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A STUDY FOR A CLASS OF ENTIRE DIRICHLET SERIES IN
n - VARIABLES

LAKSHIKA CHUTANI AND NIRAJ KUMAR

ABSTRACT. Let L represents a class of entire functions represented by Dirichlet

s

oo
Lo . A .
series in n - variables of the form f(s) = E am e "mn° whose coefficients

m=1
belong to the set of complex numbers C. L which becomes a complete Banach
space is thereby proved to be a complex FK-space and a Frechet space.

1. INTRODUCTION

Let
oo oo o0
Al 81+ A2, S22+ ...+ Ap,, Sp
f(s1,82,...,8n) = Z Z Z Aoy g, €01 51 A2y 52 n Sn)
mi=1mqo=1 mp=1
(1)
be a n-tuple Dirichlet series where s; = o;+it;, j € {1,2,...,n} and am, ms,....m, €
C. Also

0<Ap, <Ap, <...< Ay, 2 0ask —oo forp =1,2,...,n.

To simplify the form of n-tuple Dirichlet series, we have the following notations

s = (81,82,...,8,) € C",
m = (miy,mg,...,m,) € C" and
M = A5 A2,,05 A, ) € R™
Ang, 8 = A, 81+ A, S2 ..o+ Ay, Sn
Al = An,, F A, A
Im| = my +my ... .

Thus the series (1) can be written as

fls) =) amernmn®. (2)

m=1
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Janusauskas in [4] showed that if there exists a tuple p > 0 = (0,0,...,0) such
that -
lim sup 2= logm = 0, (3)
|m|—o00 p>\nmn
then the domain of absolute convergence of (2) coincides with its domain of con-
vergence. Sarkar in [1] proved that the necessary and sufficient condition for series

(2) satisfying (3) to be entire is that

1og |am|

= —o0. (4)

Consider L as the set of series (2) satisfying (3) and (4) for which

e

is bounded. Then every element of L represents an entire function. Define the
binary operations in L as

NE

FOHE) = 3 (- bm) e,

m=1

) = 3 (Eap) e,
m=1

FOVRG) = D (P, P et oD by, Ao,
m=1
The norm in L is defined as
Hf” = sup (|Anmn|)cll)‘"mn,| 662|m‘(|)‘"m/n|) ‘am‘- (5)

Im|>1
Definition 1 A space L is called an FK-space if the following conditions are
satisfied
(1.a) L is a linear space over the field of complex numbers (or real numbers) and
elements of L are sequences of complex numbers (or real numbers).
(1.b) L is a locally convex topological linear space in which the topology is given
by a countable family of semi-norms.
(1.c) L is metrizable and is a complete metric space.
(1.d) If {a } is a base for L such that for [ € L,

l = i O (Do,
m=1

then 6,,,(1) (lm| > 1) are continuous linear functionals. If the field for L is complex
numbers then L is called a complex FK-space.

During the last two decades a lot of research has been carried out in the field of
Dirichlet series and many important results have been proved where few of them
may be found in [2] - [3]. Kumar and Manocha in [5] considered the condition
(M)t (n) elean=eik () ) |la,|| of weighted norm for a Dirichlet series in one vari-
able and established some results on it.Recently in [6] results were established on
Dirichlet series with complex frequencies. Until now a lot work has been done for
the Dirichlet series in one variable. The purpose of this paper is to give a wider
view to the study of Dirichlet series in n-variables. In this section main results
have been proved.For the definitions of terms used refer [7, 8]. Theorem 1 With
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respect to the usual addition and multiplication, a topology is defined such that L
becomes a complex FK-space.

Proof.Let for f(s),h(s) € L define addition of f(s) and g(s) as (f + h)(s) =
f(s) + h(s) and scalar multiplication of f(s) as (7f)(s) = 7f(s).

Let us now define the zero element of L defined by 0* as the entire function which

(oo}
is zero that is f = 0* impliesz Am €mmn® = 0 which further implies a,, = 0
m=1
for all [m| > 1 and conversely.
Clearly L forms an infinite dimensional linear space over the field of complex num-
bers and hence one gets basis for L namely Schauder basis as

6m17m27..»,mn - 6()\1m1 s )\2m2 2 Anm” on)

or
Om = ernmn S
Also
Ly, = (1,0,0,...)
Ly, = (0,1,0,...)

L, = (0,0,...,1,0,...)
where 1 in L, is at the my,-th place. It therefore implies that if z(s) € L then
CU(S) = (al(x)a a2(x)a LR a’m(x)v .- )

where

L loglay

1 =
|m|— o0 |)\nm71
and this shows that L satisfies (1.a).
Define H = {Ly,, Limys---sLim,,,--.}. For each L,, € H define the norm as

