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D-MYCIELSKIAN GRAPH OF A GRAPH

B. BASAVANAGOUD, PRAVEEN JAKKANNAVAR AND GOUTAM VEERAPUR

ABSTRACT. The idea of constructing a triangle-free k-chromatic graphs, where
k > 3, was initiated in the middle of the twentieth century. Mycielski who gave
a fascinating construction to obtain a triangle-free graph with large chromatic
number known as the Mycielskian of a graph. In this paper, we discuss the
construction of an interesting transformation graph which is also results in a
triangle-free graph with same chromatic number as that of the Mycielskian
of a graph. We call this graph as D-Mycielskian graph of a graph. Also, we
discuss its basic properties such as connectedness, diameter, covering invari-
ants, connectivity, traversability and domination number. Further, we obtain
M-polynomial and Hosoya polynomial of this transformation graph and derive
the expressions for some degree-based and distance-based graph indices of this
graph.

1. INTRODUCTION

Throughout this paper, by a graph G = (V,E) we mean a finite undirected
nontrivial graph without loops and multiple edges, where V is the vertex set and
E is an edge set. The open neighbourhood of a vertex v € V(G) is defined as the
set N¢(v) consisting all the vertices v which are adjacent to v in G and the closed
neighbourhood of a vertex v € V(G) is defined as the set Ng[v] consisting v and
all the vertices u which are adjacent to v in G i.e., Ng[v] = Ng(v) U {v}. The
degree of a verter v € V(G), denoted by dg(v) and is defined as |Ng(v)|. The
minimum and maximum degree of G are defined as 6(G) = min{dg(z) : x € V}
and A(G) = max{dg(z) : = € V}, respectively. The connectivity [26] x(G) of a
connected graph G is the least positive integer k such that there exists S C V,
|S| = k and G\ S is disconnected or reduces to the trivial graph K;. The two
graphs G and H are isomorphic [26] (written G = H) if there exists a one-to-one
correspondence between their point sets which preserves adjacency.

For a graph G = (V, E), a dominating set [28] is a subset D of V such that every
vertex of V' not in D is adjacent to at least one vertex in D. The dominating set
D is minimal dominating set of G if no proper subset of D is a dominating set.
The domination number v(G) of a graph is the cardinality of the smallest minimal
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dominating set of G. Basic graph theoretic terminologies and notations can be
found in [7) 26], 28].

The idea of constructing a triangle-free k-chromatic graphs, where k > 3, was
initiated in the middle of the twentieth century. Mycielski [37] who gave a fasci-
nating construction to obtain a triangle-free graph with large chromatic number
known as the Mycielskian of a graph.

Definition 1. [37] For a graph G = (V, E), the Mycielskian of G, denoted by u(G),
is the graph with vertex set consisting of the disjoint union V UV’ U {u}, where
V'={a':x € V}, and the edge set EU{x'y : xy € E}U{a'u: 2’ € V'}. The triad
(V, V', u) denote the vertex set of u(G). Here, we call ' the twin of x in u(G) and
vice versa, u is called the root of i(G) (See Fig. [1})

FI1GURE 1. The graph G and its Mycielskian.

Now, we define a new transformation graph which is also results in a triangle-free
graph with same chromatic number as that of the Mycielskian of a graph. We call
this graph as D-Mycielskian graph of a graph.

Definition 2. For a graph G = (V, E), the D-Mycielskian graph of G, denoted by
U~ (G), is the graph with vertex set consisting of the disjoint union V.UV’ U D,
where V! = {2’ : 2 € V},D = {u; : 1 <1i <~v(GQ)}, and the edge set EUE' UD’,
where E' = {2’y : 2y € E} and D' = {2'u; : 2’ € V' and 1 < i < ~(G)}. The triad
(V,V',D) denote the vertex set of ji,(G). Here, we call ' the twin of x in p(G)
(See Fig. [9).

FiGURE 2. The graph H and its D-Mycielskian graph.
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Note 1: The dark circles denote the vertices of G while the light circles denote the
twin vertices and the dark squares denote the members of D.

Note 2: The word triangle-free construction is used only when the graph (i.e., G)
considered for transformation is triangle-free.

Observation 1. For any graph G, the Mycielskian of G is always an induced
subgraph of D-Mycielskian graph of G.
Remark 1.1. [3] For any graph G without isolated vertices, the Mycielskian of G
is connected.
Theorem 1.1. [16] For any nontrivial connected graph G of order n,

ag+ Bo=a1+ 1 =n.

In this paper, we denote P,, C,, K, K,, K1, and W, for a path, a cycle, a
complete graph, a complete bipartite graph, a star and a wheel, respectively. The
symbol [z] denotes the smallest integer that is greater than or equal to z, |z]
denotes the greatest integer that is smaller than or equal to x.

2. MAIN RESULTS

Theorem 2.1. Let G be any graph of order n and size m. Then

(@) [V (1y(G))| = 2n +1(G),
(b) [E(uy(G))] = 3m + ny(G).

Proof. We prove this result by using definition [2] as follows:
(a) We have, V(1 (G)) =V UV ' UD = |V (1y(G))| = 2n +~(G),
(b) We have, E(uy(G)) = EUE' UD’, where E' = {2’y : zy € E} and
D' ={z'u; : 2’ € V' and u; € D}. Therefore,

[E(uy(G) = |EI+|E'|+]|D']
= m+ Y dg(v) +ny(G)
veV
= 3m+ny(G).
O
Theorem 2.2. Let G be any graph of order n. Then
2dg(x) if zeV,
dy ) () = dg(z) +7(G) if xeV’,
n if e D.
Proof. The proof follows from the definition (]

Theorem 2.3. Let G be a graph of order n with 6(G) = min{dg(z) : x € V} and
A(G) = max{dg(z) : x € V}. Then

S0 (G) = min{20(G).0(G) + ()},
Aoy = {28@ W AO=E

n otherwise.
Proof. The proof follows from the definition O

Theorem 2.4. For any graph G without isolated vertices, the D-Mycielskian graph
1~ (G) is connected.
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Proof. Suppose G is connected. Then by Observation [1.1} u(G) is connected.
Therefore from Remark [I} the remaining v(G) — 1 members of D in pu,(G) are
joined by the members of V’. Hence, p,(G) is connected.

