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COMMON FIXED POINTS IN COMPLEX VALUED A,-METRIC SPACE

K. ANTHONY SINGH AND M.R. SINGH

AssTrRACT. In this paper, we prove two common fixed point theorems for two self
mappings in complex valued Ap-metric space. Our results generalize the common
fixed point results in complex valued b-metric space by Aiman A. Mukheimer [16]
which are already the generalizations of the results of Azam et al. [1] and S. Bhatt
etal. [15].

1. INTRODUCTION

Azam et al. [1] introduced the concept of complex valued metric space and
proved some fixed point results for a pair of mappings for a contraction condition
satisfying a rational expression. In 2013, K. Rao et al.[14] introduced complex val-
ued b-metric space as a generalization of complex valued metric space. Azam et al.
[1]and S. Bhattetal. [15] established common fixed point results in complex valued
metric space and as generalizations of these results, Aiman A. Mukheimer [16] ob-
tained common fixed point results in complex valued b-metric space. Recently K.
Anthony Singh and M. R. Singh [17] introduced complex valued A,-metric space as
further generalization of complex valued metric space. Complex valued A;-metric
space can also be looked upon as an extension of A,-metric space introduced by
Manoj Ughade et al. [3].

The aim of this paper is to present two common fixed point results in complex
valued Aj-metric space. Our results generalize the results of Aiman A. Mukheimer
[16].

2. PRELIMINARIES

In this section, we recall some properties of A-metric space, Ap-metric space,
complex valued metric space, complex valued b-metric space and complex valued
Ap-metric space.

Definition 2.1.[13] Let X be a nonempty set. A function A : X" — [0, o0) is called an
A-metric on X if for any x;,a € X,i = 1,2,3, ..., n,the following conditions hold:
(Al) A(xl,xz,xg,, e ,x,,_l,xn) > 0,
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(A2) A(x1,x2,x3,...,X4-1,%,) =0ifand only if x1 = xy = x3 = -+ = X1 = Xy,
(A3) A(x1,x2,X3, -+, Xn—1,%Xn)
< A(xy,x1,x1,...,(X1)n-1,a)
+ A(xp, x2,%2,...,(x2)5-1,4)
+  A(xs, x3,x3,...,(03)-1,a) + ...
+  AQ-1,Xu-1,X0-1, - - -, (Xu-1)n-1,4)
+ Ay, Xn, Xn, e, (X1, 4).
The pair (X, A) is called an A — metric space.
Definition 2.2.[3] Let X be a nonempty set and b > 1 be a given number. A function
A: X" — [0, 0) is called an A,—metric on X if for any x;,a € X,i1 =1,2,3,...,n, the
following conditions hold:
(Apl) A(x1,x2,X3,...,X-1,%X,) =0,
(Ap2) A(x1,x2,%3,...,Xy-1,%y) =0ifand only if xy = xo = x3 = -+ = X1 = Xy,
(Ap3) A(x1,x2,X3, ..., Xn-1,Xn)
blA(x1, x1,x1, ..., (X1)n-1,4)
A(xz, x2,%2, ..., (X2)n-1,4)
A(xz,x3,%3,...,(X3)u=1,8) + ...
A(Xp—1, X1, Xn-1, -+, (Xn-1)n-1,4)
+ AW, Xn, X, - (Xn)n-1,2)]-

The pair (X, A) is called an A,—metric space.

Remark 2.3. A,—metric space is more general than A—metric space. Moreover,
A-metric space is a special case of A,—metric space with b = 1.

Example 2.4.[3] Let X = [1, +c0). Define A; : X" — [0, o) by

+ + + A

n
Ap(x1,%2,X3, .+, X1, Xn) = Z Z x; — xjf? 1)
i=1 i<j
forallx; € X,i=1,2,3,...,n.
Then (X, Ap) is an Ap—metric space with b =2 > 1.

The concept of complex valued metric space was initiated by Azam et al. [1].
Let C be the set of complex numbers and z1,z, € C. Define a partial order < on C
as follows:
z1 3 zp if and only if Re(z1) < Re(zz) and Im(z1) < Im(zy).

