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EXACT SOLUTIONS AND STABILITY OF SIXTH ORDER
DIFFERENCE EQUATIONS

M. B. ALMATRAFI

ABSTRACT. Some natural phenomena are sometimes modeled by using recur-
sive equations. Therefore, extracting exact solutions of such equations plays a
significant role in explaining the future pattern of these problems. It is difficult
sometimes to establish the exact solutions of some difference equations. Con-
sequently, this work investigates the equilibrium points, local stability, global
stability and periodicity of two difference equations. This paper also aims
to find the analytic solutions of the respective equations and plots some 2D
figures for some obtained results. The used method can be easily applied for
other high-order difference equations.

1. INTRODUCTION

The investigation of difference equations has become an active topic for some
scholars. This can be mainly attributed to the fact that most difference equations
are extracted from modeling some natural phenomena (for example, chemical, phys-
ical, biological, social, economical and engineering problems) or from discretising
some differential equations. Elaydi [I] used difference equations to model vari-
ous applications such as the trade model, the propagation of annual plants, the
transmission of information model, the host—parasitoid systems, the business cycle
model, the larval-pupal-adult (LPA) model and the Nicholson-Bailey model. Mur-
ray [2] studied a single species population growth in discrete steps. According to
[2] difference equations describe wide spectrum of biomedical applications such as
cancer growth, ageing, cell proliferation and genetics. Water waves are modeled by
partial differential equations from which one can obtain difference equations solved
by some specific methods.

Some properties of recursive equations such as equilibria, local stability, global
stability, boundedness and periodicity are usually discussed theoretically. More
specifically, some scientists studied the qualitative behavior of some difference equa-
tions. For example, Almatrafi and Alzubaidi [3] investigated the local and global
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attractivity, periodicity and the analytic solutions of the following difference equa-
tion:

C2Tn—3
n=20,1,..

Tnt+1 = C1Tp—3 + )
C3Tp—3 — C4Tn—7

Elabbasy et al. [4] studied the qualitative properties of the difference equation

bz,
LTn+1 = Tp — ——, n=0,1,...
CTy — dTp_1

Alayachi et al. [5] discussed the qualitative behaviors of the difference equation

BYyn—1Yn—3

_—dnmlInms = 0,1, .
Cyn73 + Dynff)

Yn4+1 = Ayn—l +
The authors in [6] examined the local stability, global stability, periodicity and the
solutions of the difference equation

bumflum74

Um41 = QUm—1 + m=20,1,...

Clpp—g — AUy’
Garié-Demirovié¢ et al. [7] studied the stability of the difference equation

P Ax2 + Brypx, 1+ Ca2_ ne0.1
n+1 — B = U, L,...
ar? + br,x,_1 + cx?

n—1
The study in [§] concentrates on discussing the periodicity and the stability of the
equation
o+ ﬂxn + VYTn—k
Bz, +Cxp_i

Tn+1 =

More results about difference equations can be found in the refs. [T0]-[19].
This work aims to investigate the equilibria, local stability, global attractivity
and the exact solutions of the following difference equations

5un—1un—5

_— =0,1,... 1
’yun73 _ 6un757 n ) ) ) ( )

Up+1 = QUR—1 +

5un—1un—5
Uptl = QUp—] — —————, n=20,1,..., 2
" " YUn—3 + 6un75 ( )
where the coefficients «, 3, v, and § are positive real numbers and the initial con-
ditions u; for all i = —5,—4,...,0, are arbitrary non-zero real numbers. We also

present the numerical solutions via some 2D graphs.

Bun—1Un—5
YUn—3—0Un—5

This section is devoted to study the qualitative behaviors of Eq. . The
equilibrium point of Eq. is given by

2. ON THE EQUATION Uy 41 = QUp—1 +

_Bw_

YU — 0u’
which leads to @ =0, if (y — 0)(1 — a) # 8.

u=au-+
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3. LOCAL STABILITY

In this section, we examine the local stability about the equilibrium point of
Eq. . In order to discuss the stability of Eq. 7 we first define the function

g9:(0,00)> — (0,00) by

g(x,y,2) = ax + po— (3)
Then,
dg(x,y,2) Bz
ox = ot vy — 6z’ )
dg(x,y,2) _  __ Pyez (5)
dy (vy —02)%
Og(w,y,2) _ _ Pywy (6)
0z (vy — 92)%
Now, we evaluate Egs. (), (F) and Eq. (6) at @. That is
dg(u,u,u) pu_ B __
B T T A
og(u,u,u)  Pyu By
dy (a—ou? ~  (y-o0F
og(w,u,a) By By
R (a—ou? ~ (y-op

Thus, the linearised equation of Eq. about the equilibrium point is given by

Upt1 + q1Un—1 + q2Un—3 + q3v,—5 = 0.

