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ASYMPTOTICALLY LACUNARY EQUIVALENT SEQUENCE
SPACES DEFINED BY IDEAL CONVERGENCE AND AN
ORLICZ FUNCTION

TUNAY BILGIN

ABSTRACT. The purpose of this paper is to introduce certain new sequence
spaces using ideal convergence, a lacunary sequence 6 = (k;),a strictly pos-
itive sequence p = (px) ,and an Orlicz function and examine some of their
properties.

1. INTRODUCTION

Let s,f~,c denote the spaces of all real sequences, bounded, and convergent
sequences,respectively. Any subspace of s is called a sequence space.

Following Freedman et al.[5], we call the sequence 6 = (k,) lacunary if it is an
increasing sequence of integers such that kg = 0,h, = k. — k,.—_1 — 00 as r — o0
.The intervals determined by 6 will be denoted by I, = (k,—1, k] and ¢, = k. /k,_1
.These notations will be used troughout the paper. The sequence space of lacunary
strongly convergent sequences Ny was defined by Freedman et al.[5], as follows:

No = {x = (z;) € s:lim,. h ! Y |2; — s| = 0 for some s}.
i€l

Orlicz [8] used the idea of Orlicz function to construct the space L. An Orlicz
function is a function M : [0,00) — [0, 00) ,whic his continuous, nondecreasing and
convex with M(0) =0, M(z) >0 and M(z) — co as ¢ — o0 .

An Orlicz function M is said to satisfy the As-condition for all values of wu, if
there exists constant K > 0, such that M (2u) < KM (u) (u > 0). It is also easy
to see that always K > 2. The As-conditionis equivalent to the satisfactionofin
equality M (Lu) < KLM (u) for all values of v and L > 1.

Remark 1. An Orlicz function satisfies the inequality M (Ax) < AM (z) for all A
with 0 <A <1

The following well known inequality will be used troughout the paper;

(1) fai + bi|P* < T(Jaq|P* + [b:]7*)

where a; and b; are complex numbers, T' = maz (1,27 ~1),and H = supp; < oc.
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Marouf presented definitions for asymptotically equivalent sequences and asymp-
totic regular matrices in [7]. Patterson extended these concepts by presenting an
asymptotically statistical equivalent analog of these definitions and natural reg-
ularity conditions for nonnegative summability matrices in [9].Subsequently,many

authors have shown their interest to solve different problems arising in this area
(see [1],[3],and [10] ).

Kostyrko et al. [6] introduced the notion of I-convergence with the help of an
admissible ideal I,which denotes the ideal of subsets of N, which is a generalization of
statistical convergence. Quite recently, Das et al. [4] unified these two approaches to
introduce new concepts such as I- statistical convergence and I-lacunary statistical
convergence and investigated some of their consequences. For more applications of
ideals we refer to [2,6,11] where many important references can be found.

Recently, Karakug and Bilgin[3] used an Orlicz function to define some notions of
asymptotically equivalent sequences and studied some of their connections. This
paper extended these concepts by presenting a non-trivial ideal I.We introduce
some new notions,(M, p)-asymptotically equivalent of multiple L, strong (M, p)-
asymptotically equivalent of multiple L, and strong (M, p)-asymptotically lacunary
equivalent of multiple Lwith respect to the ideal I which is a natural comon-trivial
ideal I, Lacunary sequence, a strictly positive sequence p = (pi),and Orlicz func-
tion. In addition to these definitions, we obtain some revelant connections between
these notions.

2. DEFINITIONS AND NOTATIONS

Now we recall some definitions of sequence spaces .

Definition 2.1. Two nonnegative sequences [z] and [y] are said to be asymp-
totically equivalent if limy, 7’5—: = 1,(denoted by x ~ y).

Definition 2.2. Two nonnegative sequences [z] and [y] are said to be asymp-
totically statistical equivalent of multiple L provided that for every € > 0,

{k:<n: >£H:0,

(denoted by = L y) and simply asymptotically statistical equivalent, if L = 1.
Definition 2.3.Two nonnegative sequences [z] and [y] are said to be strong
asymptotically equivalent of multiple L provided that

n

lim,, % >

k=1
equivalent, if L = 1.

