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RELATIVE (p,q)-TH ORDER AND RELATIVE (p,q)-TH TYPE
BASED ON SOME GROWTH PROPERTIES OF COMPOSITE
P-ADIC ENTIRE FUNCTIONS

TANMAY BISWAS

ABSTRACT. Let us suppose that K be a complete ultrametric algebraically
closed field and A (K) be the K-algebra of entire functions on K. The main
aim of this paper is to study some growth properties of composite p-adic entire
functions on the basis of their relative (p,q)-th order, relative (p,q)-th type
and relative (p, ¢)-th weak type.

1. Introduction and Definitions

Suppose K be an algebraically closed field of characteristic 0, complete with
respect to a p-adic absolute value |-| (example C,) . For any o € K and R €]0, +o0],
the closed disk {z € K : |z — o] < R} and the open disk {x € K : |z — a| < R} are
represented by d (o, R) and d (o, R™) respectively. Also C(a,r) denotes the circle
{z € K: |z —a|] =r}. In addition A (K) signify the K-algebra of analytic functions
in K i.e. the set of power series with an infinite radius of convergence. For the most
comprehensive study of analytic functions inside a disk or in the whole field K, we
refer the reader to the books [T [I4] [16]. During the last several years the ideas
of p-adic analysis have been studied from different aspects and many important
results were gained (see [2] to [10], [12], 13]).

Let f € A(K) and r > 0, then we denote by |f|(r) the number
sup{|f (x)|: |x| = r} where |-|(r) is a multiplicative norm on A (K). Moreover,
if f is not a constant, the |f|(r) is strictly increasing function of r and tends to
~+oo with r therefore there exists its inverse function |/f\| : (I (0)],00) — (0,00)
with Shﬂrglo|f| (s) = 0.

For x € [0,00) and k € N, we define log[k] z = log (log[k_l] m) and expl*! z =

exp (exp[k_l] m) where N be the set of all positive integers. We also denote log[O] T =

z and expl” z = z. Throughout the paper, log denotes the Neperian logarithm.

Further we assume that throughout the present paper p, ¢, m, n and [ always denote
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positive integers. Now taking this into account the (p, ¢)-th order and (p, ¢)-th lower
order of an entire function f € A(K) are define as follows:

Definition 1. [5] Let f € A(K) and p,q € N. Then the (p, q)-th order and (p, q)-th
lower order of f are respectively define as:

(p.a) s Togl?!
P00 (f) L sup log|f] (r)

APD (f) T rSeo inf gl

Definition [1) avoids the restriction p > ¢ of the original definition of (p, ¢)-th
order (respectively (p, q)-th lower order) of entire functions introduced by Juneja
et al. [15] in complex context.

When ¢ = 1, we get the definitions of generalized order and generalized
lower order of an entire function f € A (K) which symbolize as p® (f) and A®) (f)
respectively. If p = 2 and ¢ = 1 then we write p2 (f) = p(f) and A®V (f) =
A(f) where p(f) and A (f) are respectively known as order and lower order of
f € A(K) introduced by Boussaf et al. [2].

In this connection we just introduce the following definition:

Definition 2. An entire function f € A(K) is said to have indez-pair (p,q) if
b < p®9 (f) < oo and pP~19=V) (f) is not a nonzero finite number, where b = 1
if p=q and b= 0 for otherwise. Moreover if 0 < p9) (f) < oo, then

pp—:0) (f) = for n <np,
pPa=m) (f) =0 for m <gq,
pPTmatn) (Y =1 for n=1,2,---

Similarly for 0 < \#9 (f) < o0,

AP (f) = o0 for m<p,
APE= (f) =0 for n<q,
APFmatn) (py =1 for n=1,2,. -

An entire function f € A (K) of index-pair (p, ¢) is said to be of regular (p, q)-
th growth if its (p, ¢)-th order coincides with its (p, ¢)-th lower order, otherwise f
is said to be of irregular (p, ¢)-th growth.

Next, to compare the growth of entire functions on K having the same
(p, q)-th order, we give the definitions of (p, ¢)-th type and (p, ¢)-th lower type in
the following manner :

Definition 3. [5] Let f € A(K). The (p,q)-th type and the (p, q)-th lower type of
f having finite positive (p, q)-th order p9 (f) (0 < pP9 (f) < 00) are defined as:

o9 (§) . sup loglP~!! Lfl(r)

7P (£) ~ % inf (1og[ff1]r)p(p’q>(f)'

Remark 1. If p = 2 and q = 1 then we write ™9 (f) = o (f) where o (f) is
known as type of f € A(K) introduced by Boussaf et al. [2].