Suppose G is not connected and has no isolated vertex. Let v; and vo are any
two vertices which have no path connecting them in G. Then they are joined by a
path vy vju;v,ve in 1y (G), where v} is a twin vertex of v; such that viv; € E, v}, is a
twin vertex of vy, such that vov;, € E, since G has no isolated vertices, and u; € D.
Hence, p,(G) is connected. O

Theorem 2.5. For any graph G without isolated vertices,
diam(p~(G)) < 4.

Proof. For any two adjacent vertices of G, their corresponding vertices are adjacent
in p14(G). For any two non adjacent vertices v and w of G we have two situations,
(i) if dg(v,w) < 4, then there is nothing to prove. (ii) if dg(v,w) > 4, then there
exists a path vvju;v,w of length 4 in p.(G), where v is a twin vertex of v; such
that viv; € E, v}, is a twin vertex of vi, such that vovy, € E.

Suppose v € V and v} € V'. If v} is a twin vertex of v, then by definition
dg(v,v}) = 2. If v} is not a twin vertex of v, then we have two cases as mentioned
below:

Case 1. If v} is a twin of a vertex w such that vw € E, then v and w are adjacent
in p~y(G).

Case 2. If v} is a twin of a vertex w such that vw ¢ E, then we have two subcases
in the following order:
Subcase (i). If v, is a twin of a vertex w and viyw € E, where vvy, € E, then
dltw(G) (U,U;) =2.
Subcase (ii). If v} is a twin of a vertex w and vyw € E, where vvy, ¢ E, then
d#w(G) (’U,’Ué) = 3

If v',w" € V’, then there exists a path v'u;w’ of length two in . (G), where
uj € D. If v € V' and u; € D, then by deﬁnition they are adjacent in p(G).
For v € V and u; € D, there exists a path vvju; of length two in u,(G), where
v; € V' such that vv; € E, since G has no isolated vertices. Suppose u;,u; € D.

Then there exists a path u;vj,u; of length two in p(G). Thus for any two vertices
v,w € V(py(Q)),dy (@)(v,w) < 4. O

Corollary 2.6. If G is any graph without isolated vertices and diam(G) > 4, then
diam(u(G)) = 4.

Proposition 2.7. If G is triangle-free, then so is py(G).

Remark 2.1. If v(G) =1, then py(G) = p(G).

Lemma 2.8. [3] Let f : G — H be a graph isomorphism of G onto H. Then
f(Ng(x)) = Nu(f(x)). Furthermore, G —x = H — f(z), and G — Ng[z] & H —
Ny[f(z)] under the restriction maps of f to the respective domains.

Theorem 2.9. For any two graphs G and H, j(G) = py(H) if and only if G = H.

Proof. It G = H, then p,(G) = py(H) is trivial. So assume that G and H are
two graphs without isolated vertices such that p(G) = py(H). For n =2 or 3 the
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result is trivial. So, assume that n > 4. If G is of order n, then p,(G) and p~(H)
are both of order 2n + v(G), hence H is also of order n and v(H) = v(G).

Let F : puy(G) — py(H) be the given isomorphism, where V(u,(G)) and
V(u~(H)) are given by the triads (Vq,V{, D1) and (Va, V5, Ds) respectively.

Now, we look at the possible images of the vertex u; € Dy of ju(G) under f. All
the vertices uw; € Dy and u; € Do are of degree n. If f(u;) = u;, then by Lemma

23

Y(G) v(G)
G = 1,(G) = | Nl = iy (1) = | Nly] = H.

Next we claim that f(u;) ¢ V2. Suppose f(u;) € Va. Since d, (m)(f(ui)) =
d,. (¢)(ui) = n, it follows from the definition [2| that, in . (H), 5 neighbours of
f(u;) belong to V2 while another % neighbours (the twins) belong to V3. (This

forces n to be even.) These n neighbours of f(u;) form an independent subset of
py(H). Then H" = p(H) — N, m)[f(wi)] = py(G) — Ny ey [ui] = G. Now , if
xz € Vo is adjacent to f(uw;) in p,(H), then z is adjacent to f(u;)’, the twin of
f(u;) belonging to V3 in py(H). Further, dg/(f(u;)’) =1 = dg(v), where v € V}
(the vertex set of G) corresponds to f(u;)" in p(H), then d, (g)(v) = 2, while
dy ) (f(ui)') = 5 +1>2,as n > 4. Hence, this case cannot arise.

Finally, suppose f(u;) € Vy. Set if f(u;) = 3’. Then y, the twin of 3’ in
py(H), belongs to Vo. As d,,_(q)(ui) = n,d, m)(y’) = n. The vertex y" has n — 1
neighbours in Vs, say, x1, 2, ..., n—1. Then Ny (y) = {z1,22, ..., Tn—1}, and hence
y is also adjacent to 7,3, ..., x5, in V3. Further, as N,_(g)(u;) is independent,

N, (my(y') is also independent. Therefore, H = K. (q),—1 consisting of the edges

(@)
{yz; : 1 <1 < n—1}. Moreover, G = puy(G) — U Nlu;] = py(H) —UN[Y'] =
i=1
K. (G)n—1 consisting of the edges {yz]:1 <i <n —1}. Thus,
G = KA/(G)’TL,I = H
O

Theorem 2.10. If G is any graph of order n with ag(G), the point covering number
of G, then

_n+1 if G=2K,,
ao(py(G)) = { 209(G) +~(G) otherwise.

