€+1) (bx)2—4(26~1)2 (pba2+qa)] (A+8)%e(s) | =

where Q1 = gy ’(5 +1) — 4(2¢ — 1)? (pbzcj#)‘
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Corollary 8. Let g(z) be in the family Ns~(x, 7, k, 8, $(s)). Then

| < |bx|\/|bx]

(1+ 6)’“(]5(5%/\(872 — 77+ 1)(bx)? — 4(27 — 1)%(pba? + qa)| '

ds| < 1 (bx)? n |bz|
=14 28)k0(s) [4(2r —1)2 T 3(3r—1)
and for 6 € R,
lb(o)] |- 04280t
, 301428 % é(s)(37—1) ) ‘1 a0 | = {2
‘d3_5d2| < __a+2pks |ba]
A+5)%%4() B P CE SO L B ol
(1+2B)*¢(s)[(872 =77 +1)(bz)?—4(27—1)2(pbz2+qa)| * (A+8)Fg(s) | = *“2

where Q3 = iy ‘(872 T4 1) —4(2r — 1) (pbzc%)‘ .
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