It follows that z; < z, if one of the following conditions is satisfied :
(C1) Re(z1) = Re(zz) and Im(z1) = Im(zy),

(C2) Re(z1) < Re(zp) and Im(zq) = Im(zp),

(C3) Re(z1) = Re(zp) and Im(zq) < Im(z),

(C4) Re(z1) < Re(zp) and Im(z1) < Im(zy).

Particularly, we write z; < z5 if z1 # z» and one of ((;),(C3) and (Cy) is satisfied and
we write z; < z; if only (Cy) is satisfied. The following statements hold:
(1) Ifa,b e Rwitha <b, thenaz sbzforall0 5z e C.

(2) If z1 S 25, thenaz; Saz; forall0 <a e R.

(B)If0 5 21 S zp, then | z1 |<] 2 |.

(4)If0 5 z1 S 2o, then | z1 |<| z2 |

(5) If z; S zp and z; < z3, then z1 < z3.
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Definition 2.5.[1] Let X be a nonempty set. A functiond : X x X — C is called
a complex valued metric on X if for all x,y,z € X, the following conditions are
satisfied:

(i)0 3 d(x,y)and d(x,y) =0ifand only if x = y,

(ii) d(x, y) = d(y, x),

(iif) d(x, y) 3 d(x,z) +d(z, y).

The pair (X, d) is called a complex valued metric space.

Definition 2.6.[14] Let X be anonempty setand lets > 1. A functiond : XxX — Cis
called a complex valued b—metric on X if for all x, y, z € X, the following conditions
are satisfied:

(i)03d(x,y)and d(x,y) =0ifand only if x = y,

(i) d(x, y) = d(y, ),

(i) d(x, y) 3 s{d(x,2) +d(z, )]

The pair (X, d) is called a complex valued b—metric space.

Definition 2.7.[17] Let X be a nonempty set and b > 1 be a given real number.
Suppose that a mapping A : X" — C satisfies forall x;,a € X,i=1,2,3,...,n:
(CAbl) 0 < A(xl,xz, X3,... ,xn),

(CAp2) A(x1,x2,x3,...,X) =0 x1 =X = X3 =+ =Xy,

(CAp3) A(x1,x2,%3,...,%y,)

blA(x1, x1, %1, ..., (X1)n-1,4)

A(xp, x2,%x2,...,(X2)u-1,a) + ...
AXn-1,Xn-1,Xn-1, - -+, (Xn-1)n-1,)
+  AQ, Xu, Xn, o, (X0)n-1,a)]

Then A is called a complex valued Ap-metric on X and the pair (X, A) is called a
complex valued A,-metric space.
Example 2.8.[17] Let X = R and A : X" — C be such that

A(xlleI x3/ e /xn) = (a + i‘B)A*(xll'XZ/ x3/ e /xl’l)/ (2)

+ + A

where @, > 0 are constants and A. is an A,—metric on X. Then A is a com-
plex valued Ap-metric on X. As a particular case , we have the following exam-
ple of complex valued Ap-metric on X. The mapping A : X" — C defined by
Axy,x0,%3,...,x0) = (L +1) YL, ZK]- | x;i — x; ? is a complex valued A,—metric on
X =Rwithb=2.
Definition 2.9.[17] A complex valued A;-metric space (X, A) is said to be symmetric
if

Ay, x1, X1, -0, (¥1)n-1,%2) = A(X2, X2, X2, .., (X2)n-1,X1) @)
for all x1,x, € X.
Definition 2.10.[17] Let (X, A) be a complex valued A;-metric space.
(i) A sequence {x,} in X is said to be complex valued A,-convergent to x if for
every a € C with 0 < a, there exists k € IN such that A(xp,x,,...,x,,x) < a or
A(x,x,...,x,xp) < aforall p > k and is denoted by lim, .. x, = x or x, — x as
p — 00,
(ii) A sequence {x,} in X is called complex valued A,—Cauchy if for every a € C
with 0 < a, there exists k € N such that A(x,, xp, ..., xp, x;) < a for each p,q > k.
(iii) If every complex valued Ap-Cauchy sequence is complex valued A,-convergent
in X, then (X, A) is said to be complex valued A,-complete.
Lemma 2.11.[17] Let (X, A) be a complex valued Ap—metric space and let {x,} be
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a sequence in X. Then {x,} is complex valued A,—convergent to x if and only if
| A(xp, xp, ..., Xp,x) | > 0asp — oo or | A(x, %, ...,x,xp) | Oasp — oo.

