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SUM OF THE SQUARES OF TERMS OF GAUSSIAN
GENERALIZED TRIBONACCI SEQUENCES: CLOSED FORM
FORMULAS OF YI_ GW?

Y. SOYKAN, E. TASDEMIR AND M. GOCEN

ABSTRACT. In this paper, closed forms of the sum formulas Y- p_; GW2, S0 _; GWj12GWy,
and Y7y GWj11GWy, for the squares of Gaussian generalized Tribonacci

numbers are presented. As special cases, we give sum formulas of Gaussian

Tribonacci, Gaussian Tribonacci-Lucas, Gaussian Padovan, Gaussian Perrin,

Gaussian Narayana and some other third order linear recurrence sequences.

All the summing formulas of well known recurrence sequences are linear ex-

cept the cases Gaussian Pell-Padovan and Gaussian Padovan-Perrin.

1. INTRODUCTION
The sequence of Fibonacci numbers {F,,} is defined by
Fo=F, 1+ Fy 2, n=>2 Fy=0, F1=1

The Fibonacci numbers and their generalizations have many interesting prop-
erties and applications to almost every field. The generalized Tribonacci sequence
{W,,(Wo, Wy, Wa;r, s,t) }n>o (or shortly {W,},>0) is defined as follows:

Wy =Wy +sWy o +tW,3, Wo=a,Wi=bWo=¢, n>3 (1)

where Wy, W1, W5 are arbitrary complex numbers and r, s, ¢ are real numbers.

The sequence {W,, },,>0 can be extended to negative subscripts by defining

S r 1
W_,= *EW—(n—l) - EW—(TL—Q) + EW—(TL—S)

for n =1,2,3,... when t # 0. Therefore, recurrence holds for all integer n.

Ifwesetr =s=1t=1and Wy =0,W; =1, W5 = 1 then {W,,} is the well-known
Tribonacci sequence and if we set r =s=t¢t=1and Wy =3,W; =1,Wy = 3 then
{W,} is the well-known Tribonacci-Lucas sequence.
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In fact, the generalized Tribonacci sequence is the generalization of the well-
known sequences like Tribonacci, Tribonacci-Lucas, Padovan (Cordonnier), Per-
rin, Padovan-Perrin, Narayana, third order Jacobsthal and third order Jacobsthal-
Lucas.

We now present some background about Gaussian and Gaussian generalized
Tribonacci numbers. In literature, there have been so many studies of the sequences
of Gaussian numbers. A Gaussian integer z is a complex number whose real and
imaginary parts are both integers, i.e., 2 = a + ib, a,b € Z. These numbers is
denoted by Z[i]. The norm of a Gaussian integer a + ib, a,b € Z is its Euclidean
norm, that is, N(a + ib) = Va2 +b2 = /(a +ib)(a — ib). For more information
about this kind of integers, see the work of Fraleigh .

If we use together sequences of integers defined recursively and Gaussian type in-
tegers, we obtain a new sequences of complex numbers such as Gaussian Fibonacci,
Gaussian Lucas, Gaussian Pell, Gaussian Pell-Lucas and Gaussian Jacobsthal num-
bers; Gaussian Padovan and Gaussian Pell-Padovan numbers; Gaussian Tribonacci
numbers.

The Gaussian generalized Tribonacci sequence {GW,,(GWy, GW1, GWa; 7, s,t) bn>0
(or shortly {GW,, },,>0) is defined as follows:

GW, = rGW,_1+sGW,_o+tGW,_3, GWy = Wy + W_q1, (2)
GWy = Wi+ Wyi, GWy =Wy +Wii, n >3

where 7, s,t are real numbers.
The sequence {GW,, },>0 can be extended to negative subscripts by defining

1
GW_, = —;GW,(R,D — ;GW,(n,Q) + ;GW,(H,g)

forn =1,2,3,... when t # 0. Therefore, recurrence holds for all integer n.
Note that for n > 0

GW,, = W, +iW,_1. (3)
and
GW—n = W—n + Z-Vv—n—l

In fact, the Gaussian generalized Tribonacci sequence is the generalization of the
well-known sequences like Gaussian Tribonacci, Gaussian Tribonacci-Lucas, Gauss-
ian Padovan (Cordonnier), Gaussian Perrin, Gaussian Padovan-Perrin, Gaussian
Narayana, Gaussian third order Jacobsthal and Gaussian third order Jacobsthal-
Lucas. In literature, for example, the following names and notations (see Table 1)
are used for the special case of r, s,t and initial values.