Ifs Lon, || = ‘Sl‘lp (|/\nmn |)61I>\nmn| ec2lm| (A, 1) ||
m|>1

where
o0
) = 3 o < I
m=1

is an entire function. Then as
log |am|_1
A |
for v > co|m| implies

v

lam| < e Prmal for |m| > |m/|,

where m' = (mf,mj,...,m},). Therefore

If, L. || <  sup (|/\nmn|)61|/\nmﬂ,\eczlml(mmn\)|am|Jr sup (|)\nmn|)C1\/\nmnIe(cﬂmlfv)(lx\nmnl) ||
|m|<|m/| |m|>|m/|
Thus
1f, L, || < o0
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for any fixed L,,, € H. Hence ||f, Ly, | is defined for each L,, € H. Let Ly,
be fixed, then

||f7 Lmn

= f(s)

< |am| = 0for jm| > 1
< f(s) =0 for all|s|

& f =0
Since
h(s) = i by € S
m=1
Then
|am + bm| < |am| + [bm]
implies

1f + oy Lo, | < (f5 Lo, ||+ 1Ry Lo, |-
Again if v is any complex number then
[0f, Lin, || = [VlIf, L, ||

Thus ||..., Ly, || defines a norm for each L,,, € H.
Hence L becomes a locally convex linear topological space as there exists a sequence

{II--+, L, || : In] = 1,2,3,...} of enumerable number of norms on L. Let
1f Lon, |
1= |:11|l§1 L+ |Ifs L,
and
e(f;h) = [If =nl
Then e is a metric on L. It can be easily verified that the topology induced by e
on L is the same as induced by the sequence {||..., Ly, ||}. In fact if Y is open in

the topology induced by the family of norms then Y is also open in the e-metric
topology of L. Now let Y be open in the e-metric topology of L. Then for each
g(s) € Y we have € > 0 such that

K ={g(s):9g € B(f;e)} CY for0<e<1

where B(f;¢€) is an open ball centered at f(s) and is of radius e.
We find M such that

1 |lk—g, L.l

sup — <
im|>M|+1 2™ L+ ||k — g, L, ||

€
2 )
where k — g is a vector in the neighbourhood of 0. Let
Fo=A{a(s): lla, Lall < e} ). [ Wals): o Lull < ear}

where
em < §(|m|:1,2,...,|M\).



204 LAKSHIKA CHUTANI AND NIRAJ KUMAR EJMAA-2022/10(1)

Let k(s) € g(s) + F . Then k(s) = g(s) + x(s) where z(s) € F. Then

O R 1y ) E S [
1<iml<im) 2™ L+ k=g, Lin, | iz ()41 2™ 1+ [k — g, L, ||
< ] €m €
1< lmiolar 27 T e 2
€ 67
< §+§—e.

Therefore e(k,g) < e implies that k(s) € B(g; €) that is k(s) € K which further
implies k(s) € Y. Thus g(s) + F C Y which establishes that Y is open in the
topology induced by the family of norms. Hence L is metrizable.
Now we show that L is complete with respect to the metric e. It is known that a
space is complete if and only if every nested sequence of closed balls whose radii
tend to zero has non empty intersection.
Let {fm : m € M} be a cauchy sequence in L. For each m € M , let W,,, =
{z1. : k > m} be m-th tail of sequence and s, be twice the diameter of W,,,. Also
let B,, be a closed ball centered at f,, of radius r,, = 2s,,. Then

Wi € B
Since the sequence is cauchy therefore li L Sm = 0. Now let m € M be arbitrary.

m —
Therefore there exists k > m such that

sp < o 8m-
Suppose g(s) € By then
e(g, fm) < elg fr) + e(f: fm)
< Tk F Sm
= 28, + S,
< 28ym = Tm-

Therefore g(s) € By, and hence By C B,,. In the like manner we construct a
nested sequence of the closed balls {B,,, : m € M}. Then from hypothesis nested
sequence of closed balls has a non empty intersection say f. Let {f., } be a cauchy
sequence in L where

T1 Ang 8
Frr(s) =3 a{™ erren®,
t=1

Now
e(frys fro) < eforall ri,mg > |M]
implies
sup 1 frs = fra L, |l < eforry,ry > |M|.
imi=1 2™ L+ [ fry = fros Lo, |l
Thus

(L =2"€) || fr, = frar Lm, || < 2™€ for r1,72 > |M]|,|m|=1,2,...

(1_2’”’16) sup (|)\ntn |)Cll)\ntn| 602|t‘(|)\ntn|) |a§7‘1)_a§"'2)| < 92™M¢ for 1,79 2 |M| ,|m| — 1’2’...
[t1>1 '

(1-27€) [al™ —a{™)| < 2™e{(|An,, ) renl 2l Pnen DY=1 for 7y > M|t > 1, m| = 1,2,...
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and
lim aﬁ’”"’) =a ,[t|=1,2,...
79 —00
implies
(1-27¢) [a{™ —ar] < 27 {([An,, 7Pl 2 N D=L for vy > M e, [l = 1,2,
If 2™e < 6 < 1 then

r 0
0" =l < g (A, ) e el P 32

1-0
that is ,
adl < [af"™)] + 175 {(An, )7 Pren el e Dy
and since
logla;™ | _

[t|—o0 |)\ntn| '

Hence it follows
log |ay|
—00.

