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M-POLYNOMIAL AND DEGREE-BASED TOPOLOGICAL
INDICES OF GRAPHS

B. BASAVANAGOUD AND PRAVEEN JAKKANNAVAR

ABSTRACT. For a graph G, the M-polynomial is defined as M(G;z,y) =
3= mi;(G)zy?, where myj, (3,5 > 1), is the number of edges uv of G such
i<j

that dg(u) = ¢ and dg(v) = j. The topological indices play an important role
in determining physico-chemical properties of chemical graphs, among them
the degree-based topological indices can be easily driven from an algebraic
expression corresponding to the chemical graphs called M -polynomial. In this
note, we first compute M —polynomial of some special graphs. Further, we de-
rive some degree-based topological indices of these graphs from their respective
M —polynomial.

1. INTRODUCTION

Throughout this paper, by a graph G = (V, E) we mean a simple, undirected,
finite graph of order n and size m. Let V(G) and E(G) denote the vertex set and an
edge set, respectively. The degree dg(v) of a vertex v € V(G) is the number of edges
incident to it in G. Let {vy,va,...,v,} be the vertices of G and let d,, = dg(v;).
The line graph [13] L(G) of a graph G is a graph whose vertex set is one-to-one
correspondence with the edge set of the graph G and two vertices of L(G) are
adjacent if and only if the corresponding edges are adjacent in G. The subdivision
graph [13] S(G) of a graph G is the graph obtained by inserting a new vertex onto
each edge of G. The product [9, 13] G x H of graphs G and H has the vertex set
V(Gx H)=V(G)x V(H) and (a,z)(b,y) is an edge of G x H if and only if [a = b
and zy € E(H)] or [x = y and ab € E(G)]. The corona [9, 13] G o H of graphs
G and H is a graph obtained from G and H by taking one copy of G and |V (G)|
copies of H and then joining by an edge each vertex of the i*" copy of H is named
(H,i) with the i*" vertex of G. The join [I3] G| + G of two graphs G and Gy is
the graph obtained from G; and G2 by joining every vertex of G to all vertices of
G4. For undefined graph theoretic terminologies and notions, refer to [13 [15] 23].

It is always interesting to find some properties of graphs which are invariant.
Topological indices and polynomials are foremost among them. Over the last decade
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there are numerous research papers devoted to topological indices and polynomials.
Several topological indices have been defined in the literature. For details of topo-
logical indices one can refer to [7, [I6]. For different topological indices and their
applications one can refer to [Il 2 [3, 10, 11, 12]. The general form of degree-based
topological index of a graph is given by

TIG) = Y. flda(u),dg(v))

e=uwveE(G)

where f = f(z,y) is a function appropriately chosen for the computation. Table
gives the standard topological indices defined by f(z,y).

There are many graph polynomials too [4] [25]. The Hosoya polynomial is the
most well-known polynomial which plays a vital role in determining distance-based
topological indices such as Wiener index [24], hyper Wiener index [4] of graphs. The
M —polynomial [5] is one among other algebraic polynomials which was introduced
in 2015 and useful in determining many degree-based topological indices (listed in
Table[)) [7,16]. Recently, the study of M — polynomial are reported in [I8, 19, 20].

Definition 1. [5] If G is a graph, then M —polynomial of G is defined as
M(G;z,y) Zm” J, (1.1)
1<j

where m;j, (1,7 > 1), is the number [6] of edges uwv in G such that dg(u) =i and
dg(’l}) = ]

TABLE 1. Operations to Derive degree-based topological indices
from M —polynomial [5].

Notation Topological Index f(z,y) Derivation from M (G;z,y)
Mi(G) First Zagreb z4+y  (Dy+ Dy)(M(G;2,y))|amy=1

M5 (G) Second Zagreb Y (DeDy)(M (G52, y))|p=y=1

™ My(G) Second modified Zagreb ;]le (S2Sy) (M (G 2,y))|p=y=1

Sp(G) Symmetric division index % (DzSy + DySz)(M(G; 2, y)) |e=y=1
H(G) Harmonic %ﬂ/ 28, J(M(G;2,9))|x=1

L.(G) Inverse sum index s Sz D Dy (M(G; 2, y))|a=1

where D, = :ciafg;’y), D, = yafg;y), Sy = [

J(f(x,y)) = f(z,z) are the operators.

w Ll gy g, = [V @D G4 and

2. M-POLYNOMIAL OF SOME SPECIAL (GRAPHS

Proposition 2.1. The M -polynomial of a path, a cycle, a complete graph, a com-
plete bipartite graph, a wheel, a star and a double star are as follows:
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(i) For a path P, of order n, we have
M(P,;z,y) = 2xy* + (n — 3)xy>.
(ii) For a cycle Cy, of order n, we have
M(Cp;z,y) = nxy>.

(iii) For a complete graph of order n, we have

M(Kp;z,y) = (Z)x”lynl.
(iv) For a complete bipartite graph K, of order a + b, we have
M(Kop;x,y) = abz®yP.
(v) For a wheel W,, of order n+ 1, we have
M (W, z,y) = nz®y® + nady™.
(vi) For a star S, of order n+ 1, we have
M(S,;z,y) = nay”.
(vii) For a double star Sqp of order a + b+ 2, we have
M(Sap;2,y) = azy®* + byt 4+ g0t 1ybH,

Definition 2. The vertex splitting graph [22] S'(G) of a graph G is obtained from
G by adding for each verter v of G a mew vertex v’ so that v' is adjacent to every
vertex that is adjacent to v.

Theorem 2.2. If G is a graph of order n and size m with the M -polynomial
M(G;z,y) = Y. my;(G)aty?, then
i<j

M(S'(G)iay) = Y mig(S'(G))a'y’ =Y mi(G)a'y™ + ) map(G)ay",
i< i< a<b
mij (G) fora=ib=2j and i+#j,

where map(G) = { 2m;; (G) fora=1ib=2j and i=j.

Proof. By definition of vertex splitting graph, we have the degree of the original
vertices of G in S'(G) is twice the degree of that vertex in G while the degree of the
duplicates of those vertices are the same as the degree of corresponding vertices in
G. Therefore, we have the following:

mi;(G) fora=1i,b=2j and i+ j,

Mai2;(5'(G)) = mi;(G) and may(G) = { 2mi;(G)  fora=ib=2j and i=j.

Thus, we get the desired result by substituting these values in Eq. (1.1)). O

Definition 3. The edge splitting graph [14] Ls(G) of a graph G is a graph with
verter set E(G) U E1(G) with two vertices adjacent if they correspond to adjacent
edges of G or one corresponds to an element e;' of E1(G) and the other to an

element e; of E(G) where e; € N(e;).
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Theorem 2.3. If G is a graph of order n and size m with the M -polynomial
M(G;z,y) = Y mij(G)x'y?, then
1<y

M(Ls(G)iwsy) = 3 mis(Ls(G))a'y’ = Y mig (L(G)Z*y™+)_man(L(G))“y",
i<y i<j a<b
mi;(L(Q)) fora=i,b=2j and i# j,

where may(L(G)) = { 2m;; (L(G)) fora=1ib=2j and i=7j.