Table 1 A few special case of Gaussian generalized Tribonacci sequences.
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Sequences (Numbers) Notation
Gaussian Tribonacci {GT,,} = {W,(0,1,1+4;1,1,1)}
Gaussian Tribonacci-Lucas {GK,} ={W,(3—-14,14+3i,3+141,1,1)}
Gaussian third order Pell {GP,SS)} ={W,(0,1,2+4;2,1,1)}
Gaussian third order Pell-Lucas {GQPY = (W, (3—i,2+3i,6+2i:2,1,1)}
Gaussian third order modified Pell {GE£L3)} = {Wp(—i,1,1+14;2,1,1)}
Gaussian Padovan (Cordonnier) {GP,} ={W,(1,1+4,1+4;0,1,1)}
Gaussian Perrin {GE,} = {W,(3-1,3i,2;0,1,1)}
Gaussian Padovan-Perrin {GS,} = {W,(3,0,1;0,1,1)}
Gaussian Pell-Padovan {GR,} = {W,,(1 —4,1+4,1+140,2,1)}
Gaussian Pell-Perrin {GC,} = {W,,(3 —4i,3i,2;0,2,1)}
Gaussian Jacobsthal-Padovan {GQL} = {W,(1,14+¢,14140,1,2)}
Gaussian Jacobsthal-Perrin {GD,} = {W,(3 - £i,3i,2;0,1,2)}
Gaussian Narayana {GN,} = {W,(0,1,1+14;1,0,1)}
Gaussian third order Jacobsthal {GJ,SS)} ={W,(0,1,1+4;1,1,2)}

Gaussian third order Jacobsthal-Lucas {Gjr(f)} ={W,(2+1i,1+2i,5+14;1,1,2)}

In 1963, Horadam ﬂgﬂ introduced the concept of complex Fibonacci number called
as the Gaussian Fibonacci number. Pethe defined the complex Tribonacci
numbers at Gaussian integers, see also [5].

There are other several studies dedicated to these sequences of Gaussian num-
bers. We present some works on Gaussian Generalized Fibonacci Numbers in the

following Table 2.

Table 2. A few special study of Gaussian Generalized Fibonacci Numbers.
Name of sequence Papers which deal with Gaussian Numbers
Gaussian Generalized Fibonacci
Gaussian Generalized Tribonacci
Gaussian Generalized Tetranacci
Gaussian Generalized Pentanacci

2. MAIN RESULT

Let
GA=(s+rt—t*+1)(r+s+t—1)(r—s+t+1).

Theorem 1. If GA # 0 then
(a):

- GA
2 1
d oewp = A
k=1
(b):
. _ GA,
; GWi1GW), = CA
(c):
~ GAs
ZGWk+2GWk =GA°

k=1
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where

GA,

and

GAy
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—(E +rt+s—1)GW2,,

— (Bt 412 4 ris 2 4t F 2rst 1t 5 — I)GVVL_2
— (3t 4 2?4 §%2 —rs?t — s° 4 ris + drst

+r2 4+ 82+t +rt+ s — )GW2,,

+2(r+1t) (s +7t) GWy 1 3GW, 42

+2t (r + st) GWp13GW,, 11

—2t(s—1)(s+1rt) GWy42GWp 11

+(2rst + 21 + 12 + 1t + s — 1)GWS

+(r3t + 2 - rPs + 2rst + 2 2t + 5 — 1)GWE
+(r3t 4+ 722 4 $22 — rs*t — 8% 4 rPs + drst + 12

+s2 4+t frt +5—1)GW?

