Electronic Journal of Mathematical Analysis and Applications
Vol. 8(1) Jan. 2020, pp. 43-62.

ISSN: 2090-729X (online)
http://math-frac.org/Journals/EJMAA/

BIFURCATION OF BRANCHES OF SOLUTIONS FOR
IMPULSIVE BOUNDARY VALUE PROBLEMS

Z. BELATTAR AND A. LAKMECHE

ABSTRACT. This work is concerned with an impulsive boundary value problem
for second order differential equations with real parameter. Our approach is
based on the implicit function theorem to prove existence of a unique branches
of solutions, moreover we use bifurcation Krasnosel’ski theorems to prove ex-
istence of multiple branches of solutions depending on the values of the real
parameter.

1. INTRODUCTION

Recently, the theory of Impulsive differential equations was distinguishing as an
important area of investigation among several theories, since such equations arise
in many mathematical models of real processes and phenomena studied in applied
sciences, see for instance [5],[8],[10],[13],[23],[29] and references therein. Many
problems were investigated for impulsive differential equations and among of them
are interested by the study of the existence of solutions for boundary value prob-
lems of second order impulsive differential equations by using different methods;
upper and lower solutions ([14],[15]), the topological degree theory ([16],[28]) and
variational methods ([27], [30]).

As we know, the bifurcation technique is of great importance in the qualitative
theory of differential equations (see [6], [7], [21] — [24]). In the case of impulsive dif-
ferential equations the works [2] — [4], [17] — [22] and [26] have studied the problem
of bifurcation analysis.

Liu and O’Regan [17] established some important results, they applied the Rabinowitz-
type global bifurcation theorems ([24], [25]) from the trivial solution and infinity
to show the existence of multiple solutions for second order impulsive differential
equation. In [26], Wang and Yan studied the existence of multiple solutions for
the second order impulsive differential equation. They used the properties of the
eigenvalues and eigenfunctions to prove two Rabinowitz-type global bifurcation the-
orems. In [18], Ma. et al. showed the existence of sign-changing solutions of the
problem of [17] by global bifurcation techniques.
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A recent work on bifurcation for impulsive differential equations by Niu and Yan
in [22] considered the following impulsive boundary value problem

—z" (t) + f (t,2(t) = dax(t), te(0,1), t# 1
(D

W (1) =M (Lu@),d ©), e 1), tF b,
(nyd dult) =m (ult) o' (B, 0) s k=1,
Ad () = Oy (u(tk),u' (tk),)\) ,
u(0) =u(l) =0.
We have studied the existence of multiple solutions for the relative nonlinear
second order impulsive differential equations by Krasnosel’ski bifurcation theory.

In this work we investigate the existence of solutions of the following impulsive
boundary value problem

W) = f( ,/\> 0,1), # ts, (1)
Aufty) = m(( D (B A), k=1 @)
A () = O (u(tk),ul(tk),)\>, (3)
w(0) = wu(l)=0 (4)

where r € N* = N\ {0}, Au(ty) = u(t)) — u(ty), Au'(t) =u () — (L),
0=ty <ty <ty<..<tp<try1 =1, AR, the functions f: I x R® — R is
smooth enough, 7, € C'(R? R) and 6}, € C*(R3,R) with I := T — {t;};_,.

2. PRELIMINARIES

In this section, we give some definitions and preliminary results to be used in
the coming sections of this work. For ¢ > 0, let

PCUI) = {ueC{(I,R)/u) is left continuous at tj, and
ul) () exist for all k,j; 0 <k <r0<j<i}.
(PCY(I),]|.||:) is a Banach space with the norm ||jw|); = max(||wllo, [[w [0, ..., [w®]o),
where

|lwllo = sup{|w(t)|,t € I} for w e PC°(I).
Let £(PC%(I)) be the Banach space of bounded linear operators on PC%(I) en-
dowed by the norm
Ll ecpci(ry) = Hs1”1p | Lx||;, where x € PC*(I) and L € £(PC*(I)).
z||<1

Definition 1 A pair (u, ) is called a solution of (1) — (4) if it satisfies (1) — (4).

Remark 1 If (0, \) is a solution of (1) —(4), it is called a trivial solution of (1) —(4).
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Lemma 1 ([3]) (u,\) € PC?(I) x R is a solution of (1) — (4) if and only if
(u,\) € PCH(I) x R and it satisfies the following equation

u(t) = /G(t, s)f <s,u(s),u/ (s), )\) ds
+ OZ [nk (u(tk),u/(tk),)\) 0 (u(tk),u’ (tk),)\) (t — tk)]

0<tp<t

- ti [ (ki) ' (1) A) + 0 (ulte), ' (0),0) (L= t)], veel,
k=1

where G is defined by
G(t,s) =ts —min(t, s), (¢s)€[0,1]%

Let X be a Banach space normed by ||.||x and consider the following equation
u— Au+ N(u, ) =0, (5)

where u € X, A: X — X is a linear compact operator, and N : X xR — X is a
continuous mapping satisfying

(H1) N(u, A) = offlullx).