Proof. By definition of edge splitting graph, we have the degree of the original
vertex of L(G) in Lg(G) is twice the degree of that edge vertex in L(G) while the
degree of the duplicates of those vertices are the same as the degree of corresponding
vertices in L(G). Therefore, we have the following:

s 15(0) = mU) and ma(t(@) = { U HOD  Jra b= 14

Thus, we get the desired result by substituting these values in Eq. (L.1)). O

Definition 4. The shadow graph [9] D2(G) of a connected graph G is constructed
by taking two copies of G, say G', G" and joining each vertex v' in G’ to the
neighbors of the corresponding vertex v in G”.
Theorem 2.4. If G is a graph of order n and Dy(G) is the shadow graph of G,
then
M(D2(G);z,y) = Z Am; (G y?.
i<j

Proof. Let Do(G) be the shadow graph of a graph G of order n which has 2n vertices
and 4m edges. Then we have by definition of shadow graph dp,(c)(v') = 2da(v)
for each v' € V(D2(G)) corresponds to v € V(G). Thus,
‘E{2i72j}| = |’U/U S E(DQ(G)) : du =2¢ and dv = 2’L|

= 21V € BE(G") :dy =1 and dy = j|+2u"v" € E(G") : dy =i and dy» = j|

= QmU(G) + 2mij(G)
Thus, the M — polynomial of Ds(G) is

M(D2(G);w,y) = Zmij(Dz(G))miyj = Z4mij(G)x2iy2j~

i<j 1<j

Corollary 2.5. If G is an r-reqular graph of order n and size m, then
M(D3(G);a,y) = dma™y*"

Definition 5. For a graph G = (V(G), E(G), the Mycielskian [21] u(G) of G is
a graph with vertex set consisting the disjoint union V(G) U V'(G) U {u}, where
VI(G) = {2’ : x € V(G)}, and the edge set E(G)U{z'y: a2y € E(G)}U{a'u:2' €
V'(G)}.
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FIGURE 1. The graph G with its vertex splitting graph S’(G), line
splitting graph Ls(G), shadow graph Ds(G) and Mycielskian p(G).

Theorem 2.6. If G is a graph of order n and size m with the M -polynomial
M(levy) = Z ij(G)'L'Zyjy then
i<j

M(u(G)iz,y) =Y mii(G)a*y + >~ man (G)a”y",

i<j a’<b’

where a’ = min{a,b}, b’ = max{a,b}, and for i’ = min{i,j}, i’ = max{i,j}

mi o (G) ifa=i+1,b=2j and i#j,
mey (G) =9 2my;(G) ifa=i+1,b=2j and i=j,

{v:d, =i} ifa=i+1,b=n for i=1,2,...n—1.
Proof. By definition of mycielskian of a graph, we have the degree of the original

vertices of G in pu(G) is twice the degree of that vertex in G, the degree d,, ) (vj) =
dg(vi) + 1 of the duplicates v} of v; € V(G) and the degree of the vertex u € u(G)
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is m. Therefore, we have the following:

Mai2; (1(G)) = mi;(G)

and
ma/b/(G) = 2mi/j/(G) ifa=i+1,b=2j and i =j,
Hv:d, =i} ifa=i1+1,b=n for i=1,2,...,n—1.
Thus, we get the desired result by substituting these values in Eq. (1.1). O

Corollary 2.7. If M-polynomial of Mycielskian of a graph G is
M(u(G)z,y) =D mi(G)a®y™ + > ma (G)z®y"”

i<j a’ <b’
then
M(u(@) = 2 (i+7)mi(G)+ Y (@ +V)maw (G),
i<j a’ <b’
My(u(G)) = 4> igmi(G)+ Y a't'maw (G),
i<j a’ <b’
m 1 ™mis G Map G
Moy = 33 MGy g Ml
i<j J a’<b’
_ (i + j*)mi; (G) (@ + ) may (G)
Sp(u(@) = Z 5 + Z; oy :
zgmlj a b Mapy (G
Hu@) = Y, ) 4 > ),
i<j (#+7) a’ <b’ +b/
L(w@G) = > ij(i+j)my(G) + Z a'b(a + b )may (G).
i<j a’<b’

Proof. We get the desired results by applying the appropriate operators to M-
polynomial of u(G). O

Definition 6. [8] Let P3 be the 3-vertex tree rooted at one its terminal vertices.
See Fig. [3 For k = 2,3, ... construct the rooted tree By, by identifying the roots of
k copies of P3. The vertex obtained by identifying the roots of Ps-trees is the root
of By. The illustrative structure of the rooted tree By, is depicted in Fig. [3

Definition 7. [§] Let d be an integer and B1, B2, ..., Ba be rooted trees as specified
in Definition [0 i.e., B1,B2,...,84 € {B2,Bs,...}. A Kragujevac tree Ty, is a tree
possessing a vertex of degree d, adjacent to the roots of By, B2, ..., Ba.- This vertex is
said to be the central vertex of Ty. The subgraphs (1, B2, ..., B4 are the branches of
Ty. Note that, some (or all) branches of Ty, may be mutually isomorphic.

Theorem 2.8. If T}, is a Kragujevac tree with By, B2, ..., B4 € {Ba, Bs, ...} branches,

then
M(Tk§$7y)=ZZk Ty —|—Zlk xzyHl‘Fkad i+l
i>2 i>2 i>2

where k; = |{B; : Bi is a branch of Ty, such that B; = B;}| for i > 2.
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FIGURE 2. The rooted trees By’s and the Kragujevac tree Tj.

Proof. By definition of Kragujevac tree Ty, we have > ik; vertices of degree 1,
i>2

> ik; vertices of degree 2 and k; vertices of degree ¢ + 1. Therefore, the edge

i>2

partition of T} is given as follows:

|Eaayl = |lweB(Ty) dy=1 and d, =2[ = ik,
i>2

luv € E(Ty) : dy =2 and d, =i+ 1| =ik,

luv € E(T) : dy =d and dy =i+ 1| = k.

|Eq2,i13l
|E{d,i+1}|

Thus, the M — polynomial of T}, is

M (Ty;z,y) = Z mi; (Ti)x'y’ = Z ikizy® + Z ikix®y™t + Z kxdyttL,

i<j i>2 i>2 i>2

Corollary 2.9. If M-polynomial of Kragujevac tree Ty, is

M(Ty;z,y) =Y ikiwy® + Y ikia®y"™ + ) katy™,

i>2 i>2 i>2
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then
M(Tw) = Y (+7Ti+d+ 1)k,
i>2
My(Ti) = Y (2 + (4+d)i + d)ki,
i>2
(1% + 5i + 2d)
MMy (Ty) = Tk,
2(Th) ; 2(i + 1)
(7i% + 13i + 2d + 2)
S T = ki7
p(T) ; 2(i 4 1)
2i3 +2(d + 7)i% +6(2d + 3)i + 18
H(T,) = Z( ( ) ( ) )ki,

< 3(i+3)d+i+1)

3 (8 + (11d +20)i® + 12(2d + 1)i + 9)

1(Tx) 3(i+3)(d+i+1)

7.

i>2
Proof. We get the desired results by applying the appropriate operators on M-
polynomial of T}. [

The definitions of the special graphs used in this paper can be found in [9]. In this
section, we obtain M — polynomials of some special graphs. We also derive some
topological indices (mentioned in section 1) of these graphs from the respective M —
polynomials.

