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A NEW FAMILY OF HORADAM NUMBERS

N. YILMAZ, M. TASTAN AND E. OZKAN

ABSTRACT. In this paper, we define a new family of (k,t)-Horadam numbers
and obtain Binet formula for this family. We give the relationship between
this family and the known generalized ¢-Horadam number. Then we prove the
Cassini and Catalan identities for this family. Furthermore, we investigate the
sums, the recurrence relations and generating functions of this family.

1. INTRODUCTION

Many researchers have been and still are interested in various positive integers
such as Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, etc. For
interest application of these numbers in science and nature, one can see [1, 4, 5,
7, 10, 11, 14, 16]. Falcon gave some properties of general k-Fibonacci numbers [6].
Mikkawy presented a new family of k-Fibonacci numbers and several properties
of this family [8]. Ocal et.al. introduced some determinantal and permanental
representations of k-generalized Fibonacci and Lucas numbers [9]. One of the lat-
est works is [12] where they defined a new family of Gauss k-Lucas numbers and
the generalized polynomials for these numbers. They obtained some interesting
properties of the family and its polynomials.

There are many works related to Horadam numbers and their applications [2, 3,
13, 15].

Now, we introduce the generalized ¢-Horadam sequence Hy y,.

Let t be any positive real number and f(t), g(t) be scaler-value polynomials. For
n € N and f2(t) +4g(t) > 0, the generalized ¢-Horadam number H; , is defined by

Ht,ﬂ = f(t)Ht,nfl + g(t)Ht,n72 (11)

where Hy o = a, H;1 = b [15].
Binet formula for this number is

ca™ —dp”
Hy, = =% 1.2
t, " (1.2)
where ¢ = b— a8, d = b— aq, o = LTV O F29(0) vf:(t)“g(t) and g = 1OV ()+49(t) vf;(”“g(t) [15].
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In this paper, we define the new family of (k,t)-Horadam numbers and obtain
Binet formula of the family. We give the relationships between the family and
the known generalized t-Horadam numbers. More, we obtain the sums, the recur-
rence relations and generating functions of this family. Then we prove Cassini and
Catalan identities for the family.

2. MAIN RESULTS

Definition 2.1. Let be any natural numbers m(# 0), k(# 0),r such that n = mk+r
and 0 < r < k. The family of (k,t)-Horadam numbers is defined by

18 =3 (7)) G0 GO0 )

The Binet formula for the family of (k,t)-Horadam numbers is
ca™ — dﬁm k—r Cam-i—l _ dﬁm—H r
) e

Let’s give some values for the family of (k,t)-Horadam numbers in Table 2.1.

oo

t,n

(2.2)

Table 2.1 Sample values for Ht(];)

Ht(f)) Ht,o a? a? a* a®
Ht(kl) Hy ab a?b a3b a*b
Ht(kg) Hi o b? ab? a?b? | a®b?
HY | Hys [ bOF(t) + ag(t) 5 ab® | a2b?
HY | Hus | (0F(t) + ag()? | BP(bf(t) +ag(t)) | ' | ab’
Results;

HY - o

my = o',

Ht(,]jc) = bka

Ht(,liz = Ht,n7 (23)

k
Ht(,k)n = (thn)ka
k _
Ht(,k)n-i-l = (Ht,n)k 1Ht,n+1-

From Equations (1.2) and (2.2), we can give this family via the generalized ¢-
Horadam numbers.

H") = (Hy )" (Hy i)™y n = mk + . (2.4)

Additionally, we can express the family of (k,t¢)-Horadam numbers by matrix
methods. Indeed, it is clear that

(k) (k)
HFh, = l Ht,lzrg)ﬂ }(%kn ]
7 Ht,k:n Ht,icn—l
Ht,n+1 Ht,n

where h,, = ],nzl.