Likewise, to compare the growth of entire functions on K having the same
(p, @)-th lower order, one can also introduce the concepts of (p, g)-th weak type in
the following manner:
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Definition 4. [5] Let f € A(K). The (p,q)-th weak type of f having finite positive
(p, q)-th lower order NPV (f) (0 < A9 (f) < o0) is defined as:

logP—1
79 () = lim inf 0g |f1(r) '
00 1 A(Pa) (f)
(log[q_ ]7’)

Similarly one may define the growth indicator 7@ (f) of an entire function
f € A(K) in the following way:

logP—1
729 (f) = lim sup = l{\|<r(7:?(f)7 0 < AP (f) < 0.
r—00 (log[q_l] 'I")

The notion of relative order was first introduced by Bernal [I]. In order to
make some progress in the study of p-adic analysis, recently Biswas [4] introduce
the definition of relative order and relative lower order of entire function f € A (K)
with respect to another entire function g € A (K) in the following way:

o (1) _ o sup loglgl (11 ()

)\g (f) rotoo inf ]ogr

Further the function f € A(K), for which relative order and relative lower
order with respect to another function g € A (K) are the same is called a function
of regular relative growth with respect to g. Otherwise, f is said to be irregular
relative growth.with respect to g.

In the case of relative order, it therefore seems reasonable to define suitably
the relative (p, ¢)-th order of entire function belonging to A (K). With this in view

one may introduce the definition of relative (p,q)-th order pﬁ,” ) (f) and relative

(p, q)-th lower order )\!(Jp,q) (f) of an entire function f € A(K) with respect to
another entire function g € A (K), in the light of index-pair which are as follows:

Definition 5. [5] Let f, g € A(K). Also let the index-pair of f and g are (m,q) and
(m,p), respectively. Then the relative (p, q)-th order pff’q’ (f) and relative (p, q)-th
lower order )\gp,q) (f) of f with respect to g are defined as

PP (1) _ iy s Toe? Igl (7] ()
)\{(prq) f) r—oo Inf 1og[q] r

In order to refine the above growth scale, now we introduce the definitions
of an another growth indicator, called relative (p,q)-th type and relative (p,q)-
th lower type respectively of entire function belonging to A (K) with respect to
another entire function belonging to .4 (K) in the light of their index-pair which are
as follows:

Definition 6. [5] Let f, g € A(K). Also let the indez-pair of f and g are (m,q)
and (m,p), respectively. The relative (p,q)-th type and relative (p,q)-th lower

type of f with respect to g having finite positive relative (p,q)-th order pgp’q) N

(O < pgp"” (f) < oo) are defined as:

o7 (f) ~ i SO log” gl (I£] (r))
Egp,q) (f) 7—00 lnf

(p,q) :
(log[q_l} 7A) pg " (f)
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Analogously, to determine the relative growth of two entire functions be-
longing to A (K) and having same non zero finite relative (p, ¢)-th lower order with
respect to another entire function belonging to A (K) , one can introduce the def-
inition of relative (p, ¢)-th weak type of an entire function f € A (K) with respect
to another entire function g € A (K) of finite positive relative (p, ¢)-th lower order
)\ép’q) (f) in the following way:

Definition 7. [5] Let f, g € A(K). Also let the index-pair of f and g are (m,q)

and (m,p), respectively. The relative (p,q)-th weak type and the growth indicator
?_S,p’q) (f) of f with respect to g having finite positive relative (p,q)-th lower order

)\gp,q) f) (0 < )\ém) (f) < oo) are defined as:

TPV sup Jog? gl (1)

(r.a) = lim inf (Pa) gy

Tg O (f) oo I -1\ D
<logq T)

The main aim of this paper is to establish some results related to the growth
rates of composite p-adic entire functions on the basis of relative (p,q)-th order,
relative (p, g)-th type and relative (p, ¢)-th weak type.

2. Lemma

In this section we present the following lemma which can be found in [2] or
[3] and will be needed in the sequel.

Lemma 1. Let f, g € A(K). Then for all sufficiently large positive numbers of r
the following equality holds

|fogl(r)=1f(gl(r)).
3. Main Results

In this section we present the main results of the paper.

Theorem 1. Let f, g, h € A(K). Also let 0 < AP? (f) < piP? () < 00 and
pt™™ (g) > 0. Then for every positive constant A,

(] 3] [n+1]
(7) limsuplog |h|,(\|f ° 9] (exp ) = oo ifqg=m,
r—oo logl” [] (|f] (expld r4))

loa!® 7] [g+n+1-m)]
(#4) limsup og” |1 (lf °9| (exp T)) = ooifg>m

oo logl? [h] (|| (expl r4))

and

log” [] (I o g| (expl 7))
r—oo log” [B (|f] (expld r4))