Definition 8. The book graph B, = Spm, x Ps is a graph with 2(m+ 1) vertices and
(3m+ 1) edges, where Sy, is a star of order (m+1) and Py is a path of length one.

Theorem 2.10. If By, is a book graph of order 2(m + 1) and size (3m + 1), then
M(By,;x,y) = ma®y? + 2ma?y™ T 4 pmHymtL

Proof. The book graph B,,, has 2(m + 1) vertices and (3m + 1) edges. The edge
set of B,, can be partitioned as,

|Eg,2y| = |uwwe E(By):d,=2 and dy, =2| =m,
|Eminyl = |uw € E(Bp):dy =2 and d, =m + 1| =2m,
|Egmsime1y] = |ww € E(By) dy=m+1 and d, =m + 1]

= |E(Bm) - ‘E{2,2}| - |E{2,m+1}| =1

Thus, the M — polynomial of B,, is
M (B, y) = 3 mij(Bm)a'y’ = ma?y?® + 2ma?y™ 1 4 amHym el

1<
(]
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Corollary 2.11. If M-polynomial of the book graph B, is M (By;xz,y) = ma?y?+
2maly™tl 4 gyt then

My(B,,) = 2(m?+6m+1),
My(B,,) = 5m?+10m+1,
m3 4+ 6m? + 5m + 4
MMy (By,) = )
2(Bim) 4(m? +2m + 1)
m3 4+ 4m? + 9m + 2
S Bm - )
D(Bm) o
m3 +12m? + 13m + 6
H(Bm) = 2 I
2(m?+4m +3)
11m? +1
I(Bm) = m” + 18m + 3

2(m+3)
Proof. We have, the M-polynomial of the book graph B,, as

M (B x,y) = may? + 2may™ Tt 4 gmHlymtL

Therefore,
D, — x@f(axw) — 9may? + dmay™ !+ (m 4 Dy
x
of (z,
D, =y f(azy) = 2maz?y® + 2m(m + 1)z2y™ 4 (m 4 1)z ym T
“fty) m o o 2 m+1 1 +1 1
Sy = dt = — m mtl,m+l
/0 y me + mxy +(m+1)m Y
Y f(x,t) m 2m 1
S — ’ dt: 2,2 2, m+1 m—+1, m+1
v /0 t 2TV T Y Tt Y
J(f(l',y)) = f(iC,.’IJ) = m374 +2mxm+3 +-’172(7n+1)-
Thus, we get
Mi(Bn) = (Dot Dy)(M(Bui,y))lamyor = 2(m* +6m + 1),
My(Byn) = (DuDy)(M(Bp;2,y))|emy=1 = 5m* + 10m + 1,
m? 4+ 6m? +5m + 4
™M Bm = SQZS MBma ; r=y=1 — 5
2Br) = (a8, (M (Bs ) lomymr = "o
3+4m?+9 2
Sp(Bp) = (DuSy+ DySe)(M(Byi,y))emyy = Lt £IME2
m+1
m3 +12m? + 13m + 6
H(B,,) = 2S;J(M(Bn;x,y))|z=1= )
(Bn) (M(Bys )| = " 2 s
11m? + 18 3
[(Bw) = SudDyDy(M(Bum;,y))laey = — b T1OMTS

2(m+3)
]

Definition 9. The Ladder L, = P, X P is a graph of order 2n and size (3n — 2),
where P, and Py are two paths of length (n — 1) and 1, respectively.

Theorem 2.12. If L, is a ladder, then
M (Lp;x,y) = 22%y* + 42y + (3n — 8)a3y®.
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1.0

FIGURE 3. Plot of M-polynomial of the book graph B

Proof. The ladder L,, has 2n vertices and (3n — 2) edges. The edge set of L,, can
be partitioned as,

|Eg2y| = |luwwe E(Ly):dy,=2 and d, =2| =2,
|E3y| = |uwwe E(Ly):d,=2 and d, = 3| =4,
|Esy = |uwwe E(Ly):d,=3 and d, = 3|

= |E(Ln) — |E{272}‘ - |E{273}| =3n — 8.
Thus, the M — polynomial of L,, is
M(Lp;a,y) = Y mij(Ln)z'y? = 22%y? + 42%y® + (3n — 8)a3y>. O
i<j

Corollary 2.13. If the M-polynomial of the ladder L, is M(Ly;z,y) = 222y +
4z2y3 + (3n — 8)3y3, then

Mi(L,) = 2(9n— 10),

Ms(L,) = 27n— 40,
6n+>5

m —

M2(Ln) - 18 )
2(9n —5

Sp(Ln) = ¥’
15n —1

HLa) =
45n — 52

I.(L,) = —0

Proof. We have, the M-polynomial of the ladder L,, as

M (Lp;x,y) = 22%y* + 42y + (3n — 8)a3y®.
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FI1GURE 4. Plot of M-polynomial of the ladder Lqg

Therefore,
D, = zaf((;’ y) = 42y? + 827y + 3(3n — 8)z°y?,
D, = yaf(a y) = 4x?y? +122%y3 + 3(3n — 8)2°y?,
Sy = / G dt = 22y 4 2223 + wayB’
4 _
Sy = / t = 222 + —22 3+(3n 8)$3y3’
3 3
J(f(z,y)) = )—2:1c + 4x° + (3n — 8)x 6
Thus, we get
Mi(Ln) = (Dg+ Dy)(M(Lp;2,y))|z=y=1 = 2(9n — 10),
M2(L") = (D$Dy)(M(an €, y))|m:y:1 = 27Tl — 40,
Msy(Ly) = (Su8,)(M(Lyp;x,y))|emy=1 = T
29n -5
Sp(Ln) = (DuSy+ DySe)(M(Ln;,y))|eey_r = %
15m -1
H(L,) = 2S,J(M(Ln;2z,9))|z=1 = T
45n — 52
I,(Ly,) = SzJD;Dy(M(Lyp;z,y))|e=1 = ——

d

The surfaces in Figures [3] and [4] are plotted by using Mathematica. These sur-
faces are obtained by M-polynomial of the respective graph which shows different
behaviours for different parameters m,n,z and y.
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Definition 10. A planar grid P,, X P,, is a graph obtained by the product of two
paths P, and P, of lengths (m — 1) and (n — 1), respectively.