Proof. Suppose G = K,. Then it is easy to see that all the members of V' to-
gether with v € D forms a minimum cover for p,(G). Thus, ao(p,(G)) = n+ 1.
Suppose G 2 K,. Let ag(G) be the point covering number of G and let S =
{v1,v2, ..., Vay ()} be the point cover of G with |S| = ao(G). Then these vertices in
ti(G) cover the edges connecting the members of V, and 5" = {v},v5, ..., v}, ()}
consisting the twin vertices of the members of S covers the edges connecting the
members of V to the members of V', the remaining edges are covered by u; € D,
for 1 <i <~(G). Thus, S, = SUS" UD forms a point cover for ;i (G). Now, we
have to show [S,,| = ao(p(G)). To prove this let .S}, is a point cover of j,(G) with
|S,’L| = ap(py(G)). Here, we need to prove that, |S;L| = |S,|. Suppose on contrary
assume that ‘SL’ #|S,|. Then we have the following cases:

Case 1. If ’SH > |S,|, then S, does not cover all the vertices of 1, (G). Which is
contradiction to the fact that S, is a point cover of u(G).



EJMAA-2022/10(1) D-MYCIELSKIAN GRAPH OF A GRAPH 47

Case 2. If |SH <'|S,], then let us assume that there exists at least one vertex v in
Sy, such that S, — {v} = 5, the point cover of 1, (G). Then we have the following
subcases:

Subcase (i). If v € S, then there exists at least one edge e € F which is not
covered by any of the members of S, — {v} in p~(G), which is not possible.
Subcase (ii). If v € ', then there exists at least one edge e € E’ which is not
covered by any of the members of S, — {v} in p(G), which is not possible.
Subcase (iii). If v € D, then there exists at least n — |S’| edges which are not
covered by any of the members of S, — {v} in p(G), which is not possible. There-
fore, our assumption that ’SL‘ #15,] is wrong. Thus, SL’ = ao(uy(G)) =S, -

Theorem 2.11. If G is a connected graph of order n with 5y(G), the point inde-
pendence number of G, then

Bo(ky(G)) = { 2580(G) otherwise.

Proof. Suppose G = K,,. Then it is easy to see that the members of V' forms a
maximum point independent set for ., (G). Thus, So(1+(G)) = n. Suppose G 2 K,
Let 5p(G) be the point independence number of G and let PI = {v : v € V} be
the point independent set of G with |PI| = §y(G). Then the vertex set P, = {v; :
v, €V,1<i<Bo(G)}U{v] :v) € V', 1<i<By(G)} forms the point independent
set of i, (G). Now, we have to show |P,| = So(p,(G)). To prove this let P, is a
point independent set of p(G) with |P” = Bo(u~(G)). Here, we need to prove
that, |P,| = |P,|. Suppose on contrary assume that |P| # |P,|. Then we have
the following cases:

Case 1. If |P/L| < |P,|, then there exists a vertex v in P, such that it is adjacent
to at least one member of P} as P is the maximal point independent set of ji,(G).
Thus, P, is not a point independent set of p(G). Which is contradiction to the
fact that P, is a point independent set of 1 (G).

Case 2. If |P’;’ > | P, then for every member v;(1 <i < Bo(G)) of P, there exists
at least one vertex v in P, such that v and v; are joined by an edge in p,(G). Which
is contradiction to the fact that P}, is a point independent set of ji,(G). Therefore,
our assumption that |P),| # [P,| is wrong. Thus, |P}| = Bo(uy(G)) = |P,|.

To prove the following results we consider the set B, the collection of all bipartite
graphs and the set S = {P,,C,, K,, B :n > 4}, where P,,C,, and K,, are a path,
a cycle and a complete graph respectively.

Theorem 2.12. If G is a connected graph of order n with a1 (G), the line covering
number of G and G ¢ S, then

(1(G)) = 201 (G) +7(G) if minimum line cover of G is independent,
A1y T 201(G) otherwise.

Proof. Suppose minimum line cover of G is not independent. Then let o (G) be the
line covering number of G and L = {e; : ¢; = vw € F and 1 < i < a;1(G)} be the
minimum line cover of G. Clearly, L1 = {¢} : e}, = vw’,1 <i < a1(GQ)}, Ly = {ex :
er = upvj, 1 <k <~v(G@)} and Ly ={e; : e, =vw € Fand 1 <i < a1(G) —v(G)}
all together forms a minimum line cover for p(G) and hence a1 (i (G)) = 201 (G).
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Suppose minimum line cover of G is independent and let L = {e; : ¢; = vw €
Eand 1 < i < a1(G)} be the line cover of G with |L| = a1(G). Then the edge
sets Ly = {e} 1 e] = vw',1 <i < a;(G)} and Ly = {e} : e} = v'w,1 < j < a1(G)}
in py(G) covers both the members of V' and the members of V’. The remaining
vertices (i.e., the members of D) are covered by Lg = {ex : ex, = uxv;,1 < k <
v(G)}. Thus, L, = Ly U Ls U Lg forms a line cover for pu,(G). Now, we have
to show |L,| = ai1(uy(G)). To prove this let L is a line cover of p,(G) with
’LH = a1(u,(G)). Here, we need to prove that, }LH =|L,|. Suppose on contrary
assume that |L’#} # |L,|. Then we have the following cases:
Case 1. If |LH > |L,|, then L, does not cover all the vertices of p,(G). Which is
contradiction to the fact that L, is a point cover of 1 (G).
Case 2. If ’LM < |L,|, then let us assume that there exists at least one edge e in
L, such that L, — {e} = L, the line cover of . (G). Then we have the following
subcases:
Subcase (i). If e € Ly or e € Lo, then there exist at least two vertices v € V' and
v" € V'’ which are not covered by any of the members of L, — {e} in u,(G), which
is not possible.
Subcase (ii). If e € Ls, then there exists at least one vertex w € D which is
not covered by any of the members of L, — {e} in p,(G), which is not possible.
Therefore, our assumption that |L;L| # |L,| is wrong. Thus, ‘LH = a1(p,(GQ)) =
L.