—2(r + st) GW,GW3 — 2t(r? — s + rt + 5)GW3GW>
+2t (s — 1) (s + 1t) GWL,GW;

(r+st)GW2 5+ (s+71t)(t+78) GW?2,,

+t2 (r + st) GW2, 4

—(2rst + 12+ 52 + 1% — 1)GW, 1 3GW, 4o

+t(r? — 8% — 1 + 1) GW, 3GWyiy

— (3t —rt3 — rs*t +r’s — 53 — st? + 2rst + 1
482+ t2 4 rt+5— 1)GWp o GWyiq

+(r® —rs? —rt? — st)GWE — (t +rs) (s +rt) GW3
—t2(r + st) GWE — (r? — 5% — 1> + 1)GW,GW3
+(r?s — st* — s + 2rst + 12 + 57 + 12 + 5 — 1) GW3GW,
+(—rt3 + 3t — rs’t + 125 — st? — 55 4 12

482 +t2+ 2rst + 7t + 5 — 1)GWLGW,

EJMAA-2022/10(1)
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and

GA; = (r*—s* +rt+s)GW2,,
—(rs®t —rt3 —r*t? + s+ 57 — 5)GW2,,
+2(r® — $* +rt 4+ ) GW2 4
—(r+1t) (r2 e 1) GW,3GW, 1o
—(r?s —st? — 8* 4+ 2rst + 1% 4 52+ 12+ 5 — 1)GW, 1 3GW,iq
+t(s—1) (r* = s+t — 1)GW,, 1 2GW, 11
+(rs?t 41t — 2% — 122 £ 2% — 3 + 13t 4 5% — 5)GWE
+(rs?t —rtd — 12?2 £ r?s 4+ 5% — 5)GW3
—t2(r? — 8% +rt + 5)GW?
— (3 =3 —rs® —rt? £ r?t %t + 2rs + 1 + ) GWL,GWs
+(7°35 — st3 4+ 53t —rst? —rsd £ rist +rs? +rt? + it
—2t 413 13 frs st —r — ) GW3GWy
+(s+rt—t*+1)(r—s+t+1)(r+s+t—1)GW3GW;
—t(s—1)(r* — s> +t* — 1)GWLGW;

Proof. First, we obtain ZZ:1 GW,? . Using the recurrence relation

GW, =rGW,_1 + sGW,,_o +tGW,,_3

ie.

GWiyys =1rGWy o + sGW, 1 +tGW,
or

tGW,, = GW, 13 —rGWpi1o — sGW,, 41
we obtain

BPGWE = GW2 3+ 1r°GWi,+ s*GW2E — 2rGW, 3GWyin
—2SGWn+3GWn+1 + QTSGWn+2GWn+1
BGWE, = GW2 ,+1*GW2i +s°GW?2 — 2rGW,10GW,iq

—25GW 1 2GW,, + 2rsGW, 11 GW,,

tPGWE = GWZ+r’GW}+ s*GWi — 2rGWsGWy
—28GW5GW3 + 27‘SGW4GW3
tPGWE = GW +rGW3i + s*GW3 — 2rGW,GW3

—2sGW,GWo + 2rsGW3GWo.
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If we add the equations by side by, we get

t? zn: GW}
k=1

n+3 n+2 n+1
S GWE Y GWE 45 GWE
k=4 k=3 k=2
n+2 n+1
—2r Z GWk+1GWk —2s Z GWk;JrQGWk
k=3 k=2
n+1
+2rs > GWiy1 GW.
k=2

Note that if we replace the followings into ,

n+3

Y ewg =
k=4
n+2
Y awp =
k=3
n+1
Y ewg =
k=2
n+2
ZGWk+1GWk =
k=3
n+1
ZGWk+1GWk =
k=2
n+1
ZGWk+2GWk =
k=2

—~GWi — GW3 — GW3+GW2 | +GW2 , +GW2,,

+iGW,§,

k=1

—GW? — GW3 + GW2  + GW2 , + > GWE,

k=1

—GWE+GW2, + Y GWE,

k=1

—GWoGW1 — GW3GWo + GW7L+2GWH+1

HGWoysGWoia + Y GWip1 GW,

k=1

—~GWoGWy + GW2GWiiy + > GWip 1 GW,

k=1

~GW3GWi + GWoy3GWost + > GWi 2 GW.