The trivial solution of (1) — (4) is a solution of (5).

Remark 2 The bifurcation problem of (5) is to obtain a nontrivial solution (uyx, A) #
(0, A*) of (5) from some point (0, \*) such that uy — 0 as A — A~

The following theorems will be used to obtain bifurcation of branches of solutions

of (1) — (4).

Theorem 1 ([21, Krasnosel’ski Theorem]) Under hypothesis (H1), if p € R* =
R\ {0} is an eigenvalue of A with odd algebraic multiplicity m > 1, then (0, %)
is a bifurcation point of (5).

Theorem 2 ([21, Theorem 1.11]) If ;1 € R* is a simple eigenvalue of A (m = 1),
then it bifurcates from (0, u~!) exactly two branches I'; and T'y of solutions of (5).

Define a linear operator L on PC?(I) by

D(L) == {u € PC2(I);u(0) = u(1) = 0}, (Lv)(t)=v"(t), wve D(L).

Then, we have.

Proposition 1 ([3]) The operator L is invertible and L~! : PC°(I) — PC?*(I)
1

is given by (L™1v)(t) = /G(t,s)v(s)ds.
0

Let F be the Nemitskii operator corresponding to f, then F': PC*(I)xR — PCY(I)
such that
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Flu \)(t) == f(t,u(t),u’ (1), A), tel.
Let ® : PC?(I) x R — PC?(I) be defined by

N = D | (), u (), A) + 0 (wlta) w (1), A) (¢~ )]

0<tp<t
- tZT: [ (1t (1), A) + 0 (ulte), ' (8),0) (1= 1))
k=1

and H : PC?*(I) x R — PC?(I) such that
H(u,\) := L FJ(u,\) + ®(u, \),

where J is the compact imbedding defined by J : PC?(I) x R — PC(I) x R with
J(u, A) = (u, N).

1

Then L1 [F (J(u, \))] (£) = / G(t.)f (s.u(s). ' (s).2) ds.
0

Lemma 2 ([3]) The operators ® and H are compact.

Lemma 3 ([3]) (u,\) € PC?(I) x R is a solution of (1) — (4) if and only if
H(u,\) = u.

For fixed A € R, %(., A) : PC2(I) — £(PC(I)) and %—Z(u, N = 8(L7;F ) (0, 3) ot
g—@(u, \).p, where ¢ € PC?(I).
W% have
8(L;UFJ) (u,\).p = /G(t,s) {gi (s,u(s),u,(s), /\> o(s) + % (S,U(S),UI(S),)\> wl(s)] ds
0
and
e = 30 [( G (w00 (0. 2) et + G (a0 (0),3) ¢ (1)

0<tp<t
(%ik (u(tk), u (t), A) o(tr) + 88—0; (u(tk),u/ (tx), /\) <pl (tk)> (t — tk)}

- - {(ax (u(tk),u’(tk),A) o(ty) + %77’; (u(tk),u'(tk),A) <P'(tk)>
k=1
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Moreover
o0
= sup || 5~ (u, A).p
H £(PC2(I)) lell<1 || Ou 2
877k O,
< 22 B (ultn) ' (1), 0 )| + | G (ultn). ' (t0),2)
80k 89k ’
+ |5 (ulte), ' (k) A)‘+’ 5 (u(tk),u(tk),/\)u

and

A(L™'FJ) A(L™'FJ)

———(u, A = sup |[|[———(u,A)

ou (w2 S(PC2(I)) lellz<1 ou 2
1
8 ’ 8 ’
< /HGHLoo Ha—i (s,u(s),u (5)7)\>’ + la—]yc (s,u(s)7u (s),)\)H ds.
0

Hence

OH A(L™*FJ)

LT [N - YA [ <

H £(PC2(I)) ou £(PC2(I)) ) £(PC2(I))

g0/1|G||Lm H% (s,u(s),u/(s),)\)’-&-‘% (S,U(s),u/(s),)\)H ds

+QZ { 9 ( o (), A)‘ + ‘%—75 (u(tk),u/(tk),)\)‘

[ (u(tk),u/(tk)v/\)"'_‘% (u(tk)7u/(tk),)\)H.