O

Theorem 2.13. If G is a connected graph of order n with ay1(G), the line covering
number of G and G € S\ B, then

n+wgr‘ ifG=Z P, orG=C,,
n+1 if G =2 K,.

a1(py(G)) =

Proof. Suppose G = P,, or G = C,,. Then clearly, L; = {e} : e}, =vw',1 <i<n—

{%]},ng{ek:ek:ukvj,lgkgv(G)}andng {ei:ei:vweEand 1<i< {

altogether form a minimum line cover for u,(G) and hence a1 (u(G)) = n+ Fg]—‘ .

Suppose G = K,, and let L = {¢; : ¢;, = vw € Eand 1 < i < a;1(G)} be the line
cover of G with |L| = a1(G). Then the edge sets Ly = {¢} : e} = vw’,1 < i <
a1(@)} and Ly = {€} : e} = v'w,1 < j < a1(G)} in p1,(G) covers both the mem-
bers of V' and the members of V'. The remaining vertex (i.e., the member of D) is
covered by a line upv’ € D'. Thus, L, = Ly U Ls U {uyv'} forms a minimum line

cover for pi,(G). O
Theorem 2.14. If G is a connected graph of order n and G € B, then
| 2a+1 ifa =0,
(1 (&) = { 2(max{a,b}) otherwise.

Proof. Suppose G € B and a = b. Then clearly, E}, C E’ such that |E}| = 2(a—1),
E5 C E with |Es| = 1 and D4 C D’ having |Dj}| = 2 altogether form a minimum
line cover for p,(G) and hence ai(p(G)) = 2a+ 1. Suppose G € B and a # b.
Then clearly, Ef C E’ such that |E{| = 2(max{a,b}) — 3, By C E with |Ey] =1
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and D] C D’ having |D]| = 2 altogether form a minimum line cover for p(G) and
hence a1 (py(G)) = 2(max{a,b}). O

The following theorems are immediate from Theorem 2.12| .13 and 2.14]

Theorem 2.15. If G is a connected graph of order n with 81(G), the line indepen-
dence number of G and G ¢ S, then

Bi(p~ (@) = 241(G) if minimum line cover of G 1is independent,
i | 251(G) +9(G) otherwise.

Theorem 2.16. If G is a connected graph of order n with 81(G), the line indepen-
dence number of G and G € S\ B, then

n+ 2] — |t ifG= P, orG=C,,
i@y = { - |8 !

n if G = K,.
Theorem 2.17. If G is a connected graph of order n and G € B, then

. 2a +1 ifa=1b,
Pr(py(G)) = { 2(min{a,b} +1) otherwise.

Theorem 2.18. If G has no isolated vertices, then
K1y (G)) = min{2k(G), £(G) +7(G)}-

Proof. Suppose V(G) =V and V(u,(G)) = VUV'UD, where V! = {v' : v € V'}
and D = {u; : 1 <i <~v(G)}. Let S be a subset of V(p,(QG)) of size x(G).

If [V NS| < k(G), then G\ (VNS) is connected. Also, for any vertex v € V,
v’ is adjacent to k(G) vertices of V in p(G). Therefore, any such vertex v’ of
t~(G) \ S is adjacent to at least one vertex in G\ (V' N .S) and also adjacent to u;
(for 1 < i < ~(G)). Thus, py(G) \ S is connected. If [V N S| = k(G), then S C V.
Since G has no isolated vertices, any vertex v € V' \ S is adjacent to some vertex
w’ in V', which is in turn adjacent to u; (for 1 <i < ~(QG)). Thus, u,(G)\ S is also
connected. Hence, k(py(G)) > min{2x(G), c(G) +v(G)}. O

Theorem 2.19. If G has no isolated vertices, then k(p,(G)) = min{2k(G), k(G)+
(@)} if and only if 6(G) = k(G).

Proof. 1t §(G) = k(G), then we have

“(MW(G)) < 6(MW(G))
= min{26(G),(G) +v(G)}
= min{2k(G), k(G) +v(G)}.

Further by Theorem we have k(u,(G)) > min{2x(G), k(G) +v(G)}. There-
fore, k(py(G)) = min{2k(G), k(G) +~v(G)}.

Conversely, let k(py(G)) = min{2:(G), k(G) + v(G)} = n. Suppose 6(G) #
k(G). Then 1 < k(G) < §(G). Let S = {v1,v2,...,v,} be a minimum vertex cut of
t~(G). Then we have the following cases:

Case 1. u; ¢ S: Suppose |V N S| > k(G). Then |[VNS|=x&(G)+14,i=0tovy(G)
and there is a possibility for G to get disconnected. But since 6(G) > 2, every
vertex in G\ (V N S) is adjacent to at least two vertices of V’ which in turn are
adjacent to u;, forl < i < ~(G). Hence, even if we remove an additional vertex from
V' the resulting graph will remain connected. That is p4(G) \ S is connected, a

+
+
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contradiction to the fact that S is a vertex cut. If (VN S) < k(G), then G\ (VN S)
is connected and every vertex v’ € V' is adjacent to at least k(G) + 1 vertices of G
and hence adjacent to at least one vertex of G \ (V NS). Also, u; are adjacent to
all v" € V'. Then p(G) \ S is connected, which is again contradiction to the fact
that S is vertex cut.

Case 2. u; € S: Now remove u; from p,(G) and set G’ = pu,(G) — U, where

U= {u Zicf) G’ is connected (as |S| > 2). To disconnect G’ we have to remove
the remaining x(G) vertices of S. Since 6(G) > k(G), every vertex in G’ is of degree
at least k(G) + 1.