Theorem 1 Assume that
la(y —68) + Bl Iy — 8| < (v — §)* — 287.

Then, the equilibrium point @ = 0 is locally asymptotically stable.
Proof. Theorem A in [20] guarantees that the stability of the equilibrium point
occurs if

lg1| + lga| + lg3] < 1. (7)
Plugging ¢;, i = 1,2,3, into Eq. leads to

B By By
‘_<a+v—6>‘+’(v—5)2 *"w—av <
Hence,
B 28y
w755 e <t

which can be written as

la(y = 8) + Bl |y — 8] < (v — 6)* — 2B~.
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4. GLOBAL STABILITY OF THE EQUILIBRIUM POINT

The global stability is investigated in this section. We use Theorem B in [21] to
show the stability.
Theorem 2 Assume that vy > ¢z, then the equilibrium point of Eq. is a global
attractor if (o — 1) # 5.
Proof. Assume that p, ¢ € R and let g : [p, q}?’ — [p, ¢ is a function defined by
Eq. . Since vy > dz, the function g is increasing in x and z and decreasing in y.
Let (¢,%) be a solution for the following system:

¢ =9(¢,%,9), ¥=9(,9,9).
Plugging this into Eq. leads to

_ _ B
6 =90 .6) =ad+ T,
_ _ By?
1/1—9(¢a¢71/)) _a¢+ 7¢_5¢’
which can be rewritten as
Y — 0607 = aydy — add’ + B¢, (8)
Yoh — 697 = aygp — adp? + B> 9)

Subtracting Eq. @D from Eq. leads to
[B(1 —a) + Bl(v* - ¢%) = 0.
Hence, if §(av — 1) # 3, then ¢ = 1. Therefore, Theorem B in [2I] ensures that the
equilibrium point is a global attractor.
Theorem 3 Let a + —22— < 0, then the equilibrium point of Eq. is a global

YYy—0z
attractor if § # .
Proof. The proof is omitted.

5. PERIODICITY OF THE SOLUTIONS

This section is devoted to discuss the prime period two solutions of Eq. .
Theorem 4 Equation has no prime period two solutions.
Proof. We will use contradiction to prove this theorem. Suppose that Eq.
has positive prime period two solutions given by

e, U1, U, Uy, Uy, ...
Then,
pU?
U, = alU _
1=« 1+7U1—5U1’
sU3
Us = aU: —_
2 abz+ ’}/UQ — 5U2
Or,
BU;
]_ — =
( a)Ul /_Y_ 5’
(1 - a)U2 = 585(5)

which implies that U; = U,. This contradicts the fact that Uy # Us.
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6. EXACT SOLUTION OF EQ. WHEN a=f=7=6=1

In this section, we investigate the exact solutions of the following rational differ-
ence equation

Un—1ln=5 0 _01,..., (10)

Unp+1 = Unp—1 + u u P
n—3 — Un—-5

where the initial conditions are positive real numbers.
Theorem 5 Let {un}zo:_5 be a solution to Eq. and suppose that u_5 =
a, u_4 =b, u_3=c¢ u_o=d, u_1 =e, ug = f. Then, for n = 0,1,2, ..., the

solutions of Eq. are given by the following formulas:

€2ncn
Ugp—5 — )
8n=>5 a"e—e)"(a—c)"
" B f2ndn
T b d = e —d)
Cn+162n
Usn—3 = a*(a—c)"(c—e)"’
dn+1f2n
T - dy(d - )
62n+1cn
Ysn—1 = a(a—c)*(c—e)"’
f2n+1dn
T —drd -
B Cn+le2n+1
Usn+1 = G"(C _ e)n(a _ c>n+1 ’
dn+1f2n+1

T @ -

Proof. It can be easily observed that the solutions are true for n = 0. We now
assume that n > 0 and that our assumption holds for n — 1. That is,

o2n—2,n—1
Usn—13 = a"2(c—e)" Y a—c)r1’
f2n—2dn—1
e e
che?n2
Ugn—11 =

an—l(a _ c)n—l(c _ e)n—l ’
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dn f2n—2