3. MAIN RESULTS

Let the following hypotheses be satisfied

(H2) f(t,0,0,A*) =0, Vtel, for some \* € R,
(H3) ’/]k(OO)\)—O, for some \* € R,
(H4) 05(0,0, %) =0, for some \* € R.

Let

(u, ) =u— H(u, \). (6)

From (H2), (H3) and (H4) we have H(0, \*) = 0, then (0, A*) = 0 and — o (0,\%) =

OH Ou
- 5203,

We have the following results.

H
Theorem 3 If T — %—(O A*) is invertible and the hypotheses (H2) — (H4) are
u

satisfied, then there exists § > 0 such that for |\ — A*| < 4, the problem (1) — (4)
has a unique solution (u, \).
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Proof. The existence of a nontrivial solution of the problem (1) — (4) is equivalent

to the existence of u € PC?(I) and A € R such that ¥ (u, \) = 0. Since ¥ (0, \*) = 0,
0 0H

and —w(O \)=1- %(0,)\*) is invertible operator, then the implicit function

theorem implies that there exists § > 0 such that for |\ — A\*| < § , the problem

(1) — (4) has a unique solution (u, \).

oY OH

Lemma 4 If HaH(O,)\*) < 1, then ——(0,\*) = I — —(0,\") is in-
Ou e(PC2(D) ou ou
vertible.
0H N
Corollary 1 If 87(0’)\ ) <1 and hypotheses (H2) — (H4) are sat-
b S(PC2 (D))

isfied, then there exists § > 0 such that for |\ — A\*| < d, the problem (1) — (4) has
a unique solution (u, \).

Corollary 2 If

/||G||L { (5,0,0,\%) +‘Z£(s,o,o,x)}ds
877k * 8nk * 89k * 69k *
+2Z[ (0,0, \*)| + 8(OOA) 5, (0,03 + ‘a(oox)}

and the hypotheses (H2) — (H4) are satisfied, then there exists 6 > 0 such that for
A — A*| < 4, the problem (1) — (4) has a unique solution (u, \).

OH
If the operator I — 8—(07 A) is not invertible, we investigate the existence of bifur-
U

cated solutions.
We have N(u, \) = NMu — H(u, \). If (DuN(O7 )\))<p(t) = 0, we have

of

Ap(t) = H/G(t,s) (gi(s,0,0,)\)@(s) + ay(s,0,0,)\)cp'(s)> ds
0

+ Y (%’Z“(OOA) (t )+%"’“(00A) (t ))

0<tp<t

b (GE0.0Ne0) + FE0.006 ) -0

ox
0<tp<t

_ fz< (0,0, \) (tk)+%(00/\) (t )>

_ (%9;(0,07 () + %—Gy’“(o, 0, A)ap'(tk)> (1- tk)} = AN)p(t).

k=1
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Then ¥(u,\) = u — AAAN)u + N(u,\) = 0. So, Krasnosel’ski theorem is not

applicable, then we put additional hypotheses as follow

(H5) m (U(tk%u/ (tk),)\) =\ (U(tk),u,(tk)),
(H6) 6, (u(tk),u’ (tk.),A> =\ (u(tk),u’ (tk)>.

Let A : PC?%(I) — PC?(I) be the linear compact operator given by

wp) = 5 (GE0.0m) + FEo.0 0)

0<tp<t

s Y (Froos+ Fro.os w) 6 -w

0<ty<t

r 6’)7 8771 ,
- tk_l(a'%o O)e(ti) + 6;@70)@(@))

T

_ tZ(%i (0,0)¢(t )+%0yk(0,0)(pl(tk)) (1—tp).
k=1

We have ¥(u, \) = u — AMAlu + N(u,\) =0, where N(u,\) := AAlu — H(u, ).
Then

(N (O.0)lt) = AAleo(tw%—f(o,A)sa(t)

0<tp<t

I <aal o(t) + %(o 0)¢ (¢ )) (t—tx)

0<tp<t
- At; (%Z“(O,O)w(tk) + %"3(0,0)@’ (tk)>
" (06} 901 )
- At; <a;(070)90(tk) + a—y’“(o,oyp (tk)> (1—t)

_ O/la ( (5,0,0, \)p(s) + gi(s,0,0,/\)gp,(s))ds

- A <%Z§1“(0,0)<p(tk)+%(070)90/(%))

0<trp<t
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- A ) (%ﬁ“(o,o)w(tk)jt8;;(0,0)90/(%)) (t—tx)

0<tr<t

" AtZ( 2 (0,001 + 520,015 00

1

+ e (FE0.060) + FE0.00 ) 1 -1
k=1

and

N(0,)\) = —H(0,))

G(t,s)f(s,0,0,\)ds — A Z [7:(0,0) + 6,(0,0)(t — )]

0<tr <t

I
O\H

T

+ A [R(0,0) + 65(0,0)(1 — t)] -
k=1

Let the following hypotheses be satisfied

0
(H7) af(t 0,0,\) =0 Vtel, VAeR,
(HB) gjyc(to 0,\)=0 Vtel, VAXeR,
(H9) u € R* is an eigenvalue of A with odd algebraic multiplicity,

(H10) p € R* is a simple eigenvalue of Al.