If [VN(S-U)| < k(G), then G\ (VN(S—-U)) is connected and every vertex v’ € V'
is adjacent to at least x(G) + 1 vertices of G and hence to at least one vertex of
G\(VN(S-U)), so that G'\ S is connected, a contradiction. If |[VN(S—U)| = k(G),
then there is a possibility for G\ (VN (S—U)) to be disconnected. If G\ (VN (S-U))
is connected, we get a contradiction as in case 1. So, let G\ (V N (S —U)) be
disconnected with G, Ga, ..., G, as its components. Since every vertex of VN (S—U)
is adjacent to all components G;,1 < i < k, the twins of V' N (S —U) are connected
and each v’ € V' is adjacent to at least one vertex of G\ (V N (S —U)). Therefore,
p(G) \ S is connected, which is again contradiction to the fact that S is a vertex
cut. Thus, 6(G) = k(G). U

Theorem 2.20. For any graph G,

@) ={ UG TS e

Proof. By definition [2] we have G is an induced subgraph of p,(G). Therefore,
v(G) vertices dominate all vertices of V' in p,(G) and the remaining vertices of
p~(G) are dominated either by a member of D if 4(G) = 1 or by a member of D
and a member of V' if v(G) > 2. O

Theorem 2.21. For any graph G, x(1y(G)) = x(G)+1 Where x(G) is Chromatic
number.

Proof. By definition [2| there are three types of vertices in p,(G). The members
of V receive the same colour as in G. The members of V' receive the same colour
that their twin vertices receive in G. The remaining vertices i.e., the members of D
receive one colour other than those colours of the vertices in V. Thus, x(u(G)) =
X(G) + 1. O

Theorem 2.22. If G has no vertex of even degree and v(G) is odd, then u~(G) is
eulerian.

Theorem 2.23. If the graph G is eulerian of even order and v(G) is even, then
p(G) is eulerian.

Theorem 2.24. If G is hamiltonian, then so is py(G).

The converse of the Theorem [3.6|is not true always. i.e., If 1, (G) is hamiltonian,
then G need not be hamiltonian.

An example of non hamiltonian graph whose D-Mycielskian graph is hamiltonian
is depicted in Fig. [3} where hamiltonian cycle is shown with dark lines.

Theorem 2.25. [12] If for all vertices v of G, dg(v) > 5, where n > 3, then G is
hamiltonian.
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Py 0—0—0—@

FI1GURE 3. A path P, and its D-Mycielskian graph.

Theorem 2.26. If for all vertices v of G, dg(v) > § + v(G), where n > 3, then
U~ (G) is hamiltonian.

Proof. The proof follows from Theorem O

Theorem 2.27. If G is k-cyclic graph of order n and K; 2 is not an induced
subgraph of G having two pendant vertices of G, then p(G) is hamiltonian.

An illustrative example of 2-cyclic graph whose D-Mycielskian graph is hamil-
tonian is depicted in Fig. where hamiltonian cycle is shown with dark lines.

FIGURE 4. A 2-cyclic graph and its D-Mycielskian graph.

3. GRAPH INDICES OF D-MYCIELSKIAN GRAPH OF A GRAPH

A graph index is a numerical parameter mathematically derived from the graph
structure. It is a graph invariant, thus it does not depend on the labeling or pictorial
representation of the graph. The Graph indices play an important role in chemical
graph theory. For more details on graph indices refer [19] 20, [33] and references
cited there in. It would be interesting that, if all these graph indices are obtained
from a single expression. This role is played by polynomials. In fact, there are
several graph polynomials like Tutte polynomial [13], matching polynomial [14} [I§],
Schultz polynomial [I7, 27], Zang-Zang polynomial [46], etc., Among them, the
Hosoya polynomial [31] is the best and well-known polynomial which plays a vital
role in determining distance-based graph indices such as Wiener index [45], hyper
Wiener index [9] of graphs. Similarly, M-polynomial which was introduced in 2015
by Deutsch et al., [T1] is useful in determining many degree-based graph indices
(listed in Table |1} and . This motivates us to study M-polynomial of some graph
operations and some wheel related graphs. Recently, the study of M-polynomial
are reported in [5] B34 [35] 36].



52 B. BASAVANAGOUD, P. JAKKANNAVAR AND G. VEERAPUR EJMAA-2022/10(1)

Definition 3. [II] Let G be a graph. Then M -polynomial of G is defined as
M(G;x,y) = Zmz‘j(G)afiyj7 (1)
i<j
where myj,i,j > 1, is the number [23] of edges uv of G such that {dg(u),dc(v)} =

{i,7}-

TABLE 1. Operations to Derive degree-based graph indices from
M-polynomial [I1].

Notation Graph Index f(z,y) Derivation from M (G;z,y)
M1(G) First Zagreb z+y (Do + Dy)(M(G;2,y))|e=y=1

M5 (G) Second Zagreb Ty (DeDy)(M (G52, y))|p=y=1

™ My(G)  Second modified Zagreb ;]le (S2Sy) (M (G2, y))|p=y=1

Sp(G) Symmetric division index % (DzSy + DySz)(M(G; 2, y)) |e=y=1
H(G) Harmonic %ﬂ/ 28, J(M(G;2,9))|x=1

I,,(G) Inverse sum index o Sz d Dy Dy(M(G52,y))|2=1

where D, = x%7 D, = y%@’y), Se = [y f(’;’y)dt, Sy = [ @dt and
J(f(z,y)) = f(x,z) are the operators. Two more operators are given in Table

to calculate general sum connectivity index and first general Zagreb index.

TABLE 2. [6] New operators to derive degree-based graph indices
from M-polynomial.

Notation Graph Index flz,y) Derivation from M(G;x,y)
Xa(G) General sum connectivity (r+y)* DIJM(G;z,y)))|s=1
M{(G)  First general Zagreb z* +y*  (Dg + DY) (M(G;2,y))|e=y=1

Note 3: Hyper Zagreb index is obtained by taking a = 2 in general sum connec-
tivity index.
Note 4: Taking a = 1,2, in first general Zagreb index, first Zagreb index and
forgotten graph index are obtained respectively.