[tl—oo  [An,, |

Thus
o) = Yo
t=1

represents an entire function such that
|frs = f, Ln, || < € where ri > |M|,|m|=1,2,...
Therefore
|fri = fsLm, || = 0asry — o0
or
e(fr,f) = 0 asry — o0

This proves (1.c) of Definition (?7?).
Next we need to prove the condition (1.d). Let therefore

B=> 0n(B)Bm ;BEL
m=1

A

Ny,

Bm =Ym and v, = e
Then we show 6,,(3) is a continuous linear functional of 8 in L for each |m| > 1.
Clearly 6, is linear and since L is endowed with the topology given by the metric
e and is a topological vector space. Therefore it is sufficient to prove that (6,,(8))
is continuous.
Let {ps} C L and suppose e(pus,0) < € for |s| > |s,| where |s| > 1, then

Hs = Z 9m(ﬂ$)ﬂm~
m=1

Again if
M
/‘gM) = Z em(ﬂs)ﬂm
m=1
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then e(ugM),us) < e for |[M| > |M,|. Hence

7D, L = (g, )7 21 st D g )|

e(ui™,0)

Also
1), L, || —
where
||IU’(M) Lmn =

But

||:LL(€M)7 Lmn
Therefore

< ¢

Hs

(M)

7,“‘3) + G(H%O)

< 2e for all [M|>|M,l|,|s| > |sol-

sup (JA

Im| >1

Moy

|)C1|Anm" | ec2lml(Any,, 1) 1O (12|

< e for [M] = [My],Is| = |sol, Im| > 1

|0 (115)| < € for [s] = [so|, [m| = 1.

Hence the theorem.

EJMAA-2022/10(1)

Linear Functionals: In this section continuous linear functionals on the space L
have been characterized when L is endowed with the topology given by the norms

{I-- Lo,

tn=1,2,..

the normed linear space

§ Qm € ern

m=1

|)C1|>\nmn\ ec2lml (An,, \)}

(Ly|| ...y L, |I; In] =1,2,...) is of the form
= Y mpim fls
m=1

where

{lpml/([An,
is bounded.

Proof.Let 6 be a continuous linear functional on the normed linear space (L, || . . .,

1,2,...) and so there exists a positive constant G such that

0N < GIf, L, || for all f(s) € L

Let

then

If = far, L, || =

The above expression can be made as small as we want by making M large enough,

one gets

Thus

where p,, = 6(e

that is

|m|>|M|+1

M
s) = E Ay €7
m=1

sup

|f = far, L,

0(f) =

|t |

|t

lim 6(far)

M—o0

<

Anmn %), Now

6 m®)] < Gl Lo,

G(|An

mnp

(|)\nm ‘)01 A, | ecz\ml (P, D |am|.
n

— 0 as |M| — oc.

- ($o)

Dcﬂknmnl ec2lml ([Anp,,, 1)

.}. Theorem 2 Every continuous linear functional § on

L,

;| =
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Therefore

|pm| < G. (6)

(I |)01|/\nmn| ec2lml (Anp, 1) —

Ty,

Hence
= Z Qo fbm, (7)
m=1

is convergent where ., is given by (6). This completes the proof of the theorem.
Theorem 3 If {~,,} forms a base for L that is for v € L,

(oo}

v = O (V) Y-

m=1

Let us define a metric ¢(7,7 ) as follows

CrA) = sup [[(01(7) = 1Y Nm + -+ O () = 0 (Y)Y

Then L is complete with respect to the metric (.

Proof. Let {\,.} be a sequence of entire functions in L such that {(A\;, As) < €
for |r|,|s| > |ro|. That is {A,} is a ¢ - cauchy sequence in L. Hence for each given
e > 0 there exists |r,| = |ro(€)| such that

|m|

SUPHZ ¢i(Ar) As)vill < efor [rl,[s| = [ro|.
This implies [|(¢i(Ar) — di(Xs))yill < e for [r],[s] > [rol, |i| > 1.
Since v; # 0 for |7| > 1,

[6i(Ar) = @i(As)|| < € for [r],|s| = |ro].

Therefore {¢;(A\-)} being a cauchy sequence in the usual topology of the complex
plane tends to ¢; as |r| — .

||
1D (6iA) = di)vill < e for [r| = rol.
i=1
Now for |[r| = |ro| and v = A,
|m| ||
1D dihr )i = Y $ilhe )l < € for [nf,[m| > |n,|.
i=1 =1
Therefore
|m| || |m|
1Y divi =D divill < ||Z Gi(Ar,))yill+
i=1 i=1
In] m| ||

”Z = ¢i(Ar,) '71H+||Z¢z ro) i_z¢i(>‘ro)%||
i=1 i=1

This implies
|m| In|

15" 6o = 3 dovill < 3¢ for [nl,|m]| > |n,l.

i=1 i=1
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il
Hence {Z @iv;} converges to A as L is complete with respect to the metric e. Thus
i=1
;i = ¢i(N). Therefore ((A-,\) < e, |r| > |ro|. Hence {\,} converges to A where
A € L which proves the theorem. Theorem 4 The space L. is a Frechet space
where e is the metric defined on L.
Proof. L. is a normed linear metric space. In above theorem it has been proved
that L. is complete with respect to the metric e. Thus L. is a Frechet space.
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