Theorem 2.14. If P,, X P, is a planar grid, then

M (P, x Py x,y) = 82%y° +2(m4n—6)2>y> +2(m+n—4)x3y* +(2mn—5m—5n+12)z*y*.

Proof. The planar grid P, x P, has mn vertices and (2mn —m — n) edges. The
edge set of P, x P, can be partitioned as,

|Epsyl = |uwwe E(PynxP,):d,=2 and d, = 3| =8,
|Egayl = |uwwe E(Py x Py):dy =3 and d, = 3| = 2(m +n — 6),
|Eayl = |uww € E(Pp x Py):dy =3 and dy, = 4] = 2(m +n — 4),

|luv € E(Pp, x Py) :dy =4 and d, = 4|
|E(Pm X Pn) — |E{2’3}| — ‘E{3,3}| — |E{374}| =2mn — 5m — dn + 12.
Thus, the M — polynomial of P, x P, is

| E{4,43]

M(P,, X Pp;z,y) = Zmij(Pm x P,)x'y!
i<j
= 8% +2(m +n—6)23y> + 2(m 4+ n — 4)23y* + (2mn — 5m — 5n + 12)zty*.

]

Definition 11. The prism I1,, = C,, X P» is a 3-regular graph of order 2n and size
3n, where C), is cycle of order n and Py is a path of length one.
Theorem 2.15. If 11, is a prism, then
M(I1,,; ,y) = 3nz’y®.

Proof. Let prism II,, be a 3-regular graph having 2n vertices and 3n edges. The
edge partition of II,, is given by,

|Efs,3y| = |uv € E(I1,,) : dy = 3 and d, = 3| = 3n.
Thus, the M — polynomial of the prism II,, is

M (I 2,y) = 3 my(I)a'y? = 3na’y?. O

1<j

Definition 12. The book graph with triangular pages Bt, = Py + mK; is a graph
with (n+ 2) vertices and (2n+ 1) edges, where Py is a path of length one and mK;
are the m isolated vertices.

Theorem 2.16. If B!, is a book graph with triangular pages having (n+2) vertices

m

and (2n + 1) edges, then
M(By,;z,y) = 2ma®y™ " 4 am Ty

Proof. Let B!, is a book graph with triangular pages having (n + 2) vertices and
(2n + 1) edges. The edge partition of B, is given by,

|Eomi1y] = |uwe E(B):dy=2 and d, =m+ 1| =2m,
|E{ms1me1y] = |uv € E(B!):dy,=m+1 and d, =m +1|
= |E(B,) ~ |Ezminy] = 1.
Thus, M(B!,;z,y) = > mg;(BL)xtyd = 2ma?y™ Tt 4 gmtiym+l O

1<
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Definition 13. The corona P, o K1 of a path P, of length (n — 1) with an isolated
vertex K1 is called a comb graph and the corona P, o 2K, of a path P, of length
(n — 1) with two isolated vertices 2K is called a double comb graph.

Theorem 2.17. If P, o K1 is a comb graph, then
M(P, o Ky1;x,y) = 2xy* + (n — 2)xy® + 222y + (n — 3)2y>.

Proof. The comb graph P, o K; has 2n vertices and (2n — 1) edges. The edge set
of P, o Ky can be partitioned as,

|Eqoyl = |lweE(P,oKy):dy=1 and d, =2|=2,
|Easyl = |lweEB(P,oKy):dy=1 and d, =3| = (n—2),
|Eg231] = |uwe E(P,oKy):dy=2 and d, = 3| =2,
|Eiayl = |uve E(P,oKy):d, =3 and d, = 3|

|E(Pn o K1) — |Epoy| — [Ep syl = [Eggyl =n—3.
Thus, the M — polynomial of P, o K1 is
M(PyoKiszyy) = Y m(PyoKy)a'y

1<j

= 22y + (n — 2)zy® + 22%y% + (n — 3)2°y>.

Theorem 2.18. If P, 0 2K, is a double comb graph, then
M (P, 0 2K1;z,y) = 4xy® + 2(n — 2)zy* + 223y* + (n — 3)ay*.

Proof. The double comb graph P, o 2K; has 3n vertices and (3n — 1) edges. The
edge set of P, o 2K; can be partitioned as,

|Eqasyl = |uwe BE(P,02K,):dy, =1 and d, = 3| =4,
|Eqal = |we E(P,02K,):d, =1 and d, = 4] =2(n —2),
|Eg gl = |uwwe BE(P,02K,):d, =3 and d, = 4] =2,

|Eqaayl = |uww e E(P,02K,):d, =4 and d, = 4|
= |E(Ppo2Ky) = [Epgy| = [E,g] — [Eial=n-3.
Thus, the M — polynomial of P, o 2K; is

M(P,02Ky;2z,y) = Zmij(Pn 0 2K )x'y’
1<y
= day +2(n - 2zy* + 22%y* + (n — 3)ztyt
U

Definition 14. A jelly fish J(m,n) is a graph obtained from a cycle Cy : uxvyu by
joining x and y with an edge and appending m pendant edges to u and n pendant
edges to v.

Theorem 2.19. If J(m,n) is a jelly fish graph, then
M(J(m,n);z,y) = may™ 2 + nay™ 2 4+ 223y T2 4 223y T2 4 235,
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Proof. The jelly fish graph J(m,n) has (4 +m +n) vertices and (5+m +n) edges.
The edge set of J(m,n) can be partitioned as,

1B my2yl = |we E(J(m,n)):d, =1 and d, =m+2|=m
B g2yl = |uww e E(J(m,n)):d, =1 and d, =n+2| =n,
B mi2y] = |we E(J(m,n)):d, =3 and d, =m +2| =2,
B2yl = |uw e E(J(m,n)):d, =3 and d, =n+2| =2,
|Eay = |luwwe E(J(m,n)):dy =3 and d, = 3|
|E(J(m,n)) = |Egrme2y] = [Egnroy] = [E@mioy| — By = 1.
Thus, the M —polynomzal of J(m,n) is
M(J(m,n);z,y) = Zmij(J(m,n))xiyj

i<j
= mz ym+2+nxyn+2+2x3 m+2_’_2x3 n+2+x3y3.

O

Definition 15. A butterfly graph By, ts obtained from two even cycles of the

same order n for n > 3, sharing a common vertex with m pendant edges attached
at the common vertez.

Theorem 2.20. If By, is a butterfly graph, then
M (BYm ni 7, y) = may™ ™ + 42?2y + (2n — 4)2y>.