k=1

EJMAA-2022/10(1)
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we get
n
Y GWE = (=r?GW] - r’GW3 + P GW2, +1°GW, (5)
—*GWE + s°GW72,, — GWE — ng - GWi+GW;2,
+GW2 o+ GWE 5+ (1 +72 + 2 ZGWk

+(27”GW1GW2 — QTGWn+1GWn+Q — QT’GWn+2GWn+3
+2rGWoGW3 + 27"SGW7L+1GW,L+2 — 2rsGWGW,4

+(—=27 + 2rs) Z GWp,GWi41)
k=1

—25(=GW3GWy + GW sGWg1 + Y GWi2aGWy).
k=1

Next we obtain Y, _, GWy+1GWj. Multiplying the both side of the recurrence
relation

tGWn = GWn+3 — TGWn+2 — SGWn+1
by GW,,+1 we get
tGWn+1GWn = GW7,,+3GW7L+1 — TGWn+2GW7,,+1 SGWH—l

Then using last recurrence relation, we obtain

tGWrH—l GWn = GW7L+3GWTL+1 - TGWTL+2GW7L+1 - SGW»Z+1
tGW,GW,_1 = GW,12GW,, — rGW,,11GW,, — sGW?
tGW3GWy = GWsGW3 — rGW,GWs3 — sGW3
tGWoGWy = GW,GWa — rGWsGWy — sGW2.
If we add the equations by side by, we get
n+1 n+1 n+l
tz CWi1GWi =Y GWioGWy — 1Y GWi 1 GWy — 5 Y GWE.
k=1 k=2 k=2 k=2
Now it follows that
tz GWk+1GWk (6)

k=1

= (—GW3GWy + GW, 5GWo i1 + Y GWiyaGWy)
k=1

—r(~GWaGWy + GWy oG W1 + > GWi 1 GWy)
k=1

_5(_GW1 + GW2+1 + ZGWk
k=1
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Now, we obtain Y, _, GWj,+2GWj,. Multiplying the both side of the recurrence
relation

tGWn = GWn+3 — ’I”GWn+2 — SGWTL+1
by GW,, 2 we get
tGWn+2GWn = GWn+3GWn+2 — ’I"GWn+2GWn+2 — SGWn+2GWn+1.

Then using last recurrence relation, we obtain

tGWrH—QGWn = GW7L+3GWTL+2 - TGW»3+2 - 5GW7L+2GWTL+1
tGWns1GWy1 = GWygaGWy —rGW7 L — sGW, 11GW,,
tGWsGW3 = GWGWs — rGWZ — sGWsGW,
tGW,GWo = GW5GWy — rGW7E — sGW3GWs.
If we add the equations by side by, we get
n n+2 n+2 n+1
LY GWisGWi =Y GWi GWi =1 Y GWE — 5> GWi1GW.
k=2 k=4 k=4 k=3
Now it follows that
H=GW3GWy + > GWi2GWy) (7)
k=1

= (—GWiGW;3 — GW3GWa — GWaGWy + GWi i 3GWiia + GWyyssG W1

+3 GWi1GWy) = r(=GWF — GW5 — GW3 + GW,, + G,
k=1

+> GWE) — s(—GWsGW — GWaGWy + GW,y2G Wiy
k=1

+> GWi 1 GWy,).

k=1
Solving the system (B))-(6))-(7), the results in (a), (b) and (c) follow.

3. SPECIFIC CASES

In this section, we present the closed form solutions (identities) of the sums
S GWE, S GWi1GW; and Y[, GWi2GW; for the specific case of se-
quence {GW,, }.

Taking r = s =t = 1 in Theorem [I} we obtain the following Proposition.

