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A NEW FAMILY OF HORADAM NUMBERS

N. YILMAZ, M. TAŞTAN AND E. ÖZKAN

Abstract. In this paper, we define a new family of (k, t)-Horadam numbers
and obtain Binet formula for this family. We give the relationship between

this family and the known generalized t-Horadam number. Then we prove the
Cassini and Catalan identities for this family. Furthermore, we investigate the
sums, the recurrence relations and generating functions of this family.

1. Introduction

Many researchers have been and still are interested in various positive integers
such as Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, etc. For
interest application of these numbers in science and nature, one can see [1, 4, 5,
7, 10, 11, 14, 16]. Falcon gave some properties of general k-Fibonacci numbers [6].
Mikkawy presented a new family of k-Fibonacci numbers and several properties
of this family [8]. Öcal et.al. introduced some determinantal and permanental
representations of k-generalized Fibonacci and Lucas numbers [9]. One of the lat-
est works is [12] where they defined a new family of Gauss k-Lucas numbers and
the generalized polynomials for these numbers. They obtained some interesting
properties of the family and its polynomials.

There are many works related to Horadam numbers and their applications [2, 3,
13, 15].

Now, we introduce the generalized t-Horadam sequence Ht,n.
Let t be any positive real number and f(t), g(t) be scaler-value polynomials. For

n ∈ N and f2(t) + 4g(t) > 0, the generalized t-Horadam number Ht,n is defined by

Ht,n = f(t)Ht,n−1 + g(t)Ht,n−2 (1.1)

where Ht,0 = a, Ht,1 = b [15].
Binet formula for this number is

Ht,n =
cαn − dβn

α− β
, (1.2)

where c = b− aβ, d = b− aα, α =
f(t)+

√
f2(t)+4g(t)

2 and β =
f(t)−

√
f2(t)+4g(t)

2 [15].

2010 Mathematics Subject Classification. 11B39, 11B83, 11C20.
Key words and phrases. A New Family of Fibonacci Numbers, Cassini Identity, Fibonacci

Number, Generating Function, Horadam Number.
Submitted Feb. 24, 2021.

64



EJMAA-2022/10(1) A NEW FAMILY OF HORADAM NUMBERS 65

In this paper, we define the new family of (k, t)-Horadam numbers and obtain
Binet formula of the family. We give the relationships between the family and
the known generalized t-Horadam numbers. More, we obtain the sums, the recur-
rence relations and generating functions of this family. Then we prove Cassini and
Catalan identities for the family.

2. Main Results

Definition 2.1. Let be any natural numbers m(̸= 0), k( ̸= 0), r such that n = mk+r
and 0 ≤ r < k. The family of (k, t)-Horadam numbers is defined by

H
(k)
t,n =

r∑
i=1

(
r

i

)
(f(t)Ht,m)

k−i
(g(t)Ht,m−1)

i
. (2.1)

The Binet formula for the family of (k, t)-Horadam numbers is

H
(k)
t,n =

[
cαm − dβm

α− β

]k−r [
cαm+1 − dβm+1

α− β

]r
. (2.2)

Let’s give some values for the family of (k, t)-Horadam numbers in Table 2.1.

Table 2.1 Sample values for H
(k)
t,n

k = 1 k = 2 k = 3 k = 4 k = 5

H
(k)
t,0 Ht,0 a2 a3 a4 a5

H
(k)
t,1 Ht,1 ab a2b a3b a4b

H
(k)
t,2 Ht,2 b2 ab2 a2b2 a3b2

H
(k)
t,3 Ht,3 b(bf(t) + ag(t)) b3 ab3 a2b3

H
(k)
t,4 Ht,4 (bf(t) + ag(t))2 b2(bf(t) + ag(t)) b4 ab4

Results;

H
(k)
t,0 = ak,

H
(k)
t,1 = ak−1b,

H
(k)
t,k = bk,

H
(1)
t,n = Ht,n, (2.3)

H
(k)
t,kn = (Ht,n)

k,

H
(k)
t,kn+1 = (Ht,n)

k−1Ht,n+1.

From Equations (1.2) and (2.2), we can give this family via the generalized t-
Horadam numbers.