From (H2)— (H8), we have D,,N(0,A) =0 and N(0,) =0, so N(u, \) = o(||u||2).
Then, from theorem 1 we have

Theorem 4 If the hypotheses (H2) — (H9) are satisfied, then (u, \) = (0, 1) is a
bifurcation point of (u, A) = 0 and (1) — (4) has a bifurcated branches of solutions.

And from theorem 2 we have

Theorem 5 If the hypotheses (H2) — (H8) and (H10) are satisfied, then (1) — (4)
has exactly two bifurcated branches of solutions from (0, u=1).

In the following we study the multiplicity of the eigenvalues of A! to determine
the number of branchebi of solutions.

1 1
To do that let ay, := %(0,0), by = ai;(o,O), = %(0,0) and dy == a; (0,0),

and put
Ag = —cgti+(ar—di)te+br, B = —crti+(aktor—di)te+brtdi = Aptextitd,
Cy == —cpty + ap + cx, Dy := —cpty + ay.

o 1 ift G]tk,tk+1[,
hi(t) = { 0 otherwise,
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k=0,1,2,...,r.

T

Proposition 2 Let E = {p € PC?*(I)/¢(t) = Z[akgk(t) + Behi(t)], ¢ # ti}.
k=0
Then E be a Banach space with dim E = 2r + 2, moreover Vo € PC?(I), Alp € E.

Remark 3 Let p be an eigenvalue of A' and ¢, an eigenvector of A! associated
to p. Then

0 it t=o0,
D len(@w)gn () + Bleu) ()] it # b,
Pult) = ]
ar—1(pu)tr + Br—1(opu) if t=t,
0 if ¢t=1.

We denote a(p,) := ay and Bi(p,) = Bk.

Proposition 3 Let g € R*. Then p is an eigenvalue of A' if and only if there
exist «y, ..., @, Bo, ..., Br € R such that u satisfies the following system with (2r 4+ 2)
equations

:u/BO = 07
(M + B1>a0 +Y Biaia+ Y Cifi1 =0,
i=2 i=1

Arag + (u + Bz)Oél + Z Bioi—1 + D1y + Z CiBi—1 =0,
i=3 i=2
—Avag — Do + 1 =0,

(II1I)§ Arag + ... + Agag—1 + (1 + Bry1)ou + Z Bia—q

1=k+2
+D180 + ... + DyfBr—1 + Z CiBi—1 =10,
i=k-+1

—Ajag — ... — Apag—1 — D180 — .. — DpBr—1+ upr =0,

Ao+ ...+ Arjop_o+ (u+ Br)ap—1 + Do+ ... + Dy_1r—2 + CBr—1 = 0,

—Avag— ... —Ar_rap o — D1y — ... — Dp1Br_2+ puBr—1 =0,
Ajag + ... + Arap—1 + po + D1So + .. + Dy fro1 = 0,
—Ajog — ... — Arap_1 — D1Bg — ... = Dyfr—1 + pfr = 0.

Moreover the eigenvector associated to u is given by

T

eut) = S lowge(t) + Behn(t)]

k=1
r

th(t)(akt—i—ﬁk), t£ty, tel0,1].
k=1
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Proof. 1Ift €]0,t1], A'o(t) = pp(t) is equivalent to

Z [akgo(tk) + b (t) + (Cksﬂ(tk) +dip (tk)) (t— tk)}

O<tp<t
r

3 Janplte) + bie' () + (erp(t) + dicg (80)) (1 = )| = (ot + Bo).
k=1

Then

—tY i [@(tk)+bk¢l (tr)+ (CkSO(tk)‘i‘dk(Pl (tk))(l_tk)} = paot+Po), Vt €]0, 1],
k=1

we obtain
t{,uao + a1(aoty + Bo) + brag + (Cl(aotl + Bo) + d1a0> (1- t1)}
Y [ai(aiflti + Bi—1) + bicio1 + (Ci(ai—lti + Bi—1) + diaz;l)(l - tz‘)} + wbo =0,
i=2

vt E]O,tl[. Then
wBo =10 .
Bo {ch +ei(1- tl)} +Y Bi |:a'i + (1 - tz)j|

=2
+ag [,U +aty + b1+t (1 —t1) +di(1— t1)}

=2
Finally, we have

/-1’60 = Oa
(M + Bl)% + Z Bia—q + Z Cifi—1 = 0.
i—2 i=1

Similarly, for ¢ €]tg, tg+1[ with kK = 1,...,7 — 1, we obtain the following result