Proof. The butterfly graph By, , has (2n +m — 1) vertices and (2n + m) edges.
The edge set of By, , can be partitioned as,

Bt meay] = |uww € E(BYymn) i du =1 and d, =m + 4| =m,
|Efgmyay| = |uwv € E(Bymn) i dy =2 and dy, =m +4| =4,
|Eol = |uww € E(Bymn):dy =2 and d, = 2|

= [EBYmn) = 1B mray| — [Egmiay| = 2n — 4.
Thus, the M — polynomial of By, ,, is
M(Bym,n§ xz, y) = Z ey (Bym,n)x yj
i<j
= may™ ™ + 42®y™ T 4 (2n — 4)2?y>

O

Definition 16. The triangular snake [I7] T,, is a graph obtained from the path P,

of length (n — 1), by replacing each edge of the path by a triangle Cs.

Theorem 2.21. If T, is a triangular snake, then

M(Tp; 2, y) = 22%y* 4+ 2(n — Day* + (n — 3)aty?.
Proof. Let triangular snake T, be a graph having (2n — 1) vertices and 3(n — 1)
edges. The edge partition of T3, is given by,

|Era0y] = |wwe E(T,):d,=2 and d, =2| =2,
|[Epq| = |uweE(T,):d,=2 and d, =4 =2(n—1),
|Eiaay] = |luwwe E(T,):d,=4 and d, = 4|

|\E(T)| — ‘E{22}|* |E{24}| =n-3.
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Thus, the M — polynomial of T,, is
M(Tosa,y) = 3 my (To)a'y? = 20792 +2(n — 1)ay* + (n— 3)a'y™.
i<j

O

Definition 17. The double triangular snake DT, is a graph consisting of two tri-
angular snakes that have a common path. i.e., a double triangular snake is obtained
from the path P, : ujusg...u, by joining u; and u;+1 to a new vertexv;, (1 <i < n—1)
and to a new vertexr w;, (1 <i<n-— 1).

Theorem 2.22. If DT, is a double triangular snake, then
M(DTy; 2, y) = 422y® 4+ 4(n — 2)2%y5 + 22395 + (n — 3)2%°.

Proof. Let double triangular snake DT, be a graph having (3n — 2) vertices and
5(n — 1) edges. The edge partition of DT, is given by,

B2yl = |uwwe E(DT,):d,=2 and d, = 3| =4,
|E26y] = |uwwe BE(DT,):dy=2 and d, = 6| =4(n —2),
|Eey = |luwwe E(DT,):d,=3 and d, = 6] =2,
|Es6y] = |uwwe E(DT,):d,=6 and d, = 6

= |E(DT,)| - |Epay] — |Epe | — [Egel =n—3.
Thus, the M — polynomial of DT, is
M(DT,;z,y) Z mi;(DT,)x'y’ = 42?y® + 4(n — 2)2?y® + 223y° + (n — 3)25y°.

i<j
O
Definition 18. An irreqular triangular snake IT, is a graph obtained from the

path Py, : ujusg...u, with vertex set V(IT,) = V(P,) U{v; : 1 <i <n—2} and the
edge set E(IT,) = E(P,) U {u;v;,vjuiro : 1 <i<n-—2}.

Theorem 2.23. If IT,, is an irregular triangular snake, then
M(IT,; z,y) = 22%y? + 422> + 223y* + 2(n — 4)2%y* + (n — 5)aty™.

Proof. Let an irregular triangular snake IT,, be a graph having 2(n — 1) vertices
and (3n — 5) edges. The edge partition of IT,, is given by,

|E2y| = |luwe E(IT,):d,=2 and d, =2| =2,
|Es| = |luwwe E(IT,):d,=2 and d, = 3| = 4,
|Eay| = |luwwe E(IT,):d,=2 and d, = 4] =2(n —4),
|Eiay| = |luwwe E(IT,):d, =3 and d, = 4] = 2,
|Eiaayl = |luwwe E(IT,):d, =4 and d, = 4|

= |E(IT,)| - |Ep2| — |Eesy| — [Eeagl — [Egayl =n-5.
Thus, the M — polynomial of IT,, is
M(ITy;a,y) =Y mij(IT,)a'y’ = 227y +4a’y*+20%y" +2(n—4)2”y" + (n—5)a"y*

i<j
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Definition 19. The alternate triangular snake A(T,) is obtained from a path
V1Vg...0, by joining v; and vi11 (alternatively) to new vertex v;, that is, every al-
ternate edge of a path is replaced by Cs.

Theorem 2.24. If A(T,) is an alternate triangular snake, then
) [ 22%y% + na?yd + (n - 3)a3y? if n is even,
M{A(T); 2, y) = { 2y® + 2%9y% + (n — 2%y + (n — 3)23y? if n is odd .

Proof. Let an alternate triangular snake A(T},) be a graph having (n+[ % |) vertices
and (n — 14 | §]) edges. The edge partition of A(T},) is given as follows
If n is even, then there will be no pendant edge in A(T},). Therefore, we have
|E{272}| = |w e E(A(T,)) :dy, =2 and d, =2| =2,
|Epsy| = |uwe E(A(T,)) :dy =2 and d, = 3| =n,
|Eiayl = |uwwe BE(A(T,)) 1 dy, =3 and d, = 3|
= [E(A(Tn))| — |Eg223] — |Eg233] =n—3.

If n is odd, then there will be a pendant edge in A(T,,). Therefore, we have

|Eqsy = |uwwe E(A(T,)) :dy =1 and d, = 3| =1,
B2y = |uwwe E(A(T,)) :dy =2 and d, =2| =1,
|Epsy = |uwwe E(A(T,)) dy=2 and d, = 3| =n—1,
|Eay = |uwwe E(A(T,)) :dy =3 and d, = 3|
|E(A(TW))| = [Eqay| = B2y — [Egs ] =n—3.
Thus, the M — polynomial of A(T,) is

w 222y + nz?y3 + (n 3) 3g3 if n is even

. _ = i, ] 3
i<j
[

Definition 20. A double alternate triangular snake DA(T,,) consists of two alter-
nate triangular snakes that have a common path.

Theorem 2.25. Let DA(T,) be a double alternate triangular snake. Then

M(DA(T,):.y) = | 42°0° + (4] 5] =2’y +22% 4 (n = 3)a'y! i is even,
o zyt + 2077 + (4 5] — 2027yt + 2yt + (n - 3)zty? if n is odd.

Proof. Let a double alternate triangular snake DA(T},) be a graph having (n+2[%])
vertices and (n—1+4[% ) edges. The edge partition of DA(T},) is given as follows:
If n is even, then there will be no pendant edge in DA(T,,). Therefore, we have

|E3y| = |uwwe E(DA(T,)) :dy =2 and d, = 3| = 4,
|Eppay] = |we E(DA(T,)):dy =2 and dy, =4 =4 gJ 4,
|E{3,4}| = |uw € E(DA(T,)) :d, =3 and d, = 4] = 2,
|E{aay| = |uv e E(DA(T,)) :dy =4 and d, = 4]
= |BE(DA(T,))| - |E{2 3}| - |E{2 4}\ - |E{3 4}| =n—3.
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If n is odd, then there will be a pendant edge in DA(T,,). Therefore, we have

|Eqayl = |uwwe E(DA(T,)) :dy =1 and d, = 4] =1,
|Eg3y| = |uve E(DA(T,)) :dy =2 and d, = 3| =2,
|Epay| = |we E(DA(T,)):dy =2 and d, =4 =4 LSJ ~9,
|Eiayl = |uwwe E(DA(T,)) :dy =3 and d, = 4] =1,
|Eqaay| = |uv e E(DA(T,)) :dy =4 and d, = 4]
|

= |E(DA(T,))| — |Eqray| — |Epsy| — B4y — [Egzayl =n —3.