Lemma 2.12.[17] Let (X, A) be a complex valued A,—metric space and let {x,} be
a sequence in X. Then {x,} is complex valued A,—Cauchy sequence if and only if
| A(xp, Xp, ..., Xp, Xg) | 0 as p,q — oo.

Lemma 2.13.[17] Let (X, A) be a complex valued A,—metric space. Then

Alx,x,...,x,y) SbAW, Y, ..., Y,X) 4)

forall x,y € X.
Theorem 2.14.[16] Let (X, d) be a complete complex valued b—metric space with
the coefficients > 1 and let S, T : X — X be mappings satisfying

ud(x, Sx)d(y, Ty)

A, Ty)  Adx,y) + =10

©)

for all x, y € X where A, u are nonnegative reals with sA + u < 1. Then S, T have a
unique common fixed point in X.

Theorem 2.15.[16] Let (X,d) be a complete complex valued b—metric space with
the coefficient s > 1 and let 5, T : X — X be mappings satisfying

ald(x, Sx)d(x, Ty) + d(y, Ty)d(y, Sx)]
d(x, Ty) + d(y, Sx)

d(Sx, Ty) 3 (6)

for all x, y € X where sa € [0,1). Then S, T have a unique common fixed point in X.

3. MaiN ResuLts

We now state and prove our main results. Our next Theorem is a generalization
of Theorem 2.14. in complex valued Ap-metric space. But in order to compensate
for the condition of symmetry in complex valued b-metric space which is required
in the proof of the Theorem, we make our space symmetric.

Theorem 3.1. Let (X, A) be a complete complex valued A,-metric space which is
symmetric and let f, g : X — X be mappings satisfying

A, x, ..., x fX)AW, Y, ..., Y, 9Y)
1+Ax,x,...,xY)

AP, X, oo, X 0Y) S AA@ Y, .. %, ) + @)

for all x, y € X, where A, u are nonnegative reals with bA + u < 1. Then f and g
have a unique common fixed point in X.

Proof. Let xo € X be an arbitrary point. And let a sequence {x,} in X be defined as
Xop+1 = fxop and xop40 = gxgpe1 forp =0,1,2,3,... Then we show that the sequence
{x,} is complex valued A,—Cauchy.
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From (7), we have

A(x2p+1/ X2p+1s -+« - s X2p+1, x2p+2)

A(fJCzp, fx2p, cen ,fX2p, gJC2p+1)

AA(XZP, X2p,« s X2p, pr+1)

. WA(x2p, Xop, - - -, Xap, fX2p) A(Xops1, Xop+1, - - - Xop+1, GX2p+1)
1+ A(x2p, Xops - vv s X2p, x2p+1)

/\A(JCQP, X2p, e+ s X2p, sz"'l)

N WAy, Xop, - -+, Xop, Xop+1)A(X2p41, Xopa1, -+« -, X2pa1, X2p2)
1+ A(x2p,x2p, <o Xop, X2p+1)

= | A(X2p+1, Xop+1, - -, Xops1, X2ps2) |

A

< A AQxap, xop, - -, Xop, Xopi1) |
ol A(XZp, X2p, - - - /x2prx2p+l) Il A(x2p+1/x2p+1/ e ,X2p+1,x2p+2) |
| T+ A(xop, Xop, - - -, X2p, X2ps+1) |
< AL A, Xop, - -y Xop, Xops1) |+ | A(Xops1, Xop+1, - -+, Xop+1, X2p+2) |

(Since | 1 + A(x2p/ x2p/ ceey pr, x2p+1) |>| A(pr, xzp/ cecy x2p/ x2p+1) |)

= A(x2p+1/ X2p+1s -+ - X2p+1, x2p+2) < | A(x2p/ X2ps - -« s X2p, x2p+1) | (8)