= oif¢g<m—1 and

0 < A<pmm(g).
Proof. From the definition of pﬁbp @) (f), we have for arbitrary positive € (> 0) and

for all sufficiently large positive numbers of r that

log! [ (m (exp[Q] rA>) < <p§Lp’q) (f) + 5) vy (1)
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Also we obtain for a sequence of positive numbers of r tending to infinity
that

log!™ |g| (exp[q+n+1fm} r) > (p™™) (g) — €) logl™ explatnt1-ml

ice., 10g"™ lg] (expl®* T 7) > (o) (g) — <) exple™

i.e., loglt=™ logl™ |g| (exp[q+n+1—m] T) > logla=™] [(pm,n) (9) — ) explati=m] r]

ie., logld |g| (exp[ﬁ"*l*m] T) >expr+ O(1), (2)
and
log!™ Jg| (expl" 1) > () (g) — &) log" (expl” =117

i.e., logm 1 |g] (exp[n—ll r) S (P (9)=2). 3)

Since |/h\| (r) is an increasing function of r, It follows from Lemma [1f for all
sufficiently large positive numbers of r that

log 0] (1 0 g1 (1) = (AP (/) <) 10g™ (lg] (1)) (4)

Case I. Let ¢ = m. Then it follows from for a sequence of positive numbers of
r tending to infinity that

tog? 8] (1 o gl (exp™* 1)) = (NP2 (f) = ) (b (9) ~ ¢) expr. (5)

Case II. Let ¢ > m. Then we get from and for a sequence of positive
numbers of r tending to infinity that

log?! |1 (|f og| (exp[q+"+1_m] r)) > (/\Elp’q) (f) — a) expr +0O(1).  (6)

Case III. Again let ¢ < m — 1. Then we have from and for a sequence of
positive numbers of r tending to infinity that

log ] (£ o gl (expl"=r)) = (AP (£) — ) logl®) g (expl" 1 7)
ice., 1o ] 1 o gl (exp" 7)) > (WP () — <) log™g] (expl 1)

i.e., log[p] |/h\| (|f og| (exp["_l] 7“)) > ()\gp,q) (f) - 5) OO (7)

Now combining and of Case I it follows for a sequence of positive
numbers of r tending to infinity that

log!?! \/h\| (1f o g| (exp™*t1 7)) S (Agbpﬂ) (f) - 5) (P (g) —¢) expr'
log B (] (expld 1))~ (o0 (1) 4 <) A

Since L~ — oo as r — oo, then from above it follows that

1og" [l (£ o gl (exp™t1Ir))
lim su i
r~o log [h] (If] (expld r4))
from which the first part of the theorem follows.

= 00,
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Again combining (1)) and (6) of Case II we get for a sequence of positive
numbers of r tending to infinity that

log[P] |/h\| (lf o g‘ (exp[q-i-n—i-l—m] 7“)) - ()\Ezp’q) (f) - 5) expr + O(l)

log!”! |/h\‘ (1] (expldl r4)) B (pgp’q) (f)+ E) ra
N logl?! |/h\| (If o gl (eXp[q+n+1—m] r)) -
i.e. lim sup =i =
r—oo log' [R] (| f] (expldl 74))

This establishes the second part of the theorem.
Once more, it follows from and of Case III for a sequence of positive
numbers of r tending to infinity that

log!”! |/h\\ (If o g| (expln=117)) y (/\gm) (f) - 5) F(p™ ™ (g)—2)
log [1] (If] (expldr4)) (o0 (5 +e)rt
As A < pl™7) (g), therefore we obtain from above that
[p] 5] [n—1]
lim su log |h|/(\‘f °J] (exp T))
roe logh [h] (1f] (expld 7))

This proves the third part of the theorem.
Thus the theorem follows . O

= Q.

In view of Theorem [I] the following theorem can be carried out:

Theorem 2. Let f, g, h,k € A(K). Also let 0 < /\g)’q) (f) < pglp’q) (f) < o0 and
Almm) (9) > 0. Then for every positive constant A,
log” [1] (£ o g (exp" 1 7))
i —
=% logl [n] (|f] (expld r4))

= ifg=m

and .
log[p] ) (|f o4 (exp[qunJrlfm] r))

(#) lim —
e logh | (|f] (expld r))

=00 if g > m.

Theorem 3. Let f, g, h € A(K). Also let 0 < )\ELP’Q) (f) < pglp’Q) (f) < oo,

p(mm) (g) >0 and pg’") (9) < 0o Then for every positive constant A,

(] T3] 1)

(i) lim su log [l|]h|/\(|f o g| (exp 7"))
r—00 log ‘k| (‘g| (exp[n] TA)))

log[P} |/h\| (|f o g‘ (exp[q+n+1_m] 7‘))

it) limsup — = ooifg>m
o ™ g 7 (g (oo 7))

= o0 if¢g=m,

and

loa® 17l [n—1]
(#4¢) limsup og" || (11 gl (exp ) = ocoifg<m-—1 and

r—oe logl! k] (g (expll 74))

0 < A<pmm(g).
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Proof. Suppose

0<A< Ay <p™m (g). (8)

Case I. Let ¢ = m. Then in view of the first part of Theorem [I} we have for a
sequence of positive numbers of r tending to infinity and K > 1

log?! |/h\| (\f o gl (exp[”H] 7’)) > K (/\gbp,q) (f) — 5) rfo. (9)