The first and second Zagreb indices are amongst the oldest and best known graph
indices defined in 1972 by Gutman [25] as follows:

Mi(G) = ) dg(v), (2)
veV(G)

and M2(G) = Z de(v) - dg(w), respectively. (3)
vweE(G)
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Ashrafi et al. [2] defined the first and second Zagreb coindices as
M(@)= Y lde(u)+da(v)] and Ma(G)= Y dg(u)-d(v),
wgE(G) wgE(G)

respectively.
The vertex-degree-based graph invariant,

> ) (4)
veV(G)

was encountered in [25]. This index is called “forgotten graph index” [15].
Recently, Shirdel et al. [4, 42] introduced a new version of Zagreb index called
hyper-Zagreb index, which is defined for a graph G as

HM(G)= Y (da(v) +da(w))*. (5)
vweE(G)

Recently, Gutman [22] put forward a new coindex called hyper-Zagreb coindex,
which is defined as

@) = Y (dal) +de(w)). (©)
vwg E(G)

Recently, Gutman et al. [24] put forward a new index called sigma index, which is
defined as

o(@G)= Y (do(v) —do(w))?. (7)

vweE(G)

The following results are useful to prove our results.
Theorem 3.1. [24] If G is any graph, then
o(G) = F(G) — 2M(G).
Theorem 3.2. [29] Let G be any graph of order n and size m. Then
Mi(G) + M1 (G) = 2m(n — 1).
Theorem 3.3. [2I] Let G be a graph of order n and size m. Then

T5(G) = 2m® — SMy(G) — Ma(G).

Theorem 3.4. [22] Let G be a graph of order n and size m. Then
HM(G) = 4m? + (n — 2)M,(G) — HM(G).

Theorem 3.5. [41] The Hosoya polynomial satisfies the following conditions:
(i) deg(W(G;q)) equals the diameter of G.

(i) [¢°]WV(G:q) =0,

(iii) [¢']W(G;q) = |E(Q)|, where E(G) is an edge set of G.
(iv) 1

) W

(v

One of the oldest and most thoroughly studied distance-based graph index is
Wiener index [45] and it has numerous chemical applications. In 1947, American
physical chemist H. Wiener introduced this index. The Wiener index (or Wiener

W(G;1) = (‘VQG)I), where V(G) is the vertex set of G.
(G 1) = W(G).
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number) [45] of a graph G, denoted by W(G) is the sum of distances between all
(unordered) pairs of vertices of G.

W(G) = da(vi,v)).
i<j
The Wiener index of a graph belongs to the molecular structure-descriptors called
graph indices, which are used for the design of molecules with desired properties
[39]. Tts mathematical properties are well established. The Wiener polarity index
[45] of a graph G, denoted by W,(G), is equal to the number of unordered pairs of
vertices of distance three in G.

Wp(G) = [{(u,v)/da(u, v) = 3}].

In [45], Wiener used a linear formula involving W(G) and W,(G) to obtain the
boiling points tp of the paraffins, that is

tp =aW(G)+bW,(G) + ¢

where a,b and c¢ are constants for a given isomeric group.

In 1988, Hosoya [31] introduced a new distance-based graph polynomial called
Wiener polynomial. For more details refer [I, @, [T, 23] B0, 43]. The Wiener
polynomial of a connected graph G is denoted by W(G;¢q) and is defined by,

W(Giq) = gy
i<j
where ¢ is a parameter. Nowadays, the majority of researchers uses the name
Hosoya polynomial instead of Wiener polynomial. The relation between Wiener
polynomial and Wiener index is,

W(G) = L (W(G:q))

8
= (®)
Hence, we can derive the expression for the Wiener index of G from that of the
Hosoya polynomial of G. We denote the number of unordered pairs of vertices of dis-
tance four and more than four in G by Wg(G) (i.e., W/ (G)) = [{(u,v)/dc(u,v) >
43 ).

In 1990, Tratch et al. [44] introduced the distance-based index called Tratch-
Stankevitch-Zefirov index, denoted by T'SZ(G) and is defined as

1 1 1
TSZ(G) = Z <3dg(u, v) + §d2G(u, v) + 6d§’;(u,v)> .
u,veV(G)

=1

In 1993, Plavsi¢ et al. [38] introduced another distance-based index called Harary
index [32], B8], which is denoted by H(G) and defined as

Hi(CG) =3 dG<v1i,vj>' )

In the same year Randi¢ [40] introduced another distance-based index which is
generalization of Wiener index and he named it as hyper-Wiener index [10] [40],
which is denoted and defined as follows

WWE) =5 Y (dalu,v) +diuv)).
u,veV(QG)
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The relationship between Hosoya polynomial and different distane-based indices
[8] are given below:

1 .

HL(G) = / qu, (10)
1 d?

WW(©Q) = Jiz@VEia)| . (11)
1,

TSZ(G) = ?diqg(q W(G Q)) » (12)

3.1. Degree-based indices.

Theorem 3.6. If G is a graph with n vertices and m edges, then
M (py(G)) = 5M1(G) + ny(G)(n +7(G)) + 4my(G).

Proof. By using Eq. , we have

Mi(py(G)) = Z d2 L) (V)
vEV (14 ()
= > adkw)+ > (de(v) —i—Zn
veV(G) veV(Q)
= AMI(G)+ Y [d&(v) + (V) + 2da(0)1(G)] +n*¥(G)
veV(G)

= 5Mi(G) +ny(G)(n +v(G)) + 4m~y(G).

Now, using Theorems [3.2] and [3.6] we have the following theorem.
Theorem 3.7. If G is a graph with n vertices and m edges, then
M (uy(G)) = 12mn + 2m7y(G) — 6m + 3n*v(G) + n(v(G))* — 2ny(G) — 5M;1(G).
Theorem 3.8. If G is a graph with n vertices and m edges, then
My (py(G)) = 8M3(G) + 2v(G) My (G) + 4mny(G).
Proof. By using Eq. , we have

M (py(G)) = > () dy (W)
W By (@)

= Y Ade(v)-dg(w)+ Y 2da(v)(de(x) +(G))

vweE va'eR’
+ > nlda(x) +4(G))
u;x’ €D’
= AMy(G)+2 Y de(v 2)+2v(G) Y da(v
v’ €E’ v’ €E’

n Y dal@) + ((G))?

u;x’ €D’

= 8My(G) + 2v(G)My(G) + 4mn~(G).
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Now, using Theorems [3.3] [3.6] and [3.8] we have the following theorem.