T-u

Similarly, using the symmetry of X, we obtain

| A(xX2ps1, Xop+1s - -+ Xopi1, X2ps2) | (9)

| A(xop+2, Xopi2, - - -, Xops2, X2ps3) IS 1

From (8) and (9), we have
| A(xpr xp/ s rxp/ xp+1) |S o | A(xpfl/ xpflr e rxpfll xp) |/ VP €N (10)

where o = 1%” <1
By repeatedly applying (10), we get

| A(xp/ xp/ e /xp/ xp+1) |S ap | A(x(), xO/ e /xO/ xl) | (11)
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Using (CA,3) and (11), we have for all p,g € N withp < ¢

| A(xpr xp/ v rxp/ xq) |

< (m=DblA®Xp, Xp, -, Xp, Xps1) | +b | AQXps1, Xpi1, -+, Xpa1, Xg) |
< (m=1bA@, Xp, .., Xp, Xpi1) |+ = DO | AGpa1, Xpit, - - Xpit, Xps2) |
+b? | A(xp+2/ Xp42s -+ - s Xp42, xq) |
< (m=DblA®Xp, Xp, ..., Xp, Xps1) | +(n — 1)v? [ AQXp+1, Xpi1s - Xpr1, Xpe2) |
+(n — 1)b3 | A(Xps2, Xpi2, -+ s Xps2, Xpi3) + .o
+(n = DVTP | A(xg-a, Xg-2, - - Xg-2, Xgo1) | +0TPT | Ay, X1, -+, Xgo1, %) |
< [(n=1)ba? + (n—1)p2ab™t + ...
+(n = DBTP T2 4 PP L0071 | Axo, X0, - . -, X0, X1) |
< [(m=1ba? + (n =D’ + -+ (n = DI P a2 + (n = DT Pa™!]
| A(xg, x0,- .., %0,%1) |
< (m=D[®ay + Ga)y*™ + -+ (ba)T™% + (ba)T™] | A(xo, X0, - . ., X0, X1) |
< (n=Dbay + (bay* + ba)y*? + ... ]| Axo, X0, . .., X0, X1) |

(n = D(ba)’

1— (Z’JO{) | A(XO, X0,---/,X0, xl) |_) 0

as p,q — oo since ba = f_—Ay < 1 which follows from bA + p < 1.

Therefore, | A(xy,Xp,...,Xp,X5) |= 0 as p,q — oo and hence the sequence {x,} is
complex valued A,—Cauchy.

Since X is complete, there exists u € X such that the sequence {x,} is complex valued
Ap—convergent to u. We show that u is a common fixed point of f and g.

We have

A(fu, fu,..., fu,u)

(n = DbA(fu, fu,..., fu,xps2) + bA(u, u,. .., u, Xop42)

(n = DbA(fu, fu, ..., fu, gxops1) + bAu, u, ..., 1, x2p42)

(n=1DbAA(u, u, ..., u, X2p41)

N (n=DbuA(u,u,. .., u, fu)A(xops1, Xop+1, - - -, Xop+1, §X2p+1)
1+A(u,u,... u,xp1)

A

+bA(u, u,. .., 1, Xop12)
= | A(fu, fu,..., fu,u)|
(n=1DbA[A(u,u,...,uxp4) |
+(” = Dop | A(w,u, ..., u, fu) | AQxp+1, Xopr1, - -+, X2p1, X2p+2) |
[1+A(u,u,...,uxp)l

IA

+b | A(u,u, ..., u,xop42) |> 0asp — oo

= A(fu, fu,..., fu,u) =0

= fu=u.

Similarly, we can show that gu = u. Therefore, f and g have a common fixed point
u € X. Finally, to show the uniqueness of the common fixed point of f and g, let us
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assume that v € X is another common fixed point of f and g. Then, we have

A(fu, fu,..., fu,go)

pA,u,...,u, fu)A@®,v,...,v,90)
1+A,u,...,u,0)

A(u,u,...,u,v)

A

AA(u,u,...,u,v) +

= AA(u,u,...,u,0)

=| A, u,...,u,v) | <AAW,u,...,u,0)|

Since A < 1, we have

A, u,...,u,v)=0=2u="v

which proves the uniqueness of the common fixed point of f and g.

Corollary 3.2. Let (X, A) be a complete complex valued A;-metric space which is
symmetric and let f : X — X be a mapping satisfying

HAQCG X, %, fX) AW Y, - Y, fY)

A(fx, fx,..., fx, fy) S AA@x,x, ..., x, ) + T+ A(,..,%,y)

(12)

for all x,y € X, where A, u are nonnegative reals with bA + u < 1. Thenf has a
unique fixed point in X.