Thus, the M — polynomial of DA(T,,) is

M(DA(T,);z,y) = Z m;(DA(T,))z'y’
i<j
42293 + (4 L%J — A2yt + 223y + (n — 3)zty?
eyt + 207y + (4 5] = 2)2y* + 23%y" + (n - 3)z'y?

O

Definition 21. The quadrilateral snake Q.,, is obtained from the path P, by replac-
ing each edge of the path by a quadrilateral Cy.

Theorem 2.26. If Q,, is a quadrilateral snake, then
M(Qn;z,y) = 42°y* + 4(n — 2)2?y".

Proof. Let quadrilateral snake Q,, be a graph having (3n — 2) vertices and 4(n — 1)
edges. The edge partition of @, is given by,

B2y = |luwwe E(Qn):dy=2 and d, =2| =4,
luv € E(Qy) : dy =2 and d, = 4]
[E(Qn)| — |Eq2,23| = 4(n — 2).

|E2,43]

Thus, the M — polynomial of @, is

M(Qusz,y) =Y mij(Qu)z'y’ = 42y +4(n — 2)2y".

i<j

O

Definition 22. A double quadrilateral snake DQ., is a graph consisting two quadri-
lateral snakes that have a common path.

Theorem 2.27. If DQ,, is a double quadrilateral snake, then

M(DQ,;z,y) = 2(n — 1)a?y? + 422> + 4(n — 2)2%y°® 4 223y5 + (n — 3)204S.

if n is even,
if n is odd.
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Proof. Let a double quadrilateral snake D@, be a graph having (5n — 4) vertices
and 7(n — 1) edges. The edge partition of D@, is given by,

B2y = |uwwe E(DQy):dy =2 and dy, =2| =2(n—1),

B3y = |luwwe BE(DQy):dy =2 and d, = 3| = 4,
|Epe = |luwwe E(DQy):dy=2 and dy, = 6] = 4(n —2),
|Eieyl = |luwwe BE(DQy):dy=3 and d, = 6] =2,
|Eey = |uwe E(DQy):d,=6 and d, = 6|

= |E(DQ,)| - \E{2,2}| - |E{273}| - ‘E{2,6}| - |E{376}| =n-3.
Thus, the M — polynomial of DQ,, is
M(DQp;x,y) = Zmij(DQn)miyj = 2(n—1)2?y* +42?y3 +4(n—2) 2>y’ +223y’+(n—3) 25
i<j
O

Definition 23. The alternate quadrilateral snake A(Q,) is obtained from a path
V1V3...0, by joining v;,viy1 (alternatively) to new wvertices v;, w; respectively and
then joining v; and w;. i.e., every alternate edge of a path is replaced by a cycle
Cy.

Theorem 2.28. If A(Q,) is an alternate quadrilateral snake, then

M(A(Qn);z,y) = (2 +2) 22y? + na?y3 + (n — 3)z3y? if m is even,
T L e+ (5] + ) 2y 203 ]aty + (n - 3)aty? if n is odd.

Proof. Let an alternate quadrilateral snake A(Q,) be a graph having (n + 2[5 )
vertices and (3|5 | +n — 1) edges. The edge partition of A(Q,) is given as follows:
If n is even, then there will be no pendant edge in A(T},). Therefore, we have

|Ep2| = |uwwe BE(AQy)) 1 dy=2 and d, =2| = ~ + 2,
|Epsy| = |uwwe BE(A(Q,)) : dy =2 and d, = 3| =n,
|Es3y] = |uv € E(A(Qn)):dy =3 and d, = 3|

= |E(AQn)| — |Eg22y] — By =n—3.
If n is odd, then there will be a pendant edge in A(T,,). Therefore, we have

|Eqasyl = |uwwe BE(AQy)) 1 dy =1 and d, = 3| =1,

Epaoyl = luwe B(AQn) i dy=2 and d, =2/ = | 2] +1,
n

|Eggy| = |we E(AQn)):dy=2 and d, =3| =2 bJ ,

|E{373}\ = |w € E(AQ)) :dy =3 and d, = 3|
= [E(A@n))| = |Eq sy — [Epoy] — [Ega| =n—3.
Thus, the M — polynomial of A(Q,) is

M(A@n)iz,y) = Y mii(AQn))a'y’
i<j
— (% +2) 2%y + na®y® + (n — 3)x%y? if n is even,
Tl (2] et 22 a% + (n—3)2%y® if nds odd.
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d

Definition 24. An irreqular quadrilateral snake I1Q,, is a graph obtained from the
path P, : ujug...u, with vertex set V(IQ,) =V (P,) U {v;,w; : 1 <i<n—2} and
the edge set E(1Qy) = E(Pp) U{uv;, wiuiro:1<i<n-—2}.

Theorem 2.29. If IQ,, is an irreqular quadrilateral snake, then

M(IQn;z,y) = na?y® + dx?y® +2(n — 4)m2y4 + 223yt + (n— 5)xtyt.

Proof. Let an irregular quadrilateral snake 1Q,, be a graph having (3n —4) vertices
and (4n — 7) edges. The edge partition of IQ,, is given by,

B2y = |luwe E(IQ,):d, =2 and d, =2| =n,
|Epsy = |luwe E(IQ,):d,=2 and d, = 3| =4,
|Egoay] = |luwwe E(IQy):dy =2 and d, = 4] = 2(n — 4),
|Eay = |luwwe E(IQ,):d,=3 and d, = 4| =2,
|Eaay] = |luwwe E(IQy):dy =4 and d, =4
- ‘E(IQnN - ‘E{2¢2}| - |E{2,3}| - ‘E{2,4}| - |E{374}| =n-—>5.

Thus, the M — polynomial of IQ,, is

MIQu;z,y) = Z mi;(IQn)z'y = na*y* +42y>+2(n—4)x*y* +22°y* +(n—5)zy*.
i<

O

Definition 25. A double alternate quadrilateral snake DA(Q,,) consists of two
alternate quadrilateral snakes that have a common path.