Usn—10 = i(b—dynL(d— f)nL

e2nflcn71

Ugn—9 =

an—l(a _ c)n—l(c _ e)n—l ’

f2n71dn71

U8n=8 = pn—1(p — @)n—1(d — f)n—1’

cneZn—l

Ugn—7 =

- a1(c—e)"1(a —

)

o)
dnf2n71

Usn—6 = _bn—l(d _ f)n—l(b _ d)n

Eq. gives us that

Ugn—7U8NR—11
Ugn—5 = Usn—7 +

Ugn—9 — USn—11

Cne2n—1

Cne?n—l Cne27172

- a"T(c—e)"I(a—c)" a"—I(a—c)"—1(c—e)"—1

_anfl(c —e)"L(a—c)

e2n—1len—1
an—l(a_c)n—l(c_e)n—l -

cne2n—2
a’n—l(a_c)n—l(c_e)n—l

Cne2n71 627172671
B e le—e)Ya—c)"  arl(c—e)"L(a—c)" (-1
Cne2n71 €2nflcn+1

7an—1(c _ 6)"_1(0, _ C)"
e2ncn

- ar1(c—e)(a—c)"’

+ an—l(c _ e)n(a _ c)n

Moreover, it can be seen from Eq. that

_ U8n—6USN—10
USp—q4 = USp—6 + ———
Ugn—8 — U8n—10

dr f2n—1 dm F2n—2
_ dr f2t N St K (o o i U i O
- —1 _ —1 _ 2n—1lgn—1 dn f2n—2
L e e U= o s Lol s G
dannfl dnf2n72
T _ n—1(p _ J\n
br=1(d— f)n=1(b—d) b=1(d — f)n=1(b — d)" (é _ %)
ar 2n—1 dn+1 2n—1
= — — f — + — f
b= Hd = =t —d)r bt d = ) (b —d)"
f2ndn

S d - - d)r
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Furthermore, Eq. gives us

_ Ugn—5U8n—9
Ugp—3 = Ugp—5 + ——————————
UBn—7 — USn—9

9 eQ'rLcn eZ'rzflcnfl
o (& ncn a"*l(cfe)"(afc)" a71—1(a76)n71(c76)n—1
- — — —1
(1,77'71 c—e n a—c n _ cne2n—1 _ e2n—1en
( ) ( ) an—l(c_e)n—l(a_c)n an—l(a_c)n—l(c_e)n—l
eann echn

- ar1l(c—e)"(a—c)” B a*(c—e)*(a—c)n1

_ e2nen a a—c
~ (c—e)*(a—c)" \an a”
627L0n+1

a™(c—e)*(a—c)"

Also, Eq. leads to

_ UBn—4U8N—8

USp—2 = Ugp—a4 + —————
Ugn—6 — USn—8

2n gn 21 n—1

_ ford RO o ol ot il
~ pn—1 _ n(h _ A\n dn f2r—1 2n—1gn—1
b (d f) (b d) _bn—l(d_f)n—l(b_d)n - bn—l(b]id)n—l(d_f)n—l
f2ndn f2ndn

B I O N O L CEO

B andn B 1
“wa o o)
_ andn-H

S (d = o —d

Moreover, Eq. gives

Ugn—3U8n—T7
Ugp—1 = Ugp—3 + ——
U8n—5 — UBn—7

n+1_2n n _2n—1
B cn+162n N aﬂ(acfc)f(c*e)" (_an—l(ccf:)nfl(aic)n)
a"(a — C)n(C - €)n an,l(cej:)C:(a,C)n + an,fl(ccjs)z:::(afc)n
cn+162n C”e2n
T arla—co)(c—e)"  ar(c—e)" Ha— o) (1+<9)
C7L+162n 6"62”
Ta(a—or(e—er  ar(e—e)ia—o)
cn62n+l

- a™(a —c)*(c—e)"’

Finally, Eq. gives
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o Ugp—2U8n—6
Ugn = Usn—2 +
USn—4 — UBn—6

dn+1 r2n dn 2n—1
- dn+1f27l b7 (b—d)" (d— )" (_ b7171(d7f)n71(b7d)n)
- _ _ 2ndn dn f2n—1
bn(b d)n(d f)n b"*l(df—f)"(b—d)" + b"*l(d—f)"fl(b—d)"
dn+1f2n dnf2n
- bn(b _ d)n(d _ f)n B bn(b _ d)n(d _ f)n—l
dnf2n+1

b (b—d)*(d = f)*

Other solutions can be similarly proved.