Ajog + Agan + ...+ Agag—1 + ( + Bryr)ag + Z Bia; 1+
i=k+2
Difo+ Do+ .+ D1+ Y, Cifi1 =0,
i=ht1
—Arag — Aoy — ... — Agag_1 — DBy — Daoffy — ... — DifBr—1 + ppr, = 0.
For t €]t,, 1], Alp(t) = up(t) is equivalent to
plagt+ 8 = D ar[p(ti) + bug (t) + (nplte) + dig' (1) ) (¢ = )]

k=1

r

- t[ app(ty) + brp (t) + (Cw(tk) +diyp (%))(1 - tk)},
k=1
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then we have

Arag+ Agaq + ...+ Apoie_1 + pay + D1 Bo + Doy + ... + Dy 31 = 0,
—Arag — Aoy — ... — Apap_y — D18y — Doffy — ... — DyfBr1 + pffr = 0.

Lemma 5 Let ¢ € R*. Then p is an eigenvalue of Al if and only if there exist
Qg .-, Oy B0, -, Br € R such that

Qg
(€3]

Bo
fe3}

i

where M (u) is the (2r + 2) square matrix such that

M(p) =

e Qe e
e STRwilesl

where A is a 2 x (r + 1) matrix, B is a 2 X (r 4+ 1) matrix, C'is a (2r —2) x (r +1)
matrix, D is a (2r — 2) X (r + 1) matrix, F is a 2 x (r + 1) matrix and F is a
2 x (r + 1) matrix such that:

1) A = (a;j) with

a; =0 for j=1,7+1,

ag1 = p+ Bi,a0; = B; for j=2,r, Ao(ry1) = 0.

i (0 0 .. 0 0
- u—i—Bl BQ BT 0/°

Then

2) B = (aij) with
ai(ry2) =y a1 =0 for j=(r+3),(2r+2),

agj = Cj_(r11) for j= (7‘ + 2), (27“ + 1), ao(2r42) = 0.

Then
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3) C = (aij) with
a(2i+1)j = A_] for i= 1, (T’ - 1) and 1 S] < i,
a(2i+1)j :/L—FBJ fOI' 7 = 17(7"— 1) and j :Z+1,
ait1); = B; for i=1,(r—1) and i+2<j<r+1,
ai+1)(r+1) =0 fOT_ i=1,(r—-1),

agy; = —A; for i=2,r and 1<j<i,
agq; =0 for =27 and 1<j<r+1.
Then
A1 1% + BQ B3 B4 Br—l B,- 0
—A 0 0 0 0 0 0
A1 A2 1% -+ Bg B4 BT,1 Br 0
Ct _ —A; —Ay 0 0 0 0 0
A1 A2 A3 A4 Ar—l 1% + Br 0
—-A, —A —As  —Ay ... —A,_ 0 0

4) D = (aij) with
a@it1y; = Dj—(p41y for i=1,(r—1) and 1<j—(r+1) <4,
a(2i+1)j = Uj—(r+1) for 7= 1, (7’ — 1) and 1 +1 S _] — (7’ + 1) S r,
Q(2i41)(2r+2) = 0 for i= ,(’1“7— 1),
a@iyj = —Dj_(r41) for i=2,7 and 1<j—(r+1)<i,

and j—(r+1)=4i,

agq; =p for i=2r
ag2); =0 for i=2,r and i<j—(r+1)<r+1
Then
Dy Co Cs Cy .. C..1 C. O
—Dy I 0 0 0 0 0
Dy Do Cs Cy .. C.—1 Cp O
D — —D1 —DQ 1% 0 0 0 0
D, D, D3 Dy .. D..1 C. 0
—D1 _D2 —.D3 —D4 —DT,1 1% 0

{ agrg1); = A; for 1 <5 <7 a1 = i
azrq2); = —A; for 1<35 <7 a@ri2)es1) =0.
Then
E _ Al AQ A3 A4 AT‘ 2
A —Ay —A3 —-Ay ... —A. 0)°
6) F = (a;;) with
a@r+1)j = Dj—(ry1y for 1<j—(r+1)<r and j=(r+2),(2r+1),

a2r41)(2r+2) = 0,
a@r+2)j = —Dj—(r1y for 1<j—(r+1)<r and j=(r+2),(2r+1),

A(2r4-2)(2r4+2) = M-
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Then

f_(Di D2 .. Do 0
o —D1 —D2 —DT 1% ’

Proof. From the proposition 3, the system (II]) is equivalent to (IV).