Proposition 2. Ifr =s =1t =1 then for n > 1 we have the following formulas:
Sl  GWE = 2(—GW2 3 —AGW2, , — 5GW2  + AGW, 1 2GWyis
+2GW, 4 1GW, i3 + 3GWE + AGW3 + 5GWE — 2GW,GW3 — 2GWoGWS3),
Sone ) GWie 1  GWy, = i(GWﬁM +2GW2, 5+ GW2, | — 2GW, 1 2GWy s
—2GW, 1 1GWpyo — GW32 — 2GW22 — GW12 + 2GWoGW3 + 2GW1GW2),

bt Wi aGW = 2(GW2 5 + GW2 | — 2GW, 1GWyis + GWE — GWE —
2GW3GWy + 2GWoGW3 + AGW1GWs).
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From the above Proposition, we have the following Corollary which gives sum
formulas of Gaussian Tribonacci numbers (take GW,, = GT,, with GTy = 0,GTy =
1,GTy = 1+1).

Corollary 3. Forn > 1, Gaussian Tribonacci numbers have the following proper-
ties:

Spey GTE = 2(—GT2, 3 —AGT? ,—5GT?, | +4GT2GT s 3+2G T, 41 Gy 5 —
2),

Sor_y G111 GTy, = i(GT2+3+2G Jr2—|—GT,2LJrl 2GT,12GT,+3—2GT,+1GTy42),

Yorey GT42GTy, = l(GTn+3 + GT2, — 2GT,11GTq5 — 2i).

Taking GW,, = GK,, with GKy = 3 —i,GK; = 1+ 3i,GKs = 3 + 7 in the
above Proposition, we have the following Corollary which presents sum formulas of
Gaussian Tribonacci-Lucas numbers.

Corollary 4. For n > 1, Gaussian Tribonacci-Lucas numbers have the following
properties:
S GKE = 2(-GK2, 3 —AGK2,, — 5GK2 | + AGK ;1 5GK 43
+2GK,11GK,y3 — 36 — 16i),
Yor_y GKy 1 GKy, = f(GK2+3 + 2GKn+2 + GKnJr1 2GK,12GK 13
—QGKn+1GKn+2 — 12— 8'L)
ZZ:1 GKk+2GKk = *(GK2+3 + GK - QGKTL+1GK7,+3 - 36)

Taking r =2,s =1,t =1 in Theorenm we obtain the following Proposition.

Proposition 5. If r = 2,s = 1,t = 1 then for n > 1 we have the following
formulas:
Sl  GWE = 3(—GW2 3 —9GW2, , — 10GW2, | + 6GW, 1 0GWy i3
+2GWn+1GWn+3 + 5GW3 + 9GW2 + ].OGWl —2GW,GW3 — 4GW2GW3),
Zzzl GWi 1 GWy, = *(GW2+5 + 3GW. +2 + GW3+1 3GW,120GW, 13
+GW, 1 1GWiy3 — 6GW,  1GW,ha + GWE — 3GWE — GWE — GW4GW3
+4GWGW3 + 6GW1GW2)
Y orey GWip s GW), = (2GW2+3,—|—2GWHJrl —3GW,, 4 oGW, 3 —AGW,, . 1GW 1 5

RGWE — 2GW? — 5GW3 G, + 8GWaGW; + 9GW, Gy,

From the last Proposition, we have the following Corollary which gives sum
formulas of Gaussian third-order Pell numbers (take GW,, = GPS') with GPé3) =
0,GP¥ =1,GPY =2+1).

Corollary 6. For n > 1, Gaussian third-order Pell numbers have the following
properties:

S, GPP? = L(—aP®i—oa PP 106 P +6a P, P, 426 P GRS, —
2i).

n 3) 3 (3)2 3) 3 3) 3

Z(g):l Pl3c()+1GP "= eP e P+ e —3a P, GRS, + GRS GPY, -
6GPn+1GPn+2 - ‘)7

Yo GP(,GPY =
(170 + 1354)).

2GPY: +26P%); - 3aPP),aPY, —4aP) GPY), +

O~

Taking GW,, = GQY) with GQY) =3 —i,GQ) =2+ 3i,GQSY = 6+ 2i in the
last Proposition, we have the following Corollary which presents sum formulas of
Gaussian third-order Pell-Lucas numbers.
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Corollary 7. For n > 1, Gaussian third-order Pell-Lucas numbers have the fol-
lowing properties:

ZZ:1GQ1(:)2 =35(= GQn+3_9GQn+2 10GQY 1+6GQn+2GQn+3+2GQn+1GQn+3
(81 4 61)),

i 1GQ&1GQ$) = §(GQ 5 +30Q1 5 +0Q, ) -3GQ,00,7)+GQ 1 6Q)
6GQnJrl Qn+2 (54 + 99)),

S 691,00, = 5(260Q,75+26Q,7 ) -3GQ ), GQLY 1607, GO+
(—162 + 307)).