Case II. Let ¢ > m. Then we get from the second part of Theorem [I]for a sequence
of positive numbers of r tending to infinity and K > 1

log!?! |/h\| (|f og| (exp[q+n+1—m] r)) S K ()\ghq) (f) - 5) FAo (10)

Case III. Let ¢ < m — 1. Then we obtain from the third part of Theorem [l for a
sequence of positive numbers of r tending to infinity and K > 1

log[”] |/h\| (|f og| (exp[”_l] r)) > K (Agp’q) (f) - 5) rAo. (11)

Now from the definition of pglp ™) (g) we get for all sufficiently large positive

numbers of r that

o (1)) < (270 4 )

Now combining @[) of Case I and it follows for a sequence of positive
numbers of r tending to infinity that

log!”! m (I © g (expl*t117)) . K (,\ELM) (f) — 5) rAo
log[” |K| (|g\ (GXP["] TA)) (p,(f’n) (9) + s) rA
Since Ay > A, from it follows that

[Pl 7] [n+1]
timsup 28 LU o gl (exp™ M)

r—co log [k] (|g| (explnl r4))

(13)

9

from which the first part of the theorem follows.
Similarly for Ag > A, we have from of Case II and for a sequence
of positive numbers of r tending to infinity that

log!”! |/h\\ (If o g| (explatnti=mly)) y K (/\gfﬂ) (f) — 6) rAo
log!" [k| (lg] (expl™ r4)) (pﬁj’") (9) + 5) rA
o log!?! m (If o g| (explatn+izml )
i.e. lim sup s = o0.
oo log™ [k[ (lg| (exp(™lr))

This establishes the second part of the theorem .
Again it follows from of Case III and for a sequence of positive
numbers of r tending to infinity that

log[p] |/h\| (|f o] (exp[n—l] r)) K (,\gw) (f) — 6) rAo
log" [k] (|g| (explrl r4)) (p,(f’”) (9) + 5) A
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Therefore in view of (§) and above we get that

lim suplog[p] |/h\| (‘f og| (exp[”—l] 7«)) .
r—00 log[l] |k;| (‘g| (eXp[n] ,’,.A))

This proves the third part of the theorem.
Thus the theorem is establish. O

Theorem 4. Let f, g, h,k € A(K). Also let 0 < )\glp,q) (f) < pglp’q) (f) < o0,
A (g) > 0 and and p(l ” (9) < co. Then for every positive constant A,

p Lol )
log" || (|g| (explnl r4))

)

=0 ifg=m

r—00

and

g+n+1—m)]
(#4) lim log |h| (|f °9| (exp T)) =00 if ¢ > m.

= log! [k (lg] (expl) 1))
The proof of Theorem [4] is omitted as it can be carried out with the help of
Theorem ] and Theorem [3l
Theorem 5. Let f, g, h € A(K). Also let 0 < )\Elp,q) (f) < pflp’q) (f) < o0 and
A (g) < oo, Then

1 h lq] A
() limsup og | | (|f| (exp )) = ooifg>mand A>1,

r—oo logl” [h] (|f o g (expl) )
lq] A
(#4) limsup log |h| (|f| (exp " )) = ocoifg>m
r—cc log? [ (| o g| (expi—11 7))

org=m—1 withm # 1 and \™™ (g) < A

and

logl?! /h\ ld] - A
(#9t) limsup 08" 1] (1/] (exp ) = ooifm>q+1 and

r—oo log[p“” q— 1]|h| (|fog| (expn 1] ))
A > Amn ().

Proof. From the definition of )\Ef ) (f), we get for arbitrary positive ¢ (> 0) and for
all sufficiently large positive numbers of r that

togl?)[h] (11 (expld ) = (AP2 () — €) v, (14)

Also we have for a sequence of positive numbers of r tending to infinity that
log™! |g| (exp["_l] r) < ()\(m’n) (9)+ E) logr

i.e., log lg] (exp n—1] 7’) < log P (9)+¢) (15)

ie., 10 [m—1] |g| (expn 1] T‘) < T(A(m,n)(g)_;,_g). (16)

Since |/h\| (r) is an increasing function of r, It follows from Lemma [1f for all
sufficiently large positive numbers of r that

logl”! [h] (1 g1 () < (o7 (£) + ) 1o (lg| (7)) (17)
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Case I. Let ¢ > m. Then it follows from for a sequence of positive numbers
of r tending to infinity that

log? [1] (If og| (exp[”] 7’)) < (pép’” (f)+ 6) log!"™ (Igl (exp["] 7"))

i.e., log!® [A] (|f og| (exp["] r)) < (pzp’q) (f)+ 6) (A(m’") (9) + 5) r.  (18)