H
(k)
t,n = (Ht,m)k−r(Ht,m+1)

r, n = mk + r. (2.4)

Additionally, we can express the family of (k, t)-Horadam numbers by matrix
methods. Indeed, it is clear that

Hk−1
t,n hn =

[
H

(k)
t,kn+1 H

(k)
t,kn

H
(k)
t,kn H

(k)
t,kn−1

]

where hn =

[
Ht,n+1 Ht,n

Ht,n Ht,n−1

]
, n ≥ 1.
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Particular cases of the family of (k, t)-Horadam numbers are as follows

• If f(t) = s, g(t) = 1, a = 0, b = 1 in (2.1), then the family of generalized

s-Fibonacci numbers F
(k)
s,n is obtained [1],

• If f(t) = s, g(t) = 1, a = 2, b = 1 in (2.1), then the family of generalized

s-Lucas numbers L
(k)
s,n is obtained [1],

• If f(t) = g(t) = 1, a = 1, b = 1 in (2.1), then the family of generalized

Fibonacci numbers F
(k)
n is obtained [8],

• If f(t) = 2, g(t) = 1, a = 0, b = 1 in (2.1), then the family of generalized

Pell numbers P
(k)
n is obtained,

• If f(t) = 1, g(t) = 2, a = 0, b = 1 in (2.1), then the family of generalized

Jacobsthal numbers J
(k)
n is obtained [4],

• If f(t) = 1, g(t) = 2, a = 2, b = 1 in (2.1), then the family of generalized

Jacobsthal-Lucas numbers j
(k)
n is obtained [4],

• If f(t) = p, g(t) = q, a = 0, b = 1 in (2.1), then the family of generalized

k-Fibonacci numbers U
(k)
n is obtained [5],

• If f(t) = p, g(t) = q, a = 2, b = p in (2.1), then the family of generalized

k-Lucas numbers V
(k)
n is obtained [5],

• If f(t) = g(t) = 1 in (2.1), then the family of generalized k-Fibonacci

numbers G
(k)
n is obtained [16].

Theorem 2.1. Let G(2) (x, t) denote the generating function of H
(2)
t,n . For k = 2

and n = 2m + r, we have the following recurrence relation and the generating
function of the family for (k, t)-Horadam numbers:

i) H
(2)
t,n = f(t)H

(2)
t,n−1 + f(t)g(t)H

(2)
t,n−3 + g2(t)H

(2)
t,n−4,

ii) G(2) (x, t) =
a2 + (ab− a2f(t))x+ (b2 − abf(t))x2 + (abg(t)− a2f(t)g(t))x3

1− f(t)x− f(t)g(t)x3 − g2(t)x4
.

Proof. i) There are two cases of subscript n. From (1.1) and (2.4), we obtain
as follow.
For n = 2m,

H
(2)
t,2m = (Ht,m)

2

= Ht,m (f(t)Ht,m−1 + g(t)Ht,m−2)

= f(t)Ht,m−1Ht,m + g(t)Ht,m−2 (f(t)Ht,m−1 + g(t)Ht,m−2)

= f(t)H
(2)
t,2m−1 + f(t)g(t)H

(2)
t,2m−3 + g2(t)H

(2)
t,2m−4.

For n = 2m+ 1,

H
(2)
t,2m+1 = Ht,mHt,m+1

= Ht,m (f(t)Ht,m + g(t)Ht,m−1)

= f(t)H2
t,m + g(t)Ht,m−1 (f(t)Ht,m−1 + g(t)Ht,m−2)

= f(t)H
(2)
t,2m + f(t)g(t)H

(2)
t,2m−2 + g2(t)H

(2)
t,2m−3.

ii) Let G(2) (x, t) be generating function for the H
(2)
t,n ,

G(2) (x, t) =
∞∑

n=0

H
(2)
t,nx

n. (2.5)
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If G(2) (x, t) given in (2.5) multiply with f(t)x, f(t)g(t)x3 and g2(t)x4,
respectively, then we get

f(t)xG(2) (x, t) = f(t)
∑∞

n=1 H
(2)
t,n−1x

n

f(t)g(t)x3G(2) (x, t) = f(t)g(t)
∑∞

n=3 H
(2)
t,n−3x

n

g2(t)x4G(2) (x, t) = g2(t)
∑∞

n=4 H
(2)
t,n−4x

n

 . (2.6)

Consequently, by subtracting (2.6) from (2.5), it is obtained the following
equation

G(2) (x, t) =
H

(2)
t,0 +H

(2)
t,1 x+H

(2)
t,2 x

2 +H
(2)
t,3 x

3 − f(t)x
(
H

(2)
t,0 +H

(2)
t,1 x+H

(2)
t,2 x

2
)
− f(t)g(t)x3H

(2)
t,0

1− f(t)x− f(t)g(t)x3 − g2(t)x4
,

which completes the proof.