Definition 2.4. Let 0 be a lacunary sequence; the two nonnegative sequences
[z] and [y] are said to be asymptotically lacunary statistical equivalent of multiple
L provided that for every € > 0,

lim,. hi H kel : z—: — L’ > SH = 0,(denoted by x 2 y) and simply asymp-
totically lacunary statistical equivalent, if L = 1.

Definition 2.5. Let 6 be a lacunary sequence; the two nonnegative sequences
[z] and [y] are said to be strong asymptotically lacunary equivalent of multiple L
provided that lim, 7~ >

" kel
asymptotically lacunary equivalent, if L = 1.

kL
Yk

1
lim —
non

ok — L‘ = 0, (denoted by x ~ y) and simply strong asymptotically

Lk
Yk

- L‘ = 0 (denoted by x i y) and simply strong
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Definition 2.6. Let M be any Orlicz function; the two nonnegative sequences
[x] and [y]are said to be M-asymptotically equivalent of multiple L provided that,

limkM(
M —asymptotically equivalent, if L = 1.

Definition 2.7. Let M be any Orlicz function; the two nonnegative sequences
[] and [y] are said to be strong M-asymptotically equivalent of multiple L provided

that, lim, + > M(
k=1

Tk — L’ /p) = 0,for some p > 0, (denoted by x & y) and simply strong

z—: - L‘ /p) = 0 [for some p > 0,(denoted by wl y) and
simply strong M —asymptotically equivalent, if L = 1.

Definition 2.8. Let M be any Orlicz function and 6 be a lacunary sequence;
the two nonnegative sequences [z] and [y] are said to be strong M-asymptotically
lacunary equivalent of multiple L provided that

lim, h% > M( z—;‘ —L
kel
simply strong M-asymptotically lacunary equivalent, if L = 1.
For any non-empty set X, let P(X) denote the power set of X.

Definition 2.9. A family I C P(X)is said to be an ideal in X if

(i) 0 e I;

(ii) A,B e I imply AUB € I and

(iii) Ae I,B C Aimply B € I.

Definition 2.10. A non-empty family F' C P(X)is said to be a filter in X if

() 0 ¢ P

(ii) A,B € F imply AN B € F and

(ili) A€ F,BD> Aimply B€ F.

An ideal T is said to be non-trivial if I # {0} and X ¢ I.A non-trivial ideal I is
called admissible if it contains all the singleton sets. Moreover, if I is a non-trivial
ideal on X, then F = F(I) = {X — A: A € I} is a filter on X and conversely. The
filter F'(I) is called the filter associated with the ideal I.

Definition 2.11. Let I C P(N) be a non-trivial ideal in N. A sequence [z] in X
is said to be I-convergent to £ if for each € > 0, the set {k € N : |z, — &| > e} € I.

In this case, we write [ —limg_, oz = £.A sequence [z] in X is said to be I —null
if L = 0. In this case we write I — limp_ oo = 0.

Definition 2.12. A sequence [z] of numbers is said to be I-statistical conver-
gent or S(I)-convergent to L, if for every € > 0 and 6 > 0, we have

M

1
= 0,for some > 0, (denoted by x= e and
/p) p >0, y y

{nGN;1|{k<n:|xk—L|>s}|>5}EI.
n

In this case, we write z, — L(S(I)) orS(I) - limy_ycoxr = L.

Definition 2.13 Let I C P(NN) be a non-trivial ideal in N. The two non-negative
sequences [z] and [y] are said to be strongly asymptotically equivalent of multiple
Lwith respect to the ideal I provided that for each ¢ > 0

{neN;}Lkg_jl ”;:—L‘zg}ef,

(denoted by x I y) and simply strongly asymptotically equivalent with respect
to the ideal I, if L = 1.

Definition 2.14. Let I C P(N) be a non-trivial ideal in N and 6 = (k)
be a lacunary sequence. The two nonnegative sequences [z] and [y] are said to
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be asymptotically lacunary statistical equivalent of multiple L with respect to the
ideal I provided that for each ¢ > 0 and ~ > 0,

{reN;h%HkGIT: fj—:fL‘zs}‘ 27}6]

S
(denoted by x 1) y) and simply asymptotically lacunary statistical equivalent

with respect to the ideal I, if L = 1.

Definition 2.15. Let I C P(N) be a non-trivial ideal in N and § = (k) be
a lacunary sequence. The two non-negative sequences [z] and [y] are said to be
strongly asymptotically lacunary equivalent of multiple L with respect to the ideal

I provided that for & > 0,

{reN;th ) %—L‘ Zs}e[

kel,.
I(N,
(denoted by =z ) y) and simply asymptotically lacunary equivalent with

respect to the ideal I, if L = 1.