Case II. Let ¢ > m or ¢ = m — 1 with m # 1. Then also we get from and
for a sequence of positive numbers of r tending to infinity that

tog 1] (1 o gl (expl" 7)) < (o2 (1) + ) log!™ = |g] (expl™ 1))

ive., 1og [h] (17 o gl (expl* 7)) < (o2 () +¢) rX" V@) 1)

Case III. Let m > ¢+ 1. Then we obtain from and for a sequence of
positive numbers of r tending to infinity that

log” [1] (|f og] (exp["_l] r)) < (pﬁf”q) (f)+ 5) logl?=™ 1og™ |g| (exp["_l] r)
i.e., log® h] (|f o4 (exp[n—l] T)) < (pﬁf”q) (f) + 5) explm = Jog (A7 (0) )
i.c., log” [h] (| fogl (exp[n—l] T)) < (pép’q) (f) + 6) explm—a=1 (A" (9) +e)

i.e., loglPtm—a—1l |/h\| (|f og| (exp["_l] r)) < (A @)te) 4 o(1). (20)

Now if ¢ > m and A > 1, we have from and of Case I for a sequence
of positive numbers of r tending to infinity that

log™ 1] (|£] (exple) r4)) N (/\ff’ D (f) - 5) r
log A1 (1f ool (explrl)) = (o} (£)+2) (A" (9) +¢) v

from which the first part of the theorem follows.
Again combining and of Case II we get for a sequence of positive
numbers of 7 tending to infinity when ¢ > mor g =m(# 1) — 1

log!?! |/h\| (1£] (exple) 74)) y ()‘Ezp’Q) (f) - 6) A
log!”! |/h\| (If o g| (expln=117)) — (pglp,q) (f) + 5) S (g) )
As A > A" (g) we can choose € (> 0) in such a way that
A (g) e < A (22)
Thus from and we get that

log®! [h] lq] A
ey 1087 (1 (expl )
= 1og [h] (| o g| (expl11 7))
This establishes the second part of the theorem .
When m > g+ 1, it follows from and of Case III for a sequence of
positive numbers of r tending to infinity that
logl”! |/h\| (171 (eXp[Q] 7“‘4)) - ()‘ELWI) (f) - 5) A
loglPtm=a=11p] (If o g| (explr=1r)) PR (9)+e) | O(l)'

i

(21)

(23)



EJMAA-2020/8(1) RELATIVE (p,q)-TH ORDER AND RELATIVE (p,q)-TH TYPE..... 155

Now from and we obtain that
log™ k] (|£] (expla) r4))

lim sup =00
r—oe log"t™ ==V a] (|f o g (expln=1l7))

This proves the third part of the theorem.
Thus the theorem follows . O

In the line of Theorem [5| we may state the following theorem without proof.

Theorem 6. Let f, g, h,k € A(K). Also let p(p’q) (f) < 00, A™™ () < o0 and
and )\g’") (9) < co. Then for every positive constant A,

1 k
(¢) limsup og' | g (exp ) = ooifqg>m and A > 1,

)
U [n] A
(#4) limsup log _ || (|g\ (exp )) = coifg>m
r—cc log [h] (| o g| (expi—1 7))

Orq:m—l wzthm;ﬁl and)\(m’n)(g)<A

and

log 1% [n] A
(#4¢) limsup og_ Ik (g (exp™ 7)) = ooifm>q+1and

r—eo loglP*m == p] (|f o g| (expln=1l 7))
A > )\(m,n) (g) )

Theorem 7. Let f, g, h € A(K). Also let 0 < /\Ef”q) (f) < pﬁbp’Q) (f) < o0 and
p"™™ (g) < oo. Then

la] A
i lim log |h| (|f| (exp )) = ocoifg>mand A > 1,

"=logl" [h] (I o g| (expl"l 7))
[p] la] A
(i1) lim —22 P et ) ifg>m
"~>log [p] \h| (|f og| (exp[" 1] 7‘))

orq=m—1 withm #1 and p"™" (g) < A

and

loa® 1Al lq] A
(797) lim og” | |(|f‘ (exp )) = xifm>q+1 and

Tﬂoolog[p"l'm q—1] |h| (|fog| (expn 1] T))
A > ptmm(g).

Theorem 8. Let f, g, h,k € A(K). Also let pglp’Q) (f) < o0, plm™ (g) < co and
)\g’”) (9) < co. Then for every positive constant A,
loa™ &I [n] -A
(i)  lim o8 | [(lgl (exp ) = ooifg>mand A>1,
r=1logl"l [n] (£ o g| (expll 7))
loc¥ | [n] . A
) i o W o)
’I"Hoologp \h| (|f ° g| (exp[nfl] 7a))
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orqg=m—1 withm #1 and p™™ (g) < A

and

loa [k [n] .A
(7i7) lim o¢_| \(|g| (exp ! )) = oifm>qg+1 and

Tﬂoolog[erm*q*l] |/h\| (|f og| (exp[nfl] 7“))
A > plmm(g).