�

Theorem 2.2. Let G(k) (x, t) denote the generating function of H
(k)
t,n . For n =

mk + 1, we have the following recurrence relation and the generating function for
the family of (k, t)-Horadam numbers

i) H
(k)
t,n = f(t)H

(k)
t,n−1 + g(t)H

(k)
t,n−2,

ii) G(k) (x, t) = ak+ak−1x(b−af(t))
1−f(t)x−g(t)x2 .

Proof. The proof is done similarly to that of Theorem 2.1. �

Theorem 2.3. For k and m, we have

(Ht,m+1)
k − (Ht,m)

k
= H

(k)
t,(m+1)k −H

(k)
t,mk.

Proof. From (2.4), we obtain

H
(k)
t,(m+1)k −H

(k)
t,mk = (Ht,m)k−k(Ht,m+1)

k − (Ht,m)k−0(Ht,m+1)
0

= (Ht,m+1)
k − (Ht,m)

k
.

�

Let’s suppose that H
(k)
t,−n = 0 for k = 1, 2, . . ..

Theorem 2.4. For the n, s ≥ 0, n+ s ≥ 1, we have

H
(2)
t,2(n+s−1) −Ht,n+sHt,n+s−2 = (−g(t))n+s−1(a2g(t) + abf(t)− b2).

Proof. From (2.3) and Theorem 5 in [15], we get

H
(2)
t,2(n+s−1) −Ht,n+sHt,n+s−2 = H2

t,n+s−1 −Ht,n+sHt,n+s−2,

= (−g(t))n+s−1(a2g(t) + abf(t)− b2).

�

Theorem 2.5. For 1 ≤ s < k, n, k ≥ 2 and s, n, k integer numbers, Cassini

Identity for H
(k)
t,n is as follows:

H
(k)
t,kn+sH

(k)
t,kn+s−2−

(
H

(k)
t,kn+s−1

)2

=

{
H2k−2

t,n (−g(t))n−1(a2g(t) + abf(t)− b2), s = 1
0, s ̸= 1

.
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Proof. For s = 1, we obtain the following equations from (2.4) and Theorem 5 in
[15]

H
(k)
t,kn+1H

(k)
t,kn−1 −

(
H

(k)
t,kn

)2

=
(
Hk−1

t,n Ht,n+1

)
(Ht,n−1H

k−1
t,n )−

(
Hk

t,n

)2
= H2k−2

t,n

(
Ht,n+1Ht,n−1 − (Ht,n)

2
)

= H2k−2
t,n (−g(t))n−1(a2g(t) + abf(t)− b2).

For s ̸= 1, we have

H
(k)
t,kn+sH

(k)
t,kn+s−2 −

(
H

(k)
t,kn+s−1

)2

=
(
Hk−s

t,n Hs
t,n+1

)
(Hk−s+2

t,n Hs−2
t,n+1)−

(
Hk−s+1

t,n Hs−1
t,n+1

)2

= H2k−2s+2
t,n (H2s−2

t,n+1 −H2s−2
t,n+1)

= 0.

�

Theorem 2.6. For 0 ≤ 3s < k, n, k ≥ 2 and s, n, k integer numbers, Catalan

Identity for H
(k)
t,n is as follows:

H
(k)
t,kn+3sH

(k)
t,kn+s −

(
H

(k)
t,kn+2s

)2

= 0

Proof. From (2.4), we obtain

H
(k)
t,kn+3sH

(k)
t,kn+s −

(
H

(k)
t,kn+2s

)2

=
(
Hk−3s

t,n H3s
t,n+1

)(
Hk−s

t,n Hs
t,n+1

)
−

(
Hk−2s

t,n H2s
t,n+1

)2

= 0.

�

Proposition 2.1. We obtain the following interesting properties for H
(2)
t,n

i) H
(2)
t,2n+2 − f2(t)H

(2)
t,2n = 2f(t)g(t)H

(2)
t,2n−1 + g2(t)H

(2)
t,2n−2,

ii) f(t)H
(2)
t,2n−1 + g(t)H

(2)
t,2n−2 = H

(2)
t,2n + (−g(t))n−1(a2g(t) + abf(t)− b2).