3. MAIN RESULTS

We now consider our main results. We begin with the following definitions.

Definition 3.1. Let I C P(N) be a non-trivial ideal in N and M be any
Orlicz function. The two non-negative sequences [z] and [y] are said to be M-
asymptotically equivalent of multiple L with respect to the ideal I provided that
for each >0

{k € N; M(

%: —L’/p) 25} € I .for some p > 0,

(M
(denoted by = @0 y) and simply M- asymptotically equivalent with respect to

the ideal I, if L = 1.

Definition 3.2. Let I C P(N) be a non-trivial ideal in N ; M be any Orlicz
function, and p = (px) be a sequence of positive real numbers. Two number
sequences [x] and [y] are said to be strongly (M, p)-asymptotically equivalent of
multiple L with respect to the ideal I provided that for each € > 0,

n Pk
{neN;}L > [M( z—:—L’/p)} ' >5} € I for some p > 0,
k=1

I(wM:p)
(denoted by x (w o y) and simply strongly (M, p) - asymptotically equivalent
with respect to the ideal I, if L = 1.
. I(wP) . I w(MvP))
If we take M(z) = x for £ > 0, we write z '~ "y instead of z = ~ ~ y and
simply strongly p - asymptotically equivalent with respect to the ideal I, if L = 1.
I(wMp I(w™MP)

If we take py = p for all k € N, we write x ~ ~ ) y instead of z ~ ~ 7~ y.If

. I(w™) . I(w™r) .
we take p = 1,we write x* '~ ~ y instead of x ~~ ° y and simply strongly M-
asymptotically equivalent with respect to the ideal I, if L = 1.

Definition 3.3. Let I C P(NN) be a non-trivial ideal in N, M be any Orlicz func-
tion , 8 = (k) be a lacunary sequence, and p = (px) be a sequence of positive real
numbers. Two number sequences [z] and [y] are said to be (M, p)-asymptotically
lacunary equivalent of multiple L with respect to the ideal I provided that for each
e >0,
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kel

{reN;hlr > [M( %—L‘/p)rk Zs} € Ifor some p > 0, (denoted by

T(NMP)
T (g, ™) y) and simply (M, p) -asymptotically lacunary equivalent with respect

to the ideal I, if L = 1.

Mp ( (Map))
If we take p,, = p for all k € N, we write z < ~yinstead of z =~
I(NM Mp
Note that,we put p = 1, we write = (") y instead of x <’ y and simply
M-asymptotically lacunary equivalent with respect to the ideal I, if L = 1.
NP I(NSMP)

Also if we put M(z) =z for x > 0, we write = 1) y instead of z

I(Nep) . NQL(P)
Hence = '~y is the same asthe z °~ "y of Savas and Gumus [11]

We start this section with the following Theorem to show that the relation be-
tween strongly M- asymptotically equivalence and strong asymptotically equiva-
lence with respect to the ideal T

Theorem 3.1. Let I C P(N) be a non-trivial ideal in N , M be any Orlicz
function which satisfies the As-condition , § = (k,.) be a lacunary sequence, then

w]\/I
if x 1) y then x o )y

Proof. Let z '’ y and € > 0. We choose 0 < ¢ < 1such that M (u) < ¢/2 for
every u with 0 < u < §. We can write

LS Ml o) /o) = A m( 3

c—L| /o) + £ S M3~ L] /o)
where the ﬁrst summation is over (|Z& — L‘ /p) < ¢ and the second summation

Yk

over (|7 — L /p) > 6.Since M is continuous
LS M( ;—:—L‘/p < ¢/2 and for (I—"—L‘/p > § we use the fact that
i
( %—L’/p)< L‘/p /6 <1+(|2k L‘/p /0.Since M is non-decreasing

and convex,it follows that
M(|% — L] fp) < MO+ (|2~ L] /5)/9)
< 1M(2) + M|z - L] /9)/9)

Since M satisfies the As-condition, therefore

M(|% — L| /) < 3K (|2 — L] /0)/8) M(2) + $K((| 2
- K(’ﬂ - L( /6)M(2)

Henee 3 3~ 0|2 L\/p M<z>/a>%§l<z*:

~ L] /p)/9)

- L’ /p),which together with

‘/p

yields

M(|3E

||M:

s Ll o) <224 (KM@)0) } 3

o= L’ /p).Thus,
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R e R B

I
Since x &U) y it follows the later set, and hence, the first set in above expression
belongs to I. This proves that x "~ "y

I(w™)
Theorem 3.2. Let My, Ms be Orlicz functions that satisfy the As-condition.