Put P(u) = detM(p), then p € R* is an eigenvalue of A' if and only if M(u)
is not invertible, i.e. P(u) = 0.

Remark 4 Let p be a real eigenvalue of Al. If u satisfies

(H11)  P(u) = P'(u) = P"(p) = ... = P*(u) = 0 and P2*+!(u) #£0, g €N,
then it is an eigenvalue with odd algebraic multiplicity 2q + 1.

If p is a simple eigenvalue of A!,i.e ¢ = 0, then

(H12)  P(u)=0and P (p) # 0.

From theorem 4 we have

Corollary 3 If (H2) — (H8) and (H11) are satisfied with p € R*, then (1) — (4) has
a bifurcated branches of solutions from (0, z=1).

From theorem 5 we have

Corollary 4 If (H2) — (H8) and (H12) are satisfied with u € R*, then (1) — (4) has
exactly two bifurcated branches of solutions I'; and I's from (0, u~1).

Proposition 4 Let A, =0 for k=1,...,7 — 1. We have

o P(u)=put? H(,u + By), moreover the eigenvalues of A! are 0 and —By,.
k=1
o If there exists kg € {1,...,r} such that By, # Br, Vk € {1,...,r}/{ko} and
By, # 0, then — By, is a simple eigenvalue of A.

Let by, = tick +itp(dg —ag) withk=1,...,r — 1, we have
(H13) ko € {]., ey = 1} such that dk‘(] 75 —TkoCho » dko + troCry 75 di + tgcr Vk €
{1,...,7 = 1}/kg and dy, + tgyCry # Ar + ity + d.
(H14) b, # cot2 + (dy — ap — ¢ )t — d, and dy + treg # —cot2 + (ar +cp — dp )t +
dr +b, Yk € {1,...,r — 1}.

Remark 5 If (H13) is satisfied then 4 = —By, is a real simple eigenvalue of
Al and By, # 0.
If (H14) is satisfied then = — B, is a real simple eigenvalue of A and B, # 0.

From theorem 5, we have

Corollary 5 If (H2) — (H8) and (H13) are satisfied then (1) — (4) has exactly two
bifurcated branches of solutions I'y and I's from (O, ka_Ol) with ko € {1,...,7—1}.
If (H2) — (H8) and (H14) are satisfied, then (1) — (4) has exactly two bifurcated

branches of solutions I'; and I'y from (0, —B ).
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4. EXAMPLES

In this section we give some examples to illustrate the applications of our results.

Example 1 Counsider the following homogeneous boundary value problem of (1) —

(4)
u' () = \f (t,u(t),u’(t)) . te(0,1), t#t,
Aulty) = Mg (u(tk),u’ (tk)> C k=1,....r, -
A (t) = My (u(tk),u’ (tk)> ,
u(0) = u(l) =0,

where f(¢,0,0) =0, 7,(0,0) = 0 and 6;(0,0) = 0. We have

H(u,\) = )\/G(t,s)f (s,u(s),u/(s)) ds
+ AOZ [nk (u(tk),u’(tk)) o (u(tk),u’(tk)) (t—tk)}

0<tp<t
_ )\ti [ (), (0)) + 0 (ult),u' (0)) 1= t)],  weer,
k=1

On the one hand, for g(t, 0,0) = ?(t, 0,0) =0 Vt¢e I, we have
Z )

< 1. So from corollary 1, there exists § > 0 such that for
L(PC2(1))
A — A*| < 4, the problem (7) has a unique solution (u, A).
It ‘ OH

OH , .,
If Hau(o,A )

—(0,\%) > 1, we investigate the existence of bifurcated branches of
Ou (PO (1)
solutions. Then

1
apt) = Y [P0,00pt) + 2 (0,0)¢ (1)

1
k
or
O<tr<t Y

+ > [%(O,O)w(tkﬂ%(O,O)w'(tk)}(t—tw

0<tp<t

_ S [P M 010
> [ B (0,0)() + 0,00 (1)

_tr[%

L 0, 00ptt6) + 20,00 (1) (1 ).

k=1 0y
So, the existence of bifurcated solutions of (7) is equivalent to (1) — (4). Hence, we
can apply corollaries 3-5 to prove existence of bifurcated solutions of (7).
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onp, ony, 06y, 00y,
F _ = — = —_— = — = h
or —~ (0,0) By (0,0) =0 and 5 (0,0) 9y (0,0) = 0, we have
1
- of of ,
Aplt) = [ Gt5) (5 (5.0.0):009) + 5 (5,0,0)45'(5) ).