Ht,n Ht,nfl
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Particular cases of the family of (k,t)-Horadam numbers are as follows
o If f(t) =s,9(t) =1,a=0,b=11in (2.1), then the family of generalized
s-Fibonacci numbers FS(IZ) is obtained [1],

o If f(t) =s,9(t) =1,a=2,b=11in (2.1), then the family of generalized
s-Lucas numbers Lgk), is obtained [1],

o If f(t) = g(t) =1, a=1,b=11in (2.1), then the family of generalized
Fibonacci numbers F\* is obtained [8],

o If f(t) =2,9(t) =1,a=0,b=11in (2.1), then the family of generalized
Pell numbers P,(Lk) is obtained,

o If f(t)=1,9(t) =2,a=0,b=11n (2.1), then the family of generalized
Jacobsthal numbers J*) is obtained [4],

o If f(t) =1,9(t) =2,a=2,b=11in (2.1), then the family of generalized
Jacobsthal-Lucas numbers j) is obtained [4],

o If f(t) =p, g(t) =q,a=0,b=11in (2.1), then the family of generalized
k-Fibonacci numbers U is obtained 5],

o If f(t) =p, g(t) =q,a =2,b=pin (2.1), then the family of generalized
k-Lucas numbers Vi) is obtained [5],

o If f(t) = g(t) = 1 in (2.1), then the family of generalized k-Fibonacci
numbers G is obtained [16].

Theorem 2.1. Let G (2,t) denote the generating function of Hfiz For k=2
and n = 2m + r, we have the following recurrence relation and the generating
function of the family for (k,t)-Horadam numbers:

i) HZ = f()HD)_ + f(Og(OH 5+ (0 HE)_,,
) GO (g4 = O+ (ab =@ (O)r + (7 — abf (0)a? + (abgt) = *S (H)g(t))a”
’ 1= f(t)e — [(t)g(t)a® — g2 (t)a? '

Proof. i) There are two cases of subscript n. From (1.1) and (2.4), we obtain
as follow.
For n = 2m,

HE, = (Hym)’
Ht,m, (f(t)Ht,m—l + g(t)Ht,m—2)
- f(t)Ht,m—lHt,m + g(t)Ht,m—2 (f(t)Ht,m—l + g(t)Ht,m—2)
= FOH D1+ FO9OH 5y + (O H D
For n =2m + 1,
H15(722)m+1 - Ht,mHt,7n+1

Ht,m (f(t)Htﬂ’TL + g(t)Ht,m—l)

= f(t)HtQ,m + g(t)Ht,mfl (f(t)Ht,mfl + g(t)Ht,m72)

= FOHD, + (g H D s + () H S,

ii) Let G® (z,t) be generating function for the H>)

t,no

G (z,t) = HZa". (2.5)

n=0
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If G® (z,t) given in (2.5) multiply with f(¢t)z, f(t)g(t)z® and g2(t)z*,
respectively, then we get
f(t)a:G(Q) (1) = f(t )Zn 1th 1"
09T G (2,0) = F()g(t) Sy HEga™ o (2.6)
2

PGP (2,1) = ¢2(t) X0, HZ)_am

Consequently, by subtracting (2.6) from (2.5), it is obtained the following
equation

G (z,t) =

H? + HY e+ HY2? + B2 — f(t)a (Hf?o) +HYe + Ht(?;aﬂ) — f(t)gt)2* H)

L= f(t)z — f(t)g(t)x® — g*(t)a*
which completes the proof.

O

Theorem 2.2. Let G%) (x,t) denote the generating function of HY . Forn =

t,n -
mk + 1, we have the following recurrence relation and the generating function for

the family of (k,t)-Horadam numbers
i) Hiy = FOH) o+ g(0H) .
g _ aF e e (b—af ()
ii) GO (2,8) = s

Proof. The proof is done similarly to that of Theorem 2.1. O

Theorem 2.3. For k and m, we have

(Hemi1)* = (Hyn)" = H) = Ho
Proof. From (2.4), we obtain
Ht(lz3n+1)k Ht(]jr)lk = (Hm)" " (Hime1)" = (Hem)" " (Hems1)°
= (Hymi)" = (Him)"
(]
Let’s suppose that Hf(k_)n =0for k=1,2,.
Theorem 2.4. For then,s >0, n+ s > 1, we have
H ooy = HinsHinrama = (=g(0)" 7 (ag(t) + abf (1) ~ 1°).
Proof. From (2.3) and Theorem 5 in [15], we get
Ht(22)(n+s y~ HingsHings—2 = HEoyoor — HingsHinys—2,
= (—g(®)""* "N (a®g(t) + abf(t) — b°).
(I