‘ > 56/2KM(2)} .

Then
(i) if x (M) y then x T(My0M2) ,
(ii) if x [(ROM:) y then x TR

Proof. (i) Let x 1) y .Then there exists p > 0 such that

{neN ZMQ

k=1

—L’/p }e[

Let ¢ > 0 and choose 0 < 0 < 1such that M;(u) < /2 for every u with
0<wu<9d. Write Ay, = M2( L‘ /p) By the Remark, we have,for Ay <§

My (M (|2 — L] /p)) < M1<2>M2(\ ~ L] /p)e/2
For A > (5 we have Ay < Ay/0 <14 Ap/d. Since M is non-decreasing and
convex,it follows that
M (Ag) < M1(1+4 Ag/9d)
< LMy (2) + 5 M, (24,/9)
Since M satisfies the As-condition, therefore
Mi(Av) < LK (A1/6) My(2) + LK (4,/0)

= K(4u/9)h 2
Hence M; (M| 2 L‘ /p)) < maa(1, K6~ M, (2)) Ma(| 2 - L’ /p) + /2
{neN Ml(Mg( L‘/p >s}
c {n €N; MQ(‘ L‘/p ) > ¢/2maz(1, K6~ M, (2 ))}
we have{n € N; M]_(MQ( L‘ /p)) > 8} € I Hence ' MM
(ii) Let z [(MOM) y.Then there exists p > 0 such that
{neN,nle( L‘/p }Eland
{neN ZM( z L‘/p >g}el

The rest of the proof follows from the following equahty

(M + Ma)(| 5= L‘/P My(| 3 L'/P + Ma(|5E L‘/P

The next theorem shows the relatlonshlp between the strongly M —asymptotically
equivalence and the M —asymptotically lacunary equivalence with respect to the
ideal 1.

Theorem 3.3.Let I C P(N) be a non-trivial ideal in N ; M be an Orlicz

function ,and 6 = (k,) be a lacunary sequence, then
o\ ep e I(Né‘/[) . . I(wy)
(i) if limsup, ¢, < oo then z "~ "y implies © "~
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I I M
(ii) if liminf, g, > 1 then =z (230) y implies z = ~
I(w N]M
(iii) if 1 < liminf, ¢, < limsup,. ¢, < oco,then z (t2p0) Yy = x 1% Y.

Proof. Part (i): If limsup, ¢, < co then there exists K > 0 such that ¢, < K
I JW
for every r.Now suppose that x (% y and € > 0.Let

A{’I’E %ZM( L‘/p <€},forsomep>0

kel,

Hence,for all j € A and for some p > 0, we have H; = ;= > M(|Z ok L‘ /p)
! kel

< e. Let n be any integer with k, > n > k._;.Now write

%k;M(%—L‘/p)Skl (%—L‘/p)
- > 5 M([3 - L] /o)
=1 = 1kel,,
= k _k"m 1 xT
et Y M(|2 - L /p)
1 m=1 kel,,
=% 1 Z (km — k:m_l)suij
=1 =1 jeA
= ——supH;
r—ljeA
= grsupH,
jeA
< Ke=¢

it follows that for any ¢’ > 0, {n €EN; =+ E M(| = —L‘/p) < 6’} e F(I)

I(%M)

which yields that x y.Because for any set A € F(I),U{n : k,_1 < n <

krr e A} € F(I).

I(w
Part (ii): Let = C2p0) y and liminf, ¢, > 1 .There exist § > 0 such that

(kr/hy) < 22 and (k.—1/hy) < +. Let € > 0 and define the set

Ky
A:{kTEN;kl > M(
" k=1
We have A € F(I), which is the filter of the ideal I,For each k. € A, we have,
for some p > 0,

g = (kp/kr—1) > 1+ 9 for all » > 1.  We have,for sufficiently large r, that

% — L) /p) < 5} Jfor some p > 0.

k- kr—1
e T M| -] /o) =g X Mg~ rf /o) - S (5~ L] /)
" kel k=1
kr.
k.- x Tp
= i X M5~ L) /) -~ ; M(| 2=~ | /p)
kr.
< st X M- 1] /o)
< IT‘S e=¢
it follows that for any &’ > 0,
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z / . . I(Ng")
e L‘ /p) < &' » € F(I) which yields that z "~ " y.