7. NUMERICAL EXAMPLES

The above-mentioned theoretical results are plotted in this section. The values
of the parameters are selected according to the above conditions.
Example 1. The local stability in the neighborhood of the equilibrium point is
plotted in Figure [T] under the assumptions & = 8 = 0.5,y = 1,6 = 3, u_5 =
—0.2, u_4 =0.2, u_3=—-0.1, u_o =0.01, u_; =0.1, ug = —0.1.

Local stability
0.2 T T

0.15 b

FIGURE 1. Local stability about the equilibrium.

Example 2. Figure[2]illustrates the global stability of the equilibrium point under
the values « = 8 =0.5,vy=01,d =3, u_5 =5, u_y = =5, u_3 =4, u_o =
73, U_1 = 25, Uy = —2.5.
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Global stability

N W A W
T
|

[
T
I

2k i

3t i

4t i

-5

FI1GURE 2. Global stability about the equilibrium.

Example 3. In Figure |3] we plot the analytical solution of Eq. under the
values « = f = v =6 = l,u_5 = =0.752, u_y = —1.3, u_3 = 5, u_o =
*05, U_1 = 01, Ug = 1.3.

6 Special case equation

2k 4

4t 4

-6 . . . .
0 20 40 60 80 100

n

FIGURE 3. The behaviour of Eq.(10) at u_s = —0.752, u_4 =
—1.3, U_3 = 5, U_9g = —0.5, U_1 = 0]., Ug = 1.3.

BUn—1Un—5

8. ON THE EQUATION Uy 41 = QUp—1 — TSP

The equilibrium point of Eq. is given by

pu?

Hence, 4 =0, if (y+d)(a — 1) # S.
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9. LOCAL STABILITY

This section presents the local stability about the fixed point. In order to in-
vestigate the stability of Eq. , we define the function h : (0,00)> — (0,00)
by

Bxz
h = — 11
(CE,y,Z) QT 7y+52’ ( )
Then,
Oh(zx,y,2) Bz
N\ h ) _ 12
ox Tyt "
Oh(zx,y, z) Byxz
A ee) P 13
dy (vy +62)% 1
Oh(x,y,2) Byzy
i ek -4 R A ol ek A 14
9z (vy + 02)? -
Calculating Egs. (12), and Eq. at u yields
wmug _,__BE__,_ B __
on(m,a,a) _ pya* By
oy (utow?  (ytop ™
oh(w,a,a)  py@® Py
9z (yaton?  (y+oE

Consequently, the linearised equation of Eq. about the equilibrium point is
given by

Upt1 + P1Un—1 + P2Un_3 + P3U,_5 = 0.

Theorem 6 Assume that 5 < a(y+46). Then, the equilibrium point @ = 0 is locally
asymptotically stable if

Bly—0) < (1—a)(y+6)

Proof. Theorem A in [20] guarantees that the stability of the equilibrium point
occurs if

[p1l + |p2| + Ips| < 1. (15)
Substituting p;, i = 1,2, 3, into Eq. gives
B )‘ ‘ By ‘ By
—(a——=)|+]|- + <1
‘ ( v+4 (y+0)2 [(y+0)?

Assume that 8 < a(y + §), then

(aly+6) = B)(v+68) + 287 < (v+0)°.
Hence,
Bly—6) < (1—a)(y+0)°
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10. GLOBAL STABILITY OF THE EQUILIBRIUM POINT

The global stability is analyzed in this section. Theorem B in [21] is applied to
obtain the condition under which the equilibrium point is a global stable.
Theorem 7 The equilibrium point of Eq. is a global attractor if o # 1.
Proof. Assume that p, ¢ € R and let h : [p,q]® — [p,q] is a function defined
by Eq. . If a > ’yy[i-zts»z’ then from Egs. , and Eq. , we observe
that h is increasing in = and y and decreasing in z. Let (¢, ) be a solution for the
following system:

¢ =9(0,0,%), ¥ =g, ).

Hence,
B _ . By
qb—g((b?qsu/l/})_a(b '}/¢+6w’
_ _ o Bye
"/}_g(wvwv(i))_aw ’)/1/1+6¢’
which can be rewritten as
79° +0¢p = ayd® + adgyp — B, (16)
Y2 +0¢ = oy’ + addy — Byg. (17)

Subtracting Eq. from Eq. leads to
(1 —a)(¢* —¢?) = 0.