Theorem 3.9. If G is a graph with n vertices and m edges, then

Wo(G) = 18m2 +202(+(G))? + Smny(G) — (“42”“”) M(G)

5@ ~ 3n*(G) — 2m(G) ~ 8M(G).

Theorem 3.10. If G is a graph with n vertices and m edges, then
F(uy(G)) = 9F(G) + 7(G)BM1(G) +1°) + (+(G))*(ny(G) + 6m).
Proof. By using Eq. , we have

Fuy(G)) = Z diw(c)(v)
VeV (1 (G))
(G)
= ) 8di(v)+ (da@) +7(@)° + Y n®
VeV (G) veV(G) i=1
= 8F(G)+ Y [d&() + (V@) + 3da (v)1(G)(de (v) +1(G))]
veV(G)
+n°7(G)

= 9F(G) +1(G)BM(G) +n°) + (7(G))*(n7(G) + 6m).

Theorem 3.11. If G is a graph with n vertices and m edges, then
HM(u(G)) = 4HM(G)+5F(G) + 7v(G)M1(G) + 8Mz(G) + 2m(3(v(G))?
+2n7(G)) + ny(G)(n +~(G))*.
Proof. By using Eq. , we have

HM(py(G)) = Z (dyu ) (v) + dyu () (w))?
we B (G))

= Y 4deW) +da(w)?+ Y (2da(v) +da(@) +7(G))?

vweE va'€R’
+ Y (n+da(x) +7(G))?
w;x’ €D’

= AHM(G)+ ) [4dG(0) + (da(2) +7(G))* + dda(v)(de () +7(Q))]

ve'el’
+ Y [(n+9(@))? + dg (@) + 2(n++(G))da(x)]
u;x’ €D’
= 4HM(G) 4+ 5F(G) + Ty(G)M1(G) + 8 My (G) + 2m(3(y(G))?
+2ny(G)) + ny(G) (n +~(G))*.

Now, using Theorems and [3.11] we have the following theorem.
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Theorem 3.12. If G is a graph with n vertices and m edges, then

HM(14(G)) = 12m*(3+7(G)) +4(v(G))*(n* + m) + 2m~(G)(14n

=3v(G) — 4) + (15m + 5nvy(G) — 7y(G) — 10)M;1(G)
+ny(G)(n +4(G)(Bm + ny(G) —~(G) —n —2)
—4HM(G) — 5F(G) — 8M»(G).

Theorem 3.13. If G is a graph with n vertices and m edges, then

o(11,(G)) = 9F(G)=1(G) My (G)=16Ms (G)+ny(G) (n—8m)+ ((G))(6m+n7(G))-

Proof. By using Theorems and we can have the desired result. O

Now, we obtain the M-polynomial of D-Mycielskian graph of a graph from which

one can obtain the expressions for degree-based graph indices (as listed in Tables

and [2) of D-Mycielskian graph of a graph, The following theorem gives the M-
polynomial of D-Mycielskian graph of a graph.

Theorem 3.14. If G is a graph of order n and size m with the M -polynomial
M(G;z,y) = Y. my;(G)aty?, then

i<j
M(py(G)iz,y) = Zmij(G)x%y% + Z mk’l/(G)xk/yllv
i<j K<l
where k' = min{k,1},I" = max{k,l}, and for i = min{i, j},j = max{i,j}
mi i (G) if k=i+~(G),l=2j and i#j,
mk/l/(G) = Qmi/]’/(G) Zf k=1i+ ’}/(G),l = 2] and i = j,

Y(G){v : dy =i} ifk=i+~(G),l=n for i=1,2,...,n—1

Proof. By definition of D-Mycielskian graph of a graph, we have the degree of the
original vertices of G in p(G) is twice the degree of that vertex in G, the degree
dy. (e (v;) = dg(vi) +7(G) of the duplicates v; of v; € V/(G) and the degree of the
vertices u; € D is n. Therefore, we have the following:

maizj (11 (G)) = mi; (G)

and

mirj (G) ifk=i+~(G),1=2j and i#},
mi (G) =13 2m; 0 (G) if k=i+~(G),l=2j and i=j,

Y(G@){v: d, = i} ifk=i+~(G),l=n  for i=1,2,..,n—1
Thus, we get the desired result by substituting these values in Eq. . (Il

Corollary 3.15. If M-polynomial of D-Mycielskian of a graph G is
M(py(G)iz,y) =Y mig(G)a®y™ + > mpr (G y",

i<j K<l
then

Mi(uy(@) = 2D (i+5)mu(G) + > (K +)ymp (G),
i<j k<l

Ms(p4(G)) = 4Zijmij(G) + Z E'U'mpn (G),
i<j K<l

m 1 my 4 G mp (G
Ml (@) = 73 Ay 5 S

i<j k<l
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Sp(is(G)) = ZW + 3 B mi (@)

171 ’
i<j t k<l k'l

Hn (@) = X 3 e

< (i+7) ot

Ly (G) = D ijli+j)mis(G)+ D KUK +1)mpr (G).

i<j k<l

Proof. We get the desired results by applying the appropriate operators from Tables
and [2 to M-polynomial of 1 (G). O

3.2. Distance-based indices.

Theorem 3.16. If G is any graph without isolated vertices, then

Wiy (G);q) = Wri(G)g" + (BW,(G) + 2Wr (G))g*
+ [(2" +27<G)> _3W (@) — 3W,(G) — 3m — m(G)} e
+(Bm + nv(Q))q
and
W (i1, (G)) = AW (G) + 3W,(G) — 3m — ny(G) + 2 <2” +2V(G)) .