Theorem 2.5. For 1 < s < k, n,k > 2 and s,n,k integer numbers, Cassini
Identity for Ht(]fl) s as follows:

k k k 2 HZ=2(—g(t)" " a?g(t) + abf (t) — b?), s=1
B, 18— (HE, ) :{O}z, (—g(1)" " (a®g(t) (t) —b%) -

’
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Proof. For s = 1, we obtain the following equations from (2.4) and Theorem 5 in
[15]

(k)
Ht,kn-{-l

2
Ht(,];c)n—l - (Ht(?n) = (Hf,'"Hyps1) (Henr HESY) - (kan)2
= Ht2,lrczi2 (Ht,n+1Ht,n71 - (Ht,n>2)

HZ 2 (—g(6)"* (a®g(t) + abf(t) — 7).

For s # 1, we have

k k k 2 k—s rrs k—s+2 rrs—2 k—s+1 rys—1 2
Ht(,k-)n+sHt(,k>n+sf2 - (Ht(,k>n+sfl) = (Htfﬂ Ht,n-H) (Ht,n * Ht,nJrl) - (Ht,’ﬂ * Ht,nJrl)
= HLU(HD - HEY)
= 0.
O

Theorem 2.6. For 0 < 3s < k, n,k > 2 and s,n, k integer numbers, Catalan
Identity for Ht(]:l) s as follows:

2
k k k
Ht(,k)nJr?)sHt(,k)n+s - (Ht(,k)nJr2s) =0

Proof. From (2.4), we obtain

k k k 2 —3s s —srrs —2s s 2
Ht(,k)n+3$Ht(,k>n+s - (Ht(,k>n+2.s) = (Htkyng H2n+l) (Htk,n Ht,n+1) - (PI?ZCVTL2 Ht2,n+l)
0.

d

Proposition 2.1. We obtain the following interesting properties for Ht(zrz

i) H, o — FPOHS), = 2f (g H D, + 2(H ), .
.. 2 2 2 n—
i) FOVH,_ + g H D,y = Hp, + (—g(t))"(a2g(t) + abf(t) — b?).
Proof. i) From (2.3) and (1.1), we get
HY o~ fPOHS, = H o~ (f()H.)?
= (Hent1 — f()Hep)(Hyngr + f(O) Hy )
= g(t)Ht,n—l(zf(t)Ht,n + g(t)Ht,n—l)
= 2f()g(t) Hyn1Hep + g () HE 4
= 2f()g()H 1 + > () H s
1) From (2.3) and (1.1), we obtain
FOH S+ gOHSE), s = [ Hin1Hen + g(t)(Hin-1)?
- Ht,nfl(f(t)Ht,n + g(t)Ht,nfl)
= Ht,nlet,nJrL
Then, from (2.3) and Theorem 5 in [15], we get
FOHS  +gOHS, s = (Hin)? + (—g(6)" " (a?g(t) + abf(t) — b?)
= HY) + (—g(6))" " (a%g(t) + abf(t) — b?).
O
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Theorem 2.7. Sums for the family of (k,t)-Horadam numbers are

N k-1 - Hep [ HY (FeN*H®),
) S fﬂikH:HW( sy GO A

.. _ (k) . (k—1)

i) gk l(t)Z ( 8) ( i )Ht mk+i*Htvat,(m+2)(k 1)’

k— k—i—1 — k k— k—1

i) Yoise (=1 (FO) T (T HS = (g0) T Hem HY

Proof. i) From (2.4), we can write
k—1 *) k—1 o %
i k t,m+1 k
t .= ——— | H
gt (f( )) t,mk—+1i ; <f(t)Ht,m) t,m
( Hym+1 )k -1
— gk fO) He,m
t,m Himir
f(t)Htmn
Ht m

" @ E s s = SO i)

Hym Ht( ,(m+1)k f (t) t(mk:

)

Ht m—1 fEH)g(t)

Proofs of ii) and #ii) are similar to that of 7). O

Conclusion 2.1. In this paper, we defined a new family of (k,t)-Horadam numbers.
We gave some relations between this family and the known generalized t-Horadam
numbers. Then we proved Cassini and Catalan identities for this family. Further-
more, we found the recurrence relations, generating functions and summations of
this family. Note that, if we take f(t),g(t), a and b be as integers, our evaluations
cover all the results in [4], [8], [16].
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