Part (iii): This immediately follows from (i) and (ii).
Now we give relation between asymptotically lacunary statistical equivalence
and M-asymptotically lacunary equivalence with respect to the ideal I.

Theorem 3.4. Let I C P(N) be a non-trivial ideal in N , M be an Orlicz
function,and 6 = (k,.) be a lacunary sequence,then

M
(i) if z (% y then z 1(3) v,

M
(ii) if M is bounded then z %) Yy =z %) Y,

Proof. Part (i): Take e > 0 and let > denote the sum over k € I, for some
i

—L‘/pz ¢ .Then
ZszdmmﬁZM(

kGI
{k e,

% — | /p)

- L /pze} ,
S

L‘ /p) > 'y} € 1.But then, by definition of an ideal,

h,

and {reN;h%Hk el,

Q{TEN;JT > M(|gE -
kel,

s,
later set belongs to I, and therefore x 163 Y

Part (ii): Suppose that M is bounded and x 1) y. Since M is bounded, there
exists an integer 7" such that |M( )] < T for all z > 0. We see that

;TZM( L‘/p ) < T er[rs Z—:fL‘/pzquLM(s)sowehave
kel

1 x
{TENh M(ﬁ
kel,
Q

reN— {ke]

I(Ny")
x Ny

Tp
Yk

—LMmZE

L‘ >5}‘ > %(E)} € I. Therefore we have

Let pp = p for all k , tx =t for all k and 0 < p < ¢. Then it follows following
Theorem.

Theorem 3.5. Let I C P(N) be a non-trivial ideal in N ,M be an Orlicz
function, ,and 6 = (k) be a lacunary sequence, then
I(N™) I(N,"™)

0 . . 0
~ “yimpliesxz ~ Ty,

I(Ny") . :
Proof.Let x ~~ " y. It follows from Holder’s inequality

Ay [z i) /0] < Gh 5 [z - 2] 0]
kel,. kel,
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p
2| /p)| ze

Yk

C {TEN;th ) {M(

t
L’“fL’/p)} >et/Py € I Thus we
kel,

IN]MP
have x B0 )y

We now consider that (pg) and (¢x) are not constant sequences.
Theorem 3.6. Let I C P(N) be a non-trivial ideal in N , M be an Orlicz
function, 8 = (k,) be a lacunary sequence, 0 < pp < t; for all k and (¢x/pr) be
é]v[,t) ) ) I(NéM’p))
bounded ,then x =~ ~ "y impliesz =~

I(NGMDY th
Proof. Letx ~~ "y .zp = [M( ok — L‘ /p)] and Ay = (pr/ tx), so that

0 < XA < )\, < 1:We define the
sequences (uy) and (vg) as follows: For z, > Lilet up = zx and vg = 0 and for
zi < 1; let vy = 2z and up = 0.Then we have z;, = ugp+ vg; z,;\’“ = uz’“ + v,i"“.Now
it follows that ug * < ug < z and v,i‘k < v,i‘.Therefore
1 Me 1 A& A
A 2zt = a2 (uk MR urt)
kel kel
1 1 A
S X Htas 2 v
kel, kel,.
Now for each r;
1 A 1 Ar 11—
hiki; v = 2 (7o) (60)
€

r

kel
1 ATV LAl
(P |G NS (&)
kel, keI,
< (% 3 wk)? and so
kel,
. Pk A
w T Mg /n)] = TSk T oAt Gl T oa
h% > 2 Lz > 1
kel,
h% > zk—i—(h% o) <1
keI, k€L,
h% >z, Lz > 1
< 1 kel,
- Q(E Z Zk) L2k < 1
kel,
1 T Pk
If i {M( o L’/p)] > ¢ then
kel
t
h%k; [M(% ]/p)} >e >
. 2 /A
1 Tk £
b, M<372_L’/'0)} > (5) 2 <
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CireN;t 3 [M(%—L‘/p)rkzmin{a,(%)lp\} el

I(N(SJW,P))
Thus we have x ~
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