We omit the proof of Theorem [7]and Theorem [§ as those can be carried out
in the line of Theorem [f] and Theorem [f] respectively.

As an application of Theorem [I]and Theorem [f] we may state the following
theorem:

Theorem 9. Let f, g, h € A(K). Also let 0 < )\Elp»q) (f) < pglp,q) (f) < oo and
Almm) (9) < A< p™™ (g). Then for q=m —1 and m # 1,
/h\ [n—1] /h\ [n—1]
lim inf| |,(\|f °9] (exp r)) <1<limsu | |,(\|f ° 9| (exp T)) .
7o R (1 f] (expld 74)) r—oo [ (|f] (expld r4))

Proof. In view of Theorem [I] we obtain for a sequence of positive numbers of r
tending to infinity that

ol 1 (17 01 (x> o ] (11 (exp )

i.e. |/h\| (\f og| (exp[”*l] 7")) > \/h\| (|f\ (exp[q] T’A)>

_ -
i.e., limsu |h|ﬂf09\ (exp r))
reoe b (|f| (eXp[q] TA))

Again from Theorem 5] we get for a sequence of positive numbers of r tending
to infinity that

log!”! |/h\| (\f| (exp[q] ’I’A>) > logl?! |/h\| (\f o g (exp[”*l] r))

e, 10 (171 (expfrt)) = [nl (1f 0 gl (expl 7))
([ (7 0 gl (expl~11))

1. (24)

i.e., liminf ——= 1. (25)
7720 |h] (| ] (expld r4))
Thus the theorem follows from and . O

In view of Theorem [3]and Theorem [6] the following theorem can be carried
out:

Theorem 10. Let f, g, h,k € A(K). Also let 0 < A;LP’Q) (f) < pgp’q) (f) < oo,

0 <A™ (9) < pi™ (9) < 00 and AT (g) < A < p™™) (g). Then for q =m—1
and m # 1,

In| [n—1] A [n—1]
liminf|h|/(\|f °9l (exp T)) <1< limsup|h|,ﬁf ° 4] (exp 7')) .
= [kl (gl (expllr)) r=se (k] (|g] (expld 1))

The proof is omitted.
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Theorem 11. Let f, g, h € A(K). Also let 0 < )\glp’Q) (f) < pglp’q) (f) < o0 and
G4 (m,n) >0 where g =m — 1. Then

r—00 . _ (m,n)( ) = (p,q) .
log[p] |h| <f| (exp[Q] (log[n 1] r)p g )> Py’ (f)

Proof. Since ¢ = m—1, so we have from (4] for all sufficiently large positive numbers
of r that

log 1] (11 0 91 (7)) = (AP () = ¢) log!" 1 (1g] (7))

(m,n)
ise., 1og? il (1f 0 91 (1) = (AP (£) =€) (0 (g) — <) (tog" 7).
(26)
Now from the definition of A;Lp ) (f), we get for all sufficiently large positive
numbers of r that

_ P (g)
log!”! A (If (expm (1og["_” r) )) <
P (g)

(o (1) +¢) (10g"~1r) . (@7)

Therefore from and , it follows for all sufficiently large positive numbers
of r that

log? [1] (|f o g| ()

>
. I
log!?! ] (f| <exp[ql e ))

(7 (1) =) (7 (9) <) (logn )"
(szpyq) (f)+ 5) (log[”_” r) P o)
i.c., liminf log” [h] (|f o 9| (r)) LA (g) AP (1)
T—00 log!”! |/h\| (|f| <eXp[q] (log["—ll 7,) p<7".,n>(g))> = pﬁf”” (f)
Thus the theorem is established. O

Remark 2. In Theorem if we will replace ‘G4 (m,n)” by “o4(m,n)”, then
Theorem remains valid with “superior limit” replaced by “inferior limit”.

Remark 3. We remark that in Theorem [I1], if we will replace the condition 0 <
)\gp,q) (f) < pgp’q) (f) <o0” by V< )\Elp’q) (f) <o0or0< pgf’Q) (f) <o0”, then

[l 7]
o log” 7] (1f 0 51 ()

r—oo — _ p(mm) (g)
logl”! |h| (|f| (expm (log[" 1] r) >)

Now we state the following theorem without its proof as it can easily be
carried out in the line of Theorem 11l

>G4 (m,n).
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Theorem 12. Let f, g, h,k € A(K). Also let 0 < )\gf"” N, pg’") (9) < 00 and
7™ (g) > 0 where g = m — 1. Then

i log™ Rl (I © gl (1)) ) (g) - AP ()
hnlg.}f 1 L p(mon) (g) Z (p,n) ( ) .
log"! [k| <|g <exp["] (1og["* 1 r) )) pr (g

Remark 4. In Theorem if we will replace “T™™ (g)” by “c(™™) (g)”, then
Theorem remains valid with “inferior limit” replaced by “superior limit”.