Proof. i) From (2.3) and (1.1), we get

H
(2)
t,2n+2 − f2(t)H

(2)
t,2n = H2

t,n+1 − (f(t)Ht,n)
2

= (Ht,n+1 − f(t)Ht,n)(Ht,n+1 + f(t)Ht,n)

= g(t)Ht,n−1(2f(t)Ht,n + g(t)Ht,n−1)

= 2f(t)g(t)Ht,n−1Ht,n + g2(t)H2
t,n−1

= 2f(t)g(t)H
(2)
t,2n−1 + g2(t)H

(2)
t,2n−2

ii) From (2.3) and (1.1), we obtain

f(t)H
(2)
t,2n−1 + g(t)H

(2)
t,2n−2 = f(t)Ht,n−1Ht,n + g(t)(Ht,n−1)

2

= Ht,n−1(f(t)Ht,n + g(t)Ht,n−1)

= Ht,n−1Ht,n+1.

Then, from (2.3) and Theorem 5 in [15], we get

f(t)H
(2)
t,2n−1 + g(t)H

(2)
t,2n−2 = (Ht,n)

2 + (−g(t))n−1(a2g(t) + abf(t)− b2)

= H
(2)
t,2n + (−g(t))n−1(a2g(t) + abf(t)− b2).

�
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Theorem 2.7. Sums for the family of (k, t)-Horadam numbers are

i)
∑k−1

i=0 (f(t))
−iH

(k)
t,mk+i =

Ht,m

Ht,m−1

(
H

(k)

t,(m+1)k
−(f(t))kH

(k)
t,mk

fk−1(t)g(t)

)
,

ii) gk−1(t)
∑k−1

i=0

(
f(t)
g(t)

)i (
k−1
i

)
H

(k)
t,mk+i = Ht,mH

(k−1)
t,(m+2)(k−1),

iii)
∑k−1

i=0 (−1)i (f(t))
k−i−1 (k−1

i

)
H

(k)
t,mk+i = (g(t))

k−1
Ht,mH

(k−1)
t,(m−1)(k−1).

Proof. i) From (2.4), we can write

k−1∑
i=0

(f(t))−iH
(k)
t,mk+i =

k−1∑
i=0

(
Ht,m+1

f(t)Ht,m

)i

Hk
t,m

= Hk
t,m


(

Ht,m+1

f(t)Ht,m

)k

− 1

Ht,m+1

f(t)Ht,m
− 1


=

Ht,m

fk−1(t)g(t)Ht,m−1

(
Hk

t,m+1 − fk(t)Hk
t,m

)
=

Ht,m

Ht,m−1

H
(k)
t,(m+1)k − fk(t)H

(k)
t,mk

fk−1(t)g(t)

 .

Proofs of ii) and iii) are similar to that of i). �
Conclusion 2.1. In this paper, we defined a new family of (k, t)-Horadam numbers.
We gave some relations between this family and the known generalized t-Horadam
numbers. Then we proved Cassini and Catalan identities for this family. Further-
more, we found the recurrence relations, generating functions and summations of
this family. Note that, if we take f(t), g(t), a and b be as integers, our evaluations
cover all the results in [4], [8], [16].

Acknowledgments
The authors would like to thank the anonymous reviewers for their useful com-

ments and suggestions.

References

[1] A. Atalay, K. Uslu, H. Gökkaya, New families of s-Fibonacci and s-Lucas numbers, Selcuk

Journal of Applied Mathematics, 14(2), 34-42, 2013.
[2] O. Bagdasar, E. Hedderwick, I.L. Popa, On the ratios and geometric boundaries of complex

Horadam sequences, Electronic Notes in Discrete Mathematics, 67, 63-70, 2018.
[3] O. Bagdasar, I.L. Popa, On the geometry of certain periodic non-homogeneous Horadam

sequences, Electronic Notes in Discrete Mathematics, 56, 7-13, 2016.
[4] P. Catarino, et al., New families of Jacobsthal and Jacobsthal-Lucas numbers, Algebra and

Discrete Mathematics, 20(1), 4054, 2015.
[5] G. Cerda-Morales, On the properties of new families of generalized Fibonacci Numbers, Konu-

ralp Journal of Mathematics, 5(2), 96-101, 2017.
[6] S. Falcon, A. Plaza, On the Fibonacci k-numbers, Chaos, Solitons & Fractals, 32(5), 1615-

1624, 2007.
[7] T. Koshy, Fibonacci and Lucas numbers with Applications, John Wiley and Sons Inc, NY,

2001.
[8] M. Mikkawy, T. Sogabe, A new family of k-Fibonacci numbers, Applied Mathematics and

Computation, 215, 4456-4461, 2010.
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