Proof. Follows from the proof of Theorem 3.1. by taking g = f.

Corollary 3.3. Let (X, A) be a complete complex valued A;-metric space which is
symmetric and let f : X — X be a mapping satisfying for some positive integer m

pAQx, .., x, fPOAW Y, ...y, fY)

m m m m
A(f"x, f"x, ..., %, fMy) S AA(x, x, ..., x, )+ T+ A@x,..,%)

(13)
for all x,y € X , where A, u are nonnegative reals with bA + y < 1. Thenf has a
unique fixed point in X.
Proof. From Corollary 3.2., we have f™ has a unique fixed point u € X. And we
have f(f"u) = fu= f"(fu) = fu.
This implies that fu is a fixed point of f.
Since u is the unique fixed point of f”', we must have f(u) = u. Therefore, u is a
fixed point of f. Further to show the uniqueness of the fixed point of f we see that
a fixed point of f is also a fixed point of f™ since fo = v = f?v = fv = vand so on,
thus giving f"v = v. And the uniqueness of the fixed point of f™ implies the fixed
point of f is also unique.
Our next Theorem is a generalization of Theorem 2.15. in complex valued Aj;-
metric space.
Theorem 3.4. Let (X, A) be a complete complex valued A,-metric space which is
symmetric and let f, g : X — X be mappings satisfying

A(fx, fx,..., fx, gy) (14)

alA(x, x, ... x, fX)AXX, ..., x5, 99) + AW Y, ..., ¥, 9DAW, Y, ..., Y, fx)]
A, x,...,x,99) + AW, Y, ..., Y, fx)

~

1
forallx,ye Xand a € [O, E) Then f and g have a unique common fixed point in
X.

Proof. Let xg € X be an arbitrary point and let us define a sequence {x,} in X as

Xops1 = fXgp and Xopi2 = gx2pe1, forp =0,1,2,3,. ..
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Then we show that the sequence {x,} is complex valued A;-Cauchy.
From (14), we have
A(x2p+l/ X2p+1s«+ - X2p+1, x2p+2)
= A(fxap, fX2p, . -, fXop, §2Xops1)
p p p p
< alA(xap,- Xap, fXop) A(X2p - X2p,§X0p 1)+ A(X2p 1 oo X2p1,§%2p+1) A(X2pa1 oo X2p1, fX2p) ]

~ A(X2p,X2p s Xp,§X2p 1)+ AX2p+1,X2p 41,0, X2p 1, f X2p)
_alAQxap,Xap,eXop Xop 1) A(X2p X0p o Xp X2p42) FAX2p1,X0p 41 -0 X2p 1, X2p42) A(X2p 1, X2p 1+ X2p 1 X2p+1)]

A(X2p,X2p e X2p X2p42) +A(X2p1,X2p 41 0+ X2p+1,X2p+1)
_alA(xap,Xop,eXop, Xop+1)A(Xop, X2p, - Xop Xop42)]

- A(XZprXZpr--~/x2prx2p+2)

= aA(-XZp/ prr (R pr/ x2p+1)'

And this implies

|A(X2p+1, X2p+1s -+ - X2p+1, X2p+2)| <a )A(x2prx2pr e Xop, X2p+1)| . (15)
Similarly, using the symmetry of X, we obtain
‘A(X2p+2, Xop+2s -+ 1 Xop+2, x2p+3)| <a |A(x2p+1, Xop+1s -+ s X2p+1, x2p+2)’ (16)

Combining (15) and (16), we get

[AGe, Xp, -, Xp, Xpa1)| < @AGG-1, %1, %, %p)|, VP €N (17)
By repeatedly applying (17), we get
|AG,, %, .., Xy, xp11)| < @ JA(x0, X, - .., X0, 1) (18)

Using (CA,3) and (18), we have, for all p,g € N withp < g

|A(xp/ xp/ ey xp/ xq)l

< (n=1blAXp, Xp, -, Xp, Xp1)| + DIAXp 41, Xps1, - - -, Xpa1, X))

< (m=1DblAxp, xp, -, Xp, Xps1)| + (1 — 1)b2|A(x,,+1,xp+1, e Xpit, Xpi2)|
+02|A(Xps2, Xps2, - - - Xpa2, Xg)|