Theorem 2.30. If DA(Q.,) is a double alternate quadrilateral snake, then

nz?y? + 42y + 2(n — 2)22y* + 223y + (n — 3)xty? if n is even,
M(DA@n);@,y) = { zyt + 2| 2]2%y? + 222 + 2(n — 2)2%y* + 2Pyt + (n — 3)aty? if n is odd.
Proof. Let a double alternate quadrilateral snake DA(Q,,) be a graph having (n +
4|%]) vertices and (6] 5] +n — 1) edges. The edge partition of DA(Q,) is given as
follows:
If n is even, then there will be no pendant edge in DA(T,,). Therefore, we have

|Eg2y| = |uve E(DA(Qn)) :dy =2 and d, = 2| =n,
|Ef231] = |uv € E(DA(Qy)) :dy =2 and d, = 3| =4,
|E2ay| = |uve E(DA(Qn)) :du =2 and d, = 4] =2(n —2),
|Eiayl = |uwe E(DA(Qy)) :du =3 and d, = 4] =2,
|E{aayl = |uv e E(DA(Qn)) : dy =4 and d, = 4
= |E(DA(Qn))| = |Eg2,2)| = [E23y] — |Eq2,a3| — Bz gyl =n = 3.
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If n is odd, then there will be a pendant edge in DA(T,,). Therefore, we have

|Eqay = |uwwe E(DA(Qn)) :dy =1 and d, = 4] =1,
Byl = luw € E(DAQn) i dy =2 and d, =2/ =2 |7 |,
|E3y = |uve E(DA(Qn)) :dy =2 and d, = 3| =2,
B4yl = |uwve E(DA(Qn)) :dy =2 and d, = 4] =2(n —2),
|Eay| = |uve E(DA(Qn)) :dy =3 and d, = 4] =1,
|Eiaayl = |uv e E(DA(Qn)) : dy =4 and d, = 4

= |E(DAQn))| — |Era| — B2 — | Er2,3y| — | Er2,ay| — Bz ey =n — 3.
Thus, the M — polynomial of DA(Q,,) is

MDAQuizy) = > miy(DAQu)a'y’
i<j
_ nz?y? 4 4a?y3 + 2(n — 2)z?y* 4+ 223y + (n — 3)zty? if n is even,
o xyt + 2[%Jx2y2 + 222 + 2(n — 2)2%y* + 23y* + (n — 3)zty? if n is odd.

O

Definition 26. The graph DW,, is a graph consisting of the two wheels W,, of the

same order having the same central vertez.

Theorem 2.31. If DW,, is a graph with (2n + 1) vertices and 4n edges, then

M(DW,; 2,y) = 2naz3y® + 2nady*.
Proof. Let DW,, be a graph having (2n + 1) vertices and 4n edges. The edge
partition of DW,, is given by,
|Ei sl = |uwwe E(DW,):d, =3 and d, = 3| = 2n,
|Eonyl = |uv € E(DW,):d, =3 and d, = 2n|
|E(DWy)| — |E{3,3}| = 2n.
Thus, the M — polynomial of DW,, is
M(DWy;z,y) = > mi(DWy)z'y’ = 2na’y® + 2na’y™,
1<y

O

Definition 27. The AC, be a graph obtained from a cycle C, : ujus...upuq with

the vertex set V(AC,) = V(C,) U{v;,w; : 1 <i < n} and the edge set E(AC,) =

E(C,) U{uw;, viw; : 1 <i <n}.

Theorem 2.32. If AC,, is a graph with 3n vertices and 3n edges, then

M(AC,; z,y) = nxy? + na’y® + na’y>.
Proof. Let AC, is a graph having 3n vertices and 3n edges. The edge partition of
AC,, is given by,

|E(12y] = |w € E(AC,) :d, =1 and d, =2|=n,
Byl = |uv € B(AC) : dy =2 and dy=3| =n,
Byl = luwe B(AC,):d, =3 and d, = 3|

= |E(AC,)| = |Eq1 3| — |Eayl = n.
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Thus, the M — polynomial of AC,, is
M(AC,;,y) Z mi;(AC,)z'y’ = nay? + naz’y® + na’y®.
i<j
O
Definition 28. An umbrella Uy, , = (Pp, + K1) o P,, is a graph of order (m + n)

and size (2m 4+ n — 2), where P,, and P, are the two paths of lengths (m — 1) and
(n — 1), respectively.

Theorem 2.33. If Uy, , is an umbrella with (m + n) vertices and (2m +n — 2)
edges, then
M(Uppiz,y) = 2y +(n—3)2y* + 20y + 3%y T (m—3)a’y* + (m—2)ay™ .

Proof. Let an umbrella Uy, , be a graph having (m + n) vertices and (2m +n — 2)
edges. The edge partition of Uy, , is given by,

Byl = |lwe E(Uny):dy=1 and d, =2| =1,
|E2y| = |uww€ E(Uny):dy =2 and dy, =2| =n—3,
|Esy = |luwe E(Uny):dy=2 and d, = 3| =2,
B miy]l = |uw € E(Unp) :dy =2 and dy =m+1| =3,
|Eay = |luwwe E(Uny):dy=3 and d, = 3| =m — 3,
B miy] = |uw € E(Unp) :dy =3 and dy =m +1|

= [E(Una)| = [Eq2y] = 1Byl = [Epsy| = [Egmiy| — [Egsyl=m—2.
Thus, the M — polynomial of Uy, ,, is
MUpnix,y) = Zmij(Um,n)xiyj = 2y’ +(n—3)2%y* +22%y>3 + 327y T+ (m—3) 23y + (m—2)x3y™ L.
1<y
(I

Definition 29. A Dumbbell Db,, is a graph obtained from two cycles of length n
by joining a vertex from one cycle to a vertex of another cycle.

Theorem 2.34. If Db, is a dumbbell with 2n vertices and (2n + 1) edges, then

M (Db, x,y) = 2(n — 2)x?y* + 40?y® + 23y
Proof. Let a dumbbell Db, be a graph having 2n vertices and (2n + 1) edges. The
edge partition of Db, is given by,

|Eg2,2y| = |uve E(Db,):d, =2 and d, = 2| =2(n—2),
|luv € E(Dby,) : dy =2 and d, = 3| =4,
|luv € E(Dby,) : dy =3 and d, = 3|
= |E(Dbn)| = |Epay| = [Epa| = 1.

Thus, the M — polynomial of Db, is

M(Db,; x,y) Z m;;(Dby,) =2(n — 2)z%y? + 422y + 2393
i<j

|E{2,3}]
|E3,3}]

Definition 30. The slanting ladder S Ly, is a graph obtained from two paths uius...uy,
and v1vs...v, by joining each u; with vi41,(1 <i<mn-—1).
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Theorem 2.35. If SL,, is a slanting ladder with 2n vertices and 3(n — 1) edges,
then

M(SLy;x,y) = 22y + 422y> + 3(n — 3)23y>.
Proof. Let a slanting ladder SL,, be a graph having 2n vertices and 3(n — 1) edges.
The edge partition of SL, is given by,

|Eqsy = |luwwe E(SLy,) :dy =1 and d, = 3| =2,

‘E{273}| = |ulU € E( n) : du == 2 and di) = 3| = 4’
|Esyl = |uv€ E(SLy):dy =3 and dy = 3|
|[E(SLy)| = |Eq sy — |Eq2ay| = 3(n —3).