0

So, the existence of bifurcated solutions of (7) is equivalent to (II) (see [3]).

Example 2 Consider the following two point boundary value problem for second
order impulsive differential equation

u'(t) = f(t,u(t),u/(t),)\) t#t
) = Ayu(tr) (8)

where f(¢,0,0,) = O,ﬁ(t,(),(),)\) =0, ﬁ(t,O,O,)\) =0 Vteland~y,y €R".

ox oy
We have

Hu,\) = / G(t.3)f (s,us).u (), A) ds = M [yu(t) +7'w (1) (1~ 11)]
i)\ 3 [yu(tl) o ()t — tl)} .

o<t <t

0H
If |2 < 5 , then [|—=—(0,\*) < 1. So from corollary 1, there

(v + 11 ou S(PC2(I))
exists 6 > 0 such that for |[A —A*| < J, the problem (8) has a unique solution (u, \).
For [\ > —————=
_ 2(1v1+ 11
solutions. Then

Alp(t) = =t [re(t) +7'¢ () —1)] + D7 [reltn) +7'¢ ()t — 1)

o<ti <t

, we investigate the existence of bifurcated branches of

p € R* is an eigenvalue of A! if and only if there exist g, a1, B, 81 such that
satisfies the following system with four equations

pBo =0,

(H + Bl)% + C180 =0,
Ay + poy + D1y = 0,
—Ayag — D10 + pB1 = 0,

where Ay = (y — 4 )t1, Bi = (y =7 )t1++ and C; = Dy =~.
The matrix M (u) is given by

0 0 u 0
p+(y =)+ 0 4 0

M = ’
W) (y=7)h pooy 0
—(y =)t 0 — nu
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Let P(u) := det M(u) = p? (u + (=)t + 7/)-

If v = 4 we have exactly two bifurcated branches of solutions I'y and I's from

0,(=)71) .

If v # v and t; # —
Y=

Al. From corollary 4, (8) has exactly two bifurcated branches of solutions I'; and
’ ’ -1
szr0m<0,(—(7—7)t1—7) >

/ 1
Remark 6 In [26], the authors consider the problem (8) with v = —y and ¢; = 2

’

, then = —(v — 'y/)tl — 7/ is a real simple eigenvalue of

’

1
But in our case we must have t; # /7 = 3 So , for this case we need to use
Y

-

an other approach.
, 1
If v = —y and t; # 3 then (8) becomes

u'(t) = f(t,u(t),u' (t), A), t# ty,

Aul(tl) = )\’)/U(tll), (9)
Au (t1) = —Myu (t1),
u(0) =u(l) =0.
1 0H N .
If I\ < TR then Ha—(o,)\ M epe2ryy < 1. So from corollary 1, there exists
v U
0 > 0 such that for |\ — A\*| < J, the problem (9) has a unique solution (u, A).
1
For |A\*| > m, we investigate the existence of bifurcated branches of solutions.
Then
Alp(t) = =t [rp(t) =19 (A —t)] + D7 [re(ta) = ¢ (1)~ 1)

o<t <t
and P(u) = det M (p) = (u + (2t — 1)) From corollary 4, (9) has exactly two

-1
bifurcated branches of solutions I'y and I'y from <0, ( — (2t — 1)) > .

Example 3 Consider the following two point boundary value problem for second
order impulsive differential equation

W) = f (t,u(t),u' (1), /\) bt

Au/(tk) = /\’)%U(/tk)y k=12, (10)
Au (t1) = Mg (tg),
u(0) = u(1) = 0.

1

If |\ < )

VS ST T+ T+ 1D
lary 1, there exists 6 > 0 such that for |[A — A*| < 4, the problem (10) has a unique
solution (u, A).

For |A*| >
Or||72

OH
then ||%(O,A*)H£(‘DCZ(I)) < 1. So from corol-

1

, we investigate the existence of bifurcated
(Iml =+ el + 1G] +1¢)
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branches of solutions. Then
2

Alp(t) = D7 [awplte) + G ()t = t0)| =t [ mee(ta) + e () (1 — )]

0<tp<t k=1
1 € R* is an eigenvalue of A! if and only if there exist ag, a1, as, o, 81,582 € R
such that p satisfies the following system with 6 equations
:uﬁo = 07
(M + Bl)% + Baay + C16p + G281 = 0,
Ajag + (M + Bz)m + D18 + C21 =0,