< (n = DblA(xp, Xp, . .., Xp, Xps1)| + (n = 1)b2|A(xp+1,x,,+1, v Xpa1, Xp2)|
+(1 = DO AGpa2, Xps2, -+ Xpaa, Xpaa)| + -
+(n — 1)b‘7’p‘1lA(xq_2, Xg=2/+ -+ Xg-2, Xg-1)|
+bq‘p‘1|A(xq_1, Xg1, -+ 1 Xg-1, %)

< [(m=-Dba? + (m - D 4+ (n = )BT 072
+017P L7 Axo, xo, - . ., X0, X1))]

< [(mn=1Dba” + (n -’ + -+ (n = 1Y P 1172
+(n — DT Pa® | A(xo, X0, - - - , X0, X1)|

< (=D + Ga)y T + -+ (ba)T? + (ba)T | A(xo, X0, - - -, X0, X1))

< (= 1D[bay + a) ! + - - o]|A(xo, X0, - - - , X0, X1)|

(n — 1)(ba)’

1-ba
Therefore, |A(xy,xp, ..., Xxp,X5)| — 0asp,q — oo and hence the sequence {x,} is
complex valued Ap-Cauchy. Since X is complete, there exists u € X such that the
sequence {x,} is complex valued Aj-convergent to u. We show that u is a common

|A(xo, x0, ..., X0,x1)| = 0asp,q — oo.
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fixed point of f and g.
Let us assume that fu # u so that

|A(fu, fu,..., fu,u)| > 0. (19)

Then we have

A(fu, fu,..., fu,u)

3 (n=1bA(fu, fu,..., fu,xp42) + bAU, U, ..., 1, Xp42)
= (n = DbA(fu, fu,..., fu, gxops1) + bA(u, u, ..., 1, X2p42)

< (n=1)baA(u,u,....u, fu) AQu,u,...u,gx2p+1)+(n=1)baA(X2ps1,X2p 41, X2p+1,9%2p41) A(X2p+1,X2p+1 - X2ps1, f 1)
AUy, GX0p 1) +A(X2ps1,X0p 41, X2p 1, f 1)

+bA(u,u, ..., u,Xp.2).
And this implies
\A(fu, fu, ..., fu,u)

+ blA(u, u,...,u, X2p+2)|
— 0asp — oo.

Thus we have

|A(fu, fu,..., fu,u)l = 0, which contradicts (19).

Therefore, we must have fu = u.

Similarly, we can show that gu = u.

Therefore, f and g have a common fixed point u € X.

Finally to show the uniqueness of the common fixed point of f and g, let v € X
be another common fixed point of f and g. And let us assume that u # v so that
A(u,u,...,u,0)#0.

Then we have

A(u,u,...,u,v)
A(fu, fu,..., fu,go)
alA(w,u, ..., u, fu)Au,u,...,u,g0)+A@®,9,...,0,90)A@0,,...,v, fu)]
A u,...,u,gu)+A@,9,...,9v, fu)
alA(w,u, ..., u,w)Au,u,...,u,v)+A{,v,...,0,0)A0,0,...,0,u)]
A, u,...,u,0)+A@®,90,...,0,u1)

A

= 0

= A(u,u,...,u,v) =0, which is a contradiction.

Therefore, we must have u = v, which proves the uniqueness of the common fixed
point of f and g.

Corollary 3.5. Let (X, A) be a complete complex valued A;,-metric space which is
symmetric and let f : X — X be a mapping satisfying

A(fx, fx,..., fx, fy)
alAG,x, ..., x, fX)AXX, ..., % fY)+ AW Y, - Y fDAW, Y, ..., Y, fX)]
A, x, ... x, fy)+ AW, Y, ..., Y, fx)

A

(20)

forallx,y € Xand a € [O, %) Then f has a unique fixed point in X.
Corollary 3.6. Let (X, A) be a complete complex valued A;-metric space which is
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symmetric and let f : X — X be a mapping satisfying for some positive integer m
A(f"x, f"x, ..., f"x, f"y)
alAx, x, ..., x, ')A X, ..., x ")+ AW, Y, - 8 fM"YAW Y, -y, X))
A, x, ..., x, fry) + AWy, Y, ..., Y, fX)

A

(21)
forallx,y € Xand a € [O, %) Then f has a unique fixed point in X.
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