Proof. Let G be a graph of order n and size m without isolated vertices. Therefore,
from the definition of Hosoya polynomial,

Wi (@i = 3 g™,
u,veV (14 (@)

Since diam(p,(G)) < 4 for any graph G without isolated vertices. Therefore,
from Theorem the highest power of Hosoya polynomial u~(G) is equal to the
diameter of p(G). Let A;(G) = |{(u,v)/dg(u,v) = i}|. Thus, the expected Hosoya
polynomial for p,(G) is

4

Wiy (G)sq) = Ai(p(G))g'.

=1

By definition of A;(G), we have

Ale(lﬂw(G)) =3m+ny(G), As(py(Q)) = W (G), As(py(G)) = 3Wp(G) +2Wr (G)
Ag(11,(@)) = ("D = 3Wpi (G) — 3W,(G) — 3m — ny(G).

Therefore,

W(uy(G)iq) = Wpi(G)g* + BW,(G) + 2Wpi (G))g?
+ [(2" :’”G)) — 3Wpi(G) — 3W(G) — 3m — ny(G) | ¢?
+(B3m + nv(G))q.
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TABLE 3.
Graph (G) Wiy (G)) W (14(G))
Path (P,,n > 4) n? —4n+3 BTl
Cycle (Cp,n >7) n(n —4) "2577"
Complete (K,) 0 0
Complete bipartite (K45,1 < a < b) 0 0
Star (K1) 0 0
Wheel (W,,) 0 0

Now, from Eq. (§), the Wiener index for 11(G) is

d

W (@) = W (G)a)|

2 G
= AWp/(G) +3W,(G) —3m — ny(G) + 2< " Jr;( )>
Using Theorem and Table |3] we obtain the following corollaries.
Corollary 3.17. If P,,n > 4 is a path of order n, then

n%—7Tn+12
Wity (P)ia) = <2

. K%Jr?m) . [gw _ (Wﬂ -

+(3(n—1)+n[g])q

> q* + (n* —4n +3)¢*

and
Wy (Pp)) = (Qn + [%D + (2n + [g—‘ - 1) —-n [g—‘ +2n% — 14n + 18.

Corollary 3.18. If C,,n > 7 is a cycle of order n, then
n? —1Tn

W(py(Cn)ia) = < 5 >q4+n(n4)q3
) 2] 3 sa o 2]

2n + {%W
2

and

W (1(Cn)) = 2( ) +-n [%W + 202 — 14n.

Corollary 3.19. If K,, is a complete graph of order n, then

W(ky(Kn);q) = (nQ;?m) q2+<3”22_n>q

and
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Corollary 3.20. If K1, is a star graph of order n+ 1, then
W(py(Kin)iq) = (2n° +n+2)¢° + (dn+1)q

and
W (1 (K1) = 4n® + 61 + 5.

Corollary 3.21. If K., (1 < a < b) is a complete bipartite graph of order a + b,
then

Wy (Kap)iq) = (26> +2b% +ab+a+b+1)g* + (3ab+ 2a + 2b)g

and
Wiy (Kap)) = 4(a® + b + a + b) + 5ab + 2.

Corollary 3.22. If W,,,n > 3 is a wheel of order n + 1, then
W(ny(Wa)ia) = (2n° = 2n+2)¢* + (Tn + 1)

and
W (1, (Wy,)) = 4n® + 3n + 5.

Using the relation given in Eq. , we obtain the following theorem.

Theorem 3.23. If G is any graph without isolated vertices, then

1) = 5 (1) D) 4 Bt 520 - Hwe(e) -

Using Theorem and Table |3] we obtain the following corollaries.
Corollary 3.24. If P,,,n > 4 is a path of order n, then

Ho(p(P)) = 1(2”+ “ﬂ) i 1 {ﬁ-‘ _ (7”273”+84> _

W,(G).

2 2 2 13 24
Corollary 3.25. If C,,n > 7 is a cycle of order n, then

Ha((Cr)) = ;(%zrg]) +5n[3] - (7”22—473”) .

Corollary 3.26. If K,, is a complete graph of order n, then

™2 +n
Ha(pi () = T

Corollary 3.27. If K1, is a star graph of order n+ 1, then

2+ 9n+4
Ha(piy (K ) = =7

Corollary 3.28. If K, 5, (1 < a < b) is a complete bipartite graph of order a + b,
then
_ 2a® +20* 4+ Tab+5a +5b+ 1

Ho(py (Kap)) = 9
Corollary 3.29. If W,,,n > 3 is a wheel of order n + 1, then
Hy(py(Wy)) = n? + 6n + 2.

Using the relation given in Eq. , we obtain the following theorem.
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Theorem 3.30. If G is any graph without isolated vertices, then

2n +2’Y(G)> —2nvy(G) — 6m.

Using the relation given in Eq. , we obtain the following theorem.

WW (1(G)) = 13Wpe (G) + W, (G) + 3(

Theorem 3.31. If G is any graph without isolated vertices, then

2nt ,Y(G)> —3ny(G) — 9m.

TSZ(1y(G)) = 28Wpi (G) + 18W,(G) + 4( )

One can easily obtain the expressions for the hyper-Wiener index and Tratch-
Stankevitch-Zefirov index of the above mentioned standard graph families using
Theorems [3:30] and [3:31] and Table [3] respectively.

4. CONCLUSION

In this paper, we have introduced a new transformation graph called D-Mycielskian
graph of a graph which is triangle-free with large chromatic number. The basic
properties of this new graph are investigated. In addition, we have obtained M-
polynomial and Hosoya polynomial of D-Mycielskian graph of a graph and derived
the expressions for both degree-based and distance-based graph indices. Now, we
conclude with the following open problems:

Problem 1. Necessary and sufficient conditions for ., (G) to be eulerian.
Problem 2. Necessary and sufficient conditions for hamiltonicity of p-(G).
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