—Arog — Do + B =0,
Aiag + Asaq + pae + D18y + Do =0,
—Arag — Ayory — D1 By — Daffy + B2 = 0,

where Ay = (v — Ci)tk, Br = (V6 — Ce)tr + G and Ck = Dy, = .
The matrix M (u) is given by

0 O 0 pux 0 0
un+ B, By 0 (&1 Cy O
_ Al 12 + BQ 0 D1 02 0

M) =1 _y, 0 0 -Dy pu 0]
Al AQ 1% D1 DQ 0
—A; —A2 0 =Dy Dy p

P(p) = det M(p) = p* [* + p(By + Bz) + A1(Cy — Bs) + B1Bs] .
i is an eigenvalue of Al if it is equal to zero or it is a solution of the following
equation

—~

Py(p) = p® + p(By + Bs) + B1By + A1Cy — A1 By = 0.
Casel: For v; = (; we have A} = 0, then Pj(u) = p? + u(By + Bs) + B1 B>
and AU« = (Bl + B2)2 - 43132 = (Bl - 32)2. So Pl(/,é) = (/,[,—|— Bl)(/,l, + Bg) and
P(p) = p*(p + B1)(p + Bz). Then
—By (resp. —Bs) is a simple eigenvalue if By # By # 0 (resp. By # B # 0),
—B; and — By are simple eigenvalues if By # By and B; Bs # 0.
We deduce from corollary 5 that the problem (10) has exactly two bifurcated

branches of solutions from (O, (=B1)™!) and two bifurcated branches of solutions

from (0,(—32)_1) if —B; and —Bs are simple eigenvalues i.e. ByBs # 0 and
By # Bs.

Case2: For v; # (3 and

(71 = ¢t + G + [(r2 — G)t2 + ) > 2[(72 — G2)Cita + GG — (1 — C1) (2 —
Cg)tltg — (’}/1 — Cl)(CQ — 2’}/2)t1], we have Al(C2 - Bg) + B1B2 }é 0. Then n e R* is
an eigenvalue of Al if p1 is a solution of Py (i) = 0.

The discriminant of Pj(u) is

Ay = (=t +GP+ (2 — Q)2+ ¢)?
+ 2[(n — )2 — G)tata — (71 — C1) (G2 — 272)t1 — (72 — C2)Cita — (1G2] > 0.

So

u2 = —(m = ¢t — (2 —C2)ta — C1 — G2 — \/E
1

o 2
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and
—(m1 =Gt — (2 — @)t — 1 — G+ A,
2

are simple eigenvalues of A'. Then, from corollary 4 we have exactly two bifurcated
branches of solutions from (0, (1)) and two bifurcated branches of solutions from

(0, (u3)1).

Remark 7 In [17], the authors consider the problem (10) with {; = ¢, = 0, in
this case (10) becomes

ps =

u'(t)=f (t,u(t),u' (t), /\> .t b,

Aul(tk) = )\’qu(tk% k= 17 27 (]_1)
Au (tk) = O,
u(0) = u(1) = 0.
1 0H
If V] < ————, then ||[—=—(0,\*) < 1. From corollary 1, there
2(|yl + |2l) du (PC2(I))

exists 6 > 0 such that for |\ — A\*| < §, the problem (11) has a unique solution
(u, N).
1
For |\*| >
or [\*| > 5

(|7l + [r2l)
solutions. We have

, we investigate the existence of bifurcated branches of

[ V)

Alo(t) = Z [veep(te)] — tz [k (te)]

0<tp<t k=1

and P(u) = det M(p) = p* [p? + p(yity + yate) + 1v2te] -
If 1 = 0 and v # 0, then P(u) = p®(p+2te). From corollary 5, the problem (11)
has exactly two bifurcated branches of solutions I'l and T'} from (O, (7"}/2152)71).

If 71 # 0 and (y1t1 + Y2t2)? > 4y172t1, then

2 = =1ty — Y22 — \/(71?51 +72t2)? — 4172t
2 =
2

and

—y1t1 — yata + / (it + Y2t2)? — dyiyety

2
are simple eigenvalues of A*. Corollary 5 implies that the problem (11) has exactly
two bifurcated branches of solutions I'f and I'§ from (0, (u?)™!) with i = 1,2.

ps =

5. CONCLUDING REMARKS

In this work, we have considered the existence and multiplicity of branches of
solutions of second order impulsive differential equation with real parameter \. We
have used a different approach then that used in [3] since the non linear term in
the differential equation is depending implicitly on the parameter \. It will be very
interesting to consider the case with both nonlinear term and impulse functions
depending implicitly on the real parameter. The two approaches used in this work
and in [3] can not be applied to such case.
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