From the last Proposition, we have the following Corollary which gives sum
formulas of Gaussian third-order modified Pell numbers (take GW,, = GES with
GE = —i,GE®) =1,GEPY =1+1).

Corollary 8. Forn > 1, Gaussian modified third-order modified Pell numbers have
the following pmpertzes
21),22:1 GEX? = L(-GE),—9GES);—10GEY) +6GE) ,GES) ,+2GES)  GEY)
Zk 1 GEljzlGE(?) é(GEngig—i—?’GEn?g—"GEnﬁi SGEIL?QGEn?S—i—GEn?lGEI?—‘ZS
6GE®) GEP), + 5i),
4_)2;;:1 GEX,GEY = 12GE)+2GEL) —3GES),GES), ~4GES) GES) +
7).

Taking r = 0,s = 1, = 1 in Theoren|I] we obtain the following Proposition.

Proposition 9. If r = 0,s = 1,t = 1 then for n > 1 we have the following
formulas:
ZZ:l GYVVk2 = —2GW2 —GW?2 3 -GW, +2+2GWn+2GWn+3+2GWn+1GWn+3+
GW2 + GW3$ + 2GW3E — 2GW4GW3,
vy GWi 1 GWy = GW R s +GW R o 4+GW 2 —GW, sGWo 53— GW, 1 GW,, 53—
GW3 — GW3 — GW? + GW,GWs3,
Y orey GWipoGWy, = GW,y 1 oGW, 5 — GW3GWy + GWGWs.

From the last Proposition, we have the following Corollary which gives sum
formulas of Gaussian Padovan numbers (take GW,, = GP,, with GPy = 1,GP; =
14+4,GPy=1+1).

Corollary 10. For n > 1, Gaussian Padovan numbers have the following proper-
ties:

Sho GPE=—-GP2 3 —GP2, , —2GP2 | +2GP,1sGPyy 35+ 2GP,1GP, i3 —
(14 29),

>h1GPu1GPy = GP2 3+ GP2 ,+GP2 | —GP, oGPy 3—GP, 1GPpy3—
(1 + 2i),

Sonei GPiyoGPy = GPoyoGPyys — (14 3i).

Taking GW,, = GE,, with GEy = 3 —i,GFE, = 3i,GE> = 2 in the last Propo-
sition, we have the following Corollary which presents sum formulas of Gaussian
Perrin numbers.
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Corollary 11. Forn > 1, Gaussian Perrin numbers have the following properties:

zn: GE}
k=1

~GE?, ;- GE?,, —2GE2, | + 2GE,12GE, 45

+2GEy41GEn s — (9 + 14i),

> GEw1GEy = GE2, 3+ GE} ,+GE2,, — GE, 2GEy 3
k=1
_GEnJrlGEnJrS + iv
> GEw2GEy = GEpiaGEnys — (64 4i).
k=1

From the last Proposition, we have the following Corollary which gives sum
formulas of Gaussian Padovan-Perrin numbers (take GW,, = GS,, with GSy =
i,GS1 =0,GSy =1).

Corollary 12. For n > 1, Gaussian Padovan-Perrin numbers have the following
properties:

Y GSE = —GS}y -GSk, — 2GS}, + 2GS 2GS
k=1
+2G S, 41GSnys — 2i,

3 GS11GSe = G825+ G2, +GS2y — GSuyaGSnss
k=1
—GSpi1GSpis +1,

> GSp2GSk = GSpiaGSnis—i.
k=1

Taking r = 0,s = 1,¢ = 2 in Theorem [I] we obtain the following Proposition.