If « # 1, then ¢ = ). Therefore, Theorem B in [21] guarantees that the equilibrium
point is a global attractor.

Theorem 8 Assume that a < wﬁ_f 57~ Then, the equilibrium point of Eq. is a
global attractor if v + ad # 8.

Proof. The proof is omitted.

11. EXACT SOLUTION OF EQ. WHEN a=f=vy=§=1

This section shows the exact solutions of the following equation:

Up—1Un—5
b
Up—3 + Un—5

Up+1 = Up—1 — n=0,1,...7 (18)

where the initial conditions are selected to be positive real numbers.
Theorem 9 Let {u,}>- be a solution to Eq. and suppose that u_5 =

n=-—>5
a, u_y =b, u_3 =c¢, u_o =d, u_y = e, ug = f. Then, for n = 0,1,2, ..., the
solutions of Eq. are given by the following formulas:
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e2nc2n 1
Ugpn—5 = n ; )
T2 (e + c)(ic + a)
f2nd2n—1
Usn—4 = n—1,. ; 5
[17 Gf + d)(id + b)
cheQn
Ugpn—3 = ™ n—1,. ’
[T e+ a) T2y (e + o)
d2nf2n
Ugp—2 = n
12 Gd+0) T2 G + )
2n+1 2n
Ugn—1 = o
1€ c)lic
[T, (ie + ¢)(ic +a)’
f2n+1d2n
Ugn = o . K )
[[Z:(if + d)(id + b)
62n+1e2n+1
Ugn+1 = n B n
[T e+ a) [T, Ge + o)
d2n+1f2n+1
USn+2 =

[E (id+ ) T2 (i +d)

Proof. It can be easily seen that the solutions are true for n = 0. We suppose
that n > 0 and assume that our assumption holds for n — 1. That is,

" eQn—ZCQn—Z’)
8n—13 — n—3,. N 5
[T, (e + ¢) ic + a)
f2n—2d2n—3
Ugn—12 = n
[ Gf +d)(id +b)’
c?n 262n 2
Ugn—11 = n—2,. n—3,. )
125 (e + a) [T (e + 0)
d2n—2f2n—2
USn—10 = —5, -
[ G+ 0) TP + )
eZn 102n 2
Usn—9 = — )
T I e + o) e+ a)
=1
f2n—1d2n—2
Ugn—_8 =
TGS+ did+ )
ch 1€2n 1
Ugn—7 = n n—2,. ’
[T e+ a) T2, (e + o)
d2n—1f2n—1
Ugn—6 =

1227 d + ) T2 Gf +d)
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From Eq. (18], one can have

_ U —TU8NR—11
Ugp—5 = Ugp—7 — ———————————
Ugn—9 + USn—11

2n—1g2n—1 (2n—22n—2
2 71 2 71 n— n— n— n—
. c" n 1_[2 1(zc—‘,—a) Hf 1 2(ie+c) H2 2(zc—‘,—a) Hf 1 3(ie+c)
- 2n—1 2n—2 - e2n—1.2n—2 2n—2g2n—2
. ic+a e = + = =
Hz:l ( + )H ( + ) H? 1 2 (ie4c) (ic+a) Hf=1 2(ic+a) ]_[? I 3 (ietc)
2n—1_2n—1
C € 2n—1,2n—2

= q2n—1,, 2n—2 o1, w2, e
12 e+ a) TI2 2(ie o) TE0 Geba) T2 2 Gebe) T2 3<w+c>(H3n12(16+L)+6H5n13(w>)

Canl 2n—1 62n7162n72

= 2n—1 2n—2 —1,. —2,.
[[iZ1 (ic+a)[[:Z, "(ie +¢) H?L Hic+a) T2 (ie + ) (m + %)

2n71 2n71 1
N 127 e+ a) TI2" 2 (ie + ¢) L 1 1
- e ((embyere + )
ch—leQn—l e
e+ a) T 2 (e + ¢) ((2n —De+ c)

I1
B e2n02n—1
I e+ e)(ic+a)

Moreover, Eq. gives us that

_ U8n—6U8NR—10
Ugp—q4 = Up—6 — ————————
Ugn—8 + USn—10

d2n—1 2n—1 d2n 2 p2n—2
2n—1 £2n—1 pr— T n— n
B U T T Gddb) [T 2 Gif+d) TTo0 2 (id+b) [T P (if +d)