Thus, the M — polynomial of SL,, is

M(SLyp;x,y) Zm” (SL,)x'y’ = 2xy® + 4a®y® 4 3(n — 3)a3y>.
i<j

[l
Definition 31. The triangular ladder T'L,, with vertex set V(T L,) = {u;,v; : 1 <
i < n} and the edge set E(TL,) = {wjtir1,0;0341, w041 : 1 <i <npU{uw; 1 1<
i <n}.

Theorem 2.36. If TL, is a triangular ladder with 2n vertices and (4n — 3) edges,

then
M(TLy;z,y) = 222> + 22%y* + 423y* + (4n — 11)z%y*.

Proof. Let a triangular ladder T'L,, be a graph having 2n vertices and (4n — 3)
edges. The edge partition of T'L,, is given by,

|Er23y] = |uwe E(TLy):dy =2 and d, = 3| =2,
|Ef2ay] = |we E(TLy):dy =2 and d, = 4] = 2,
|Eiayl = |uwe E(TLy) :dy =3 and d, = 4] = 4,
|Eqaayl = |we E(TLy,) :dy =4 and d, = 4

= [E(TLy)| = |Esy| = |Eay| = |Esay| = (4n — 11).
Thus, the M — polynomial of TL,, is
M(TL,;z,y) = Zmij(TLn)xiyj =222y + 227yt + 423y + (4n — 112ty
1<j
O

Definition 32. The n-cone graph C,, + K, is a graph where Cy, is a cycle of order
m and K, is a complete graph of order n.

Theorem 2.37. If C,, + K,, is a n-cone with (m-+n) vertices and m(n+ 1) edges,
then -
M(Cp, + Ky 2, y) = mna™y" 2 + ma™ 2y +2,

Proof. Let a n-cone graph C,, +K,, be a graph having (m+n) vertices and m(n+1)
edges. The edge partition of C,, + K, is given by,

|Etmnt2yl = |uv € E(Cyp, +Ky,):d,=m and d, =n+2| =mn
|Efntontoy] = [uwv € E(Cp +Kp):dy=n+2 and d, =n+ 2|
= |E(Cn +E)| - |E{m,n+2}‘ =m
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Thus, the M — polynomial of C,, + K, is
M(Cyy + Ky, y) = Z mi; (O + Ky )x'y! = mna™y™ 2 + ma" 2y +2,
i<j
(]

Definition 33. The graph C’J(Wt) 1s obtained by identifying one vertex of C,, with
one end vertex of m paths each of length t. In particular, C,T(l’t) is a tadpole.

Theorem 2.38. If C;F™" is a graph with (n +t) vertices and (mt + n) edges,
then

M(CH™ s 2,y) = may® + (m +n = 2)2%y* + (m + 2)2%y™ 2.
Proof. Let C,f(m’t) be a graph having (n+t) vertices and (mt+n) edges. The edge
partition of C;(m’t) is given by,

|[Eioy] = |lweE(CH ™YY d, =1 and d, =2|=m
|Efg0y] = |uve E(C™Y):d, =2 and d, =2|=m+n—2,
|Efomy2y| = |uv € E(C;f(m’t)) :dy =2 and d, = m+ 2|
|E(C )| - B2y — B2y =m + 2.

C:—(m,t) .

Thus, the M — polynomial of is

M(C’:(m’”;x,y) - Zmij(cf{(m’t))ziyj = may?+(m+n—2)z2y? +(m+2)z2y™+2.
i<j

O
Definition 34. The graph 6(C,,)" is obtained from n copies of Cy, that shares an
edge in common, where Cy, is a cycle of length m. i.e., an n page book graph with
m-polygonal pages.
Theorem 2.39. If 0(C,,)" is an n page book graph with m-polygonal pages, then

M(O(Cp)";x,y) = n(m — 3)2%y? + 2na?y™ Tt 4 2" Tyt

Proof. Let 0(Cy,)™ be a graph having n(m — 2) + 2 vertices and n(m —1) +1 edges.
The edge partition of 8(C,,)™ is given by,

|Eg2y| = |uve E(0(Cn)"):dy =2 and d, = 2| =n(m —3),
|IEgnsyl = |uww e E(0(Cp)") :dy =2 and d, =n + 1| = 2n,
|Ensiney] = Jww € E@(Cp)") :dy =n+1 and d, =n+1|

= |E((Cn)")| = |E@2y| — [Egatyl = 1.

Thus, the M —polynomial of G(C )™ is

M(O(Cp) Zm” Yely? = n(m — 3)a®y? + 2nay™ Tt 4 gyt
i<j

(]

Definition 35. The kayak paddle graph K P(k, m,l) is a graph obtained by joining
two cycles Cy and C,, by a path of length [.
Theorem 2.40. If KP(k,m,l) is a kayak paddle graph, then

M(KP(k,m,0);z,y) = (k+m+ 1 — 6)z?y* + 62%y>
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Proof. Let KP(k,m,l) be a graph having (k +m + 1 — 1) vertices and (k +m +1)
edges. The edge partition of K P(k,m,l) is given by,

|E22y| = |uve E(KP(k,m,l)):d, =2 and d, =2| =k+m+1—6,

B3 = |uwwe E(KP(k,m,l)):d, =2 and d, = 3]

|E(KP(k,m,1))| — |E2,.2;] = 6.
Thus, the M — polynomial of KP(k,m,l) is
M(KP(m,Ds,y) = 3 mig (K P(k,m, )iy = (k -+ m+1 - 6)a?y? + 627",
i<j
([l

Definition 36. The graph Cflt) is obtained from the one-point union of t cycles of
length n.

Theorem 2.41. If c® s q graph with t(n — 1) 4+ 1 vertices and nt edges, then
M(CY:z,y) = t(n — 2)ay? + 2tx?y?*.

n

Proof. Let C,gt) be a graph having ¢(n — 1) 4+ 1 vertices and nt edges. The edge
partition of C,(f) is given by,

|Epp0y] = |uwwe B(CY):d, =2 and d, =2| =t(n - 2),
|Eon| = |uve E(CWY):d, =2 and d, = 21|

|B(C)| — | Eg,2y] = 2t.
Thus, the M — polynomial of Cy(lt) is
M(CW:z y) = Z mij (CO)aty? = t(n — 2)a?y? + 2x?y?".
i<j
([l

Note that, the topological indices (that are mentioned in Table [1)) of all these
special graphs can be obtained by using respective M —polynomial and column

4 of Table [T The process of obtaining these topological indices is given in two
Corollaries .11 and 2.13] as an illustration.

3. CONCLUSION

In this paper, we have obtained M-polynomial of some special graphs and some
topological indices of these graphs. The advantage of M-polynomial is that, from
that one expression we can obtain several degree-based topological indices. It is very
challenging to bring all the degree-based topological indices under M —polynomial.
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