Proposition 13. If r = 0,s = 1,t = 2 then for n > 1 we have the following
formulas:

ZZ:I GW% = %(GW3+3+GW3+2+2GW3+1*GWn+2GWn+3*2GWn+1GWn+3*
GW2 — GW3Z — 2GW3E + GW,GW3),

Sone i GWie i GWy, = i(—GW7%+3 — GW2, ., — AGW2, | 4 2GW,12GW, 43 +
AGW, 1 GW, i3 + GW32 + GW22 + 4GW12 - 2GW4GW3),

S he 1 Wi aGWy, = (GW,10GWii5 + 2GW1GW3 — GW3GWy).

From the last Proposition, we have the following Corollary which gives sum
formulas of Gaussian Jacobsthal-Padovan numbers (take GW,, = GQ,, with GQo =
1,GQr =1+14,GQa=1+1).

Corollary 14. For n > 1, Gaussian Jacobsthal-Padovan numbers have the follow-
ing properties:
Yho1 GQR = 5(GQ7 5 +GQh 2 +2GQ0 11 — GQns2GQnis —2GQn+1GQnys —

Z:l GQk-‘rlGQk = i(_GQ%-‘,—Z’)_GQ%-}-Q—Z}:GQ%J’-I+2GQ7L+2GQTL+3+4GQ7L+1GQ7L+3_
(4 + 8i)),
ZZ=1 GQr+2GQ = %(GQn+2GQn+3 — (24 49)).

2)
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Taking GW,, = GD,, with GDy = 3 — 1i, GD; = 3i, GDy = 2 in the last Propo-
sition, we have the following Corollary which presents sum formulas of Gaussian
Jacobsthal-Perrin numbers.

Corollary 15. Forn > 1, Gaussian Jacobsthal-Perrin numbers have the following
properties:

2221 QD2 = %(QD +3+QD +2+2QDn+1 QDn+2QDn+3_2QDn+1QDn+3+
(—18 4 167)),

>ohe1 @Dp1QDy, =
561),

>ohe1 @Di2QDy, = %(QDn+2QDn+3 — (12 + 44)).

Taking »r =1, = 0,¢ = 1 in Theorem [l we obtain the following Proposition.

Proposition 16. If r = 1,s = 0,t = 1 then for n > 1 we have the following
formulas:

Sho  GWE = f( GW2+3 4GW2E ,—AGW, _H+4GWn+2GWn+3+2GWn+1GWn+3+
2GW, 4 1GW, 1o +3GW3 —|—4GW2 —|—4GW1 2GW4GW3—4GW2GW3—2GW1GW2),

Sone ) GWie i GWy, = f(GW 13 +GW; +2+GW3+1fGW,L+2GWn+3+GWn+1GWn+3f
2GW 1 1GWyyo — GW2 GWl GW3GWy + GW3GW2 + 2GW1GW2),

Sore  GWipsGWy, = (2GWH_3 + 2GW72 5 + 2GW2E | — 2GW, oGWy3 —
GWp1GWiyo — GWn+1GWn+3 - 2GW3 — 2GW}E — 2GW3GW4 + 2GW3sGWo +
3GW3GW7 + GWlGWQ)

( QDn—i-B QD +2 4QD71+1+2QDn+2QDn+3+4QDn+1QDn—I-?)*

PN

From the last Proposition, we have the following Corollary which gives sum
formulas of Gaussian Narayana numbers (take GW,, = GN,, with GNy = 0, GN; =
1,GNy =1 +1).

Corollary 17. Forn > 1, Gaussian Narayana numbers have the following proper-
ties:

Sho ) GNE = f( GN2, 3—4GN2, ,—4GN: | +4GNy 9GNyy3+2G Ny, 1 GNy g3+
2GN,L+1GNTL+2 - 2’&)

>or_y GNy1GNy, = %(GN2+3+G 2 34+GN2 =GN, 12GN,13+GN,11GN, 53—
QGNn+1GNn+2 - ’L),

> pe1 GNjp2GNy = $(2GN2  3+2GN2  ,+2GN2 1 —2G Ny, 412G Ny y3—GNpy 1GNpyo—
GN,11GNyy3 — 21).
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