T 2n-—-1 2n 2 f2n—1q2n-2 d2n—2f2n—2
iy G+ 0 I, 76 +d) TGl Gty | 0 ) [T )

d2n—1 f2n—1 d2n—1f27172
TGO TG +d) T G TR Grd T2 +0) (e + s )
d2n—1f2n—1 d2n—1f2n—2 ' '
[LZ G + O TTZGA +d) T2 G+ ) T2 2G7 + d) (b + )
d2n71f2n71 d2n71f2n71((2n _ 2)f+d)
TG0 TG +d) T2+ 0) T2 G +d) (20— 1)f +d)
d2n 1f2n 1 <1(2n )f+d>
I Gd 4 0) [T G f + d) 2n—1)f+d
d2n 1f2n
I+ 0 T2 G + d) (20— 1) f + d)
f2nd2n 1

TG d)(id - b)
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In addition, Eq. leads to

_ U8n—5U8NR—9
Ugp—3 = Ugp—5 — —————————
Ugn—7 T USn—9

9 9 1 e2n02n71 6271.710271.72
7 e2nen- B 275 (ietc) (icta) [12°; 2 (iete) (icta)
- 2n—1,. . c2n—1eg2n—1 e2n—1p2n—2
iz (et o)licta) (o [P 7 erg T 0, TGeratera
eZnCQn—l 0271—26271
i ; T q2n—1,, . 2n—2,.
[y (et e)ieta) L2 (e + e)(ie+ o) I (ie + 0) (H?Z;ll(ic+a> + cH?2;12<ic+a))
eQnCanl C2nf2e2n
= 2n—1,. - - 2n—1,. .
[T Ge+)ie+a) [T (e + o) e + a) (rtyers + 1)

2n02n—1 ch—1€2n((2n _ 1)0 + a)

(ie+c)(ic+a)  TI7 (ie + c)(ic + a) ((2n)c + a)
e?ne?n—1 ~(@n—-1)c+a
(i ) (1 )

ie +¢)(ic+a (2n)c+a
eQn ch _ CQneQn
e+ o)(ic+a)(2n)e+a) [T G+ a) [T (ie+ o)

Similarly, one can prove other solutions.

12. NUMERICAL EXAMPLES

This section is assigned to present some 2D figures for the above results.
Example 4. This example illustrates the local stability in the neighborhood of the
equilibrium point under the values « = 0.5, 8 =~v=1,6 =2, u_5 = 0.05, u_4 =
—0.04, u_3=0.01, u_o =0.08, u_y = —0.1, up = 0.1. See Figure [

Local stability

0.1

0.08 - b

0.06 B

0.04 - b

0.02 B

u(n)

-0.02 - B

-0.04 - .

-0.06 - b

-0.08 - b

-0.1

FIGURE 4. Local stability about the equilibrium.
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Example 5. In Figure [5, we present the behavior of the solution of Eq.
about the equilibrium point under the selected values « = 0.8, 5 =0.1,v=2, 0 =
10, u_s =2, u—y = —4, u_3 =1, u_9 =5, u_; = —6, ug = 6. The solution is
stable about the equilibrium point.

Global stability

4t 4

-6 . . . . . .

F1GURE 5. Global stability about the equilibrium.

Example 6. The analytic solutions of Eq. are plotted in Figure |§| when
we consider the values u_5 = —0.3, u_4 = 0.5, u_3 = —-04, u_o =03, u_1 =
—0.2, up=0.2.

0.5 Special Case Equation

0.4 1

0.3 - b

u(n)

0 10 20 30 40 50 60 70
n

FIGURE 6. The behavior of Eq. at u_s = —0.3, u_y4 =
0.5, U_3 = —0.4, U_o = 03, U—_1 = —0.2, Uug = 0.2.
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13. CONCLUSION

This work has investigated the local and global stability and periodicity of the
solution of Egs. (1) and . The exact solutions of Egs. (10 and have been
also obtained. Theorem (1) shows a simple condition under which the equilibrium
point of Eq. is locally asymptotically stable while Theorem (2) illustrates that
the equilibrium point is a global attractor if 6(cv—1) # . Moreover, we have proved
that Eq. has no prime period two solutions. Theorems (6) and (7) give simple
conditions for the local and global stability of Eq. . The exact solutions of Egs.
and exist and have been obtained in various difference relations. Finally,
Section [12] has presented some 2D figures to confirm the theoretical results given
in this work. For example, Figures and (2) show the local and global stability
around the equilibrium point while Figure illustrates the solutions of Eq. .
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