Remark 5. We remark that in Theorem if we will replace the condition “p,(cl’n) (9) <
oo” by “ )\,(cl’n) (9) < ©”, then
[ 7] —(m,n) ()
_— g ool ) 7 0 AP ),
r—00 ] 7 n [n—1] ptmm)(g) )\(pm) (g)
log!” || { |g| { expl™ (log r h

Remark 6. In Remark@ if we will replace the conditions 0 < )\Elp’q) (f) and

)\ELP’”) (g) <o0” by V< pzp’q) (f) and pip’n) (g) < 00” respectively, then is need to
go the same replacement in right part of .

(28)

Using the concept of (m,n)-th weak type of a p-adic entire function g, we
may state the subsequent two theorems without their proofs since those can be
carried out in the line of Theorem [I1] and Theorem [T2 respectively.

Theorem 13. Let f, g, h € A(K). Also let 0 < )\ﬁlp’q) (f) < pglp’q) (f) < oo and
7(mm) (g) > 0 where ¢ = m — 1. Then

lim inf log[p] |R| (|fogl|(r)) S (m,n) (9) - )\zp,q) (f)
—00 — )\(m,n)( ) = (p,q) .
log!”! Ih| <|f| (exp[q] (log[”_” 7") g >> PP (f)

Remark 7. In Theorem if we will replace “r(™™ (g)” by “F™™ ()7, then
Theorem [13 remains valid with “superior limit” replaced by “inferior limit”.

Remark 8. We remark that in Theorem[13, if we will replace the condition 0 <
NP () < o (f) <007 by 0 < NP (f) < o0 or 0.< pi" (f) < oo, then

[l 7]
. log!” [ (1 o g1 (r) S ().

r—00 > )\(m,n)(g) -
log"! [h] <|f| (eXp“ﬂ (log["’” 7“) )>

Now we state the following two theorems without their proofs as those can
easily be carried out in the line of Theorem [11] and Theorem [L3]| respectively.

Theorem 14. Let f, g, h,k € A(K). Also let 0 < )\Ef’q) N, p,(j’") (9) < oo and
(M) (g) > 0 where ¢ = m — 1. Then

lim in log”! [hl (1f © 9| (r)) LT () AP ()
—oo 3 Almn) (g) = ) .
log[l] k| <|g (exp[”] (log[n—l] r) g )) PP ()

Remark 9. In Theorem if we will replace “r(™™ (g)” by “F™™ ()7, then
Theorem remains valid with “superior limit” replaced by “inferior limit”.
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Remark 10. We remark that in Theorem if we will replace the condition
0 < AP ()7 by 0 < o ()7 then

- Lo [A] (I © gl (1)) L T @) ) g
r—00 I Almm) (g) - (pym) ’
log" |k| (|g| (exp["] (log[nfl] r) ! )) i (9)

Remark 11. In Remark@ if we will replace the conditions 0 < pl(lp’q) (f) and
0< pglp’n) (9)” by 0 < )\gj’q (f) and 0 < /\Elp’n) (9)7, then is need to go the same
replacement in right part of .

Theorem 15. Let f, g, h € A(K). Also let 0 < A;Lp’Q) (f) < pﬁbp’q) f) < o0

( ;
pépyq) (f) = plmm (g), 7™M (g) < 00 and 0 < Eﬁf”‘n (f) < oo whereq=n=m—1.
Then

log? 17 AP —(m,n)
lim sup og[ _Ifll]lif °91(r)) A 9(2 q)U (9)
r—eo log®=[A[ ([ (1)) o, (f)
Proof. In view of the condition pgp’Q) (f) = pt™™ (g) and ¢ = m — 1, we get from
for all sufficiently large positive numbers of r that

(30)

log[p] \/h\| (If o gl (r) > ()\glpvfI) (f) — E) (E(m,n) (9) — E) (log[n_l] 7") PP (f) . 31)

Further in view of definition of Egp ) (f), we have for a sequence of positive

numbers of r tending to infinity that

- glp,q)(f)
o VRl (151 ()) < (30 (1) +2) (1o 1) (3

Now from and ,it follows for a sequence of positive numbers of r
tending to infinity that

—~ D,q —(m.n e POf)
log” [] (If gl (r)) . (AZ’ )(f)—e) (@™ (9) —¢) (log[ U r)p

10 [p—l] /h\ . - p(T‘vQ)(f)
g? 1A (141 (r)) (79 (1) + £) (1o 1)
Since £ (> 0) is arbitrary, it follows from above that

7] ° (p,a) . =(m,n)
lim su log” |}1L|9\f 91(r) > A (f() )U (g)
oo 1og M RI(1£] (7)) 70 ()

O

Remark 12. In Theorem if we will replace the conditions “G(™™) (9) < 00”
and ‘0 < Egpm (f) < 00” by “o™™ (g) < 00” and 0 < J&Lp’Q) (f) < o07”, then
is need to go the same replacement in right part of , Also if we replace the
conditions 0 < )\ELP’Q) (f) < pglp’q) (f) < o0 and 0 < Eglp’q (f) < o0 of Theorem

by 0 < p;l?,q) (f) <ooand 0 < Jép’q) (f) < oo respectively, then

[ ]/\ ° (r,9) . =(m,n)
hmsuplogf _Iflb]lif gl (1)) . oy (J;)) q)o (9)
r—oo log® " |h| (|f| (7)) o (f)
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Further if we replace the condition 0 < E;Lp’q) (f) < oo of Theorem by 0 <

ng,q) (f) < oo, then Theorem remains valid with “inferior limit” replaced by
“superior limit”.

Now we state the following three theorems without their proofs as those can
easily be carried out in the line of Theorem

Theorem 16. Let f, g, h € A(K). Also let 0 < )\gbp,q) (f) < oo, )\ELP’Q) (f) =
A (g) 7 mm) (g) < 0o and 0 < TELP’Q) (f) < oo where g=n=m —1. Then

1 [ 7] )\(PaQ) . ~(mmn)
lm sup- ,Vf]&f ol 5 2 ({2 7 2,
oo log® ™ [A[ (| f] (r)) ()
Remark 13. In Theorem|16, if we will replace the conditions “T(™™ (g) < 0o” and

D < T%D’q) (f) < 00” by “F™™) (g) < 00” and 0 < ng,q) (f) < o7, then is need
to go the same replacement in right part of . Also if we replace the conditions

0 < /\gp,q) (f) < o0 and 0 < T;lp’q) (f) < oo of Theorem by 0 < /\gp,q) (f) <
p,(lp’q) (f) < o0 and 0 < ?gp,q) (f) < oo respectively, then

Pl 171 (p,q) . ~(m,n)
a2 LT 20l0) | A )
oo log®= [ ([ f] (r)) Tn o (f)
Further if we replace the condition 0 < Tép’q) (f) < oo of Theorem by 0 <

?Elp’q) (f) < oo, then Theorem |16] remains valid with “inferior limit” replaced by
“superior limit”.

Theorem 17. Let f, g, h € A(K). Also let 0 < Agp’q) (f) < oo, )\Elp’q) (f) =
Pl (g), ™™ (g) < 00 and 0 < Tglpﬁ) (f) < oo where g =n=m—1. Then

log? 17| AP —(m,n)
lim sup og[ _Ifll]l (fogl(r) S A (](2 q)a (9)
r—eo log®= [A[ (| (7)) ' (f)
Remark 14. In Theorem if we will replace the conditions ‘™™ (g) < oo”

and ‘0 < Tép’Q) (f) < 00” by “o™™ (g) < 00” and 0 < 7§Lp’q) (f) < 07, then
is need to go the same replacement in right part of . Also if we replace the

conditions 0 < )\ép’q) (f) < 00 and 0 < T&Lp’Q) (f) < oo of Theorem by 0 <
)\gbp’Q) (f) < pgbp’Q) (f) < o0 and 0 < ?ELP’Q) (f) < oo respectively, then

1 [p] TN (p,q) . =(m,n)
lim sup og[ Kl}l (fogl() S ph (f: g q)a (9)
oo log®?= [A[ ([ f] (r)) Tn o (f)
Further if we replace the condition 0 < Tgf)’q) (f) < oo of Theorem by 0 <

sz’q) (f) < oo, then Theorem remains valid with “inferior limit” replaced by
“supertor limit”.

Theorem 18. Let f, g, h € A(K). Also let 0 < A;LP’Q) (f) < pgp’q) (f) < oo,
pgf’Q) (f) = A (g) 7(mn) (g) < 00 and 0 < EEP’Q) (f) < 0o whereq=n=m—1.

Then . )
2 pq . ~(mmn)
fim SuPlog[ ,Vf]&f 2, ({2 7 ),
r—oo log® = [A| (|| (1)) o, (f)

(33)

(34)

(35)
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Remark 15. In Theorem if we will replace the conditions “r(™™ (g) < oo”
and ‘0 < Eép’q) (f) < 00” by “F™™ (g) < 00” and 0 < O_gbp,q) (f) < o0”, then
is need to go the same replacement in right part of , Also if we replace the
conditions 0 < )\ELp’q) (f) < pgf’q) (f) < oo and 0 < E;f’q (f) < o0 of Theorem
by 0 < pglp’q) (f) <ooand 0 < ngp’q) (f) < oo respectively, then

[P 7] (p,q) . ~(m,n)
lim su log[ _Ifll}l (fogl(r) - Pa (Q q)T (9)
r—oo log®™ [R[ (| f] (1)) o (f)
Further if we replace the condition 0 < Egp’q) (f) < oo of Theorem by 0 <

Jgp’Q) (f) < oo, then Theorem m remains valid with “inferior limit” replaced by
“superior limit”.
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