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VALUE DISTRIBUTION OF A ALGEBROID FUNCTION AND
ITS LINEAR COMBINATIONS OF DERIVATIVES ON ANNULI

ASHOK RATHOD

ABSTRACT. In this paper, we establish analogous of Milloux inequality and
Hayman’s alternative for algebroid functions on annuli. As an application of
our results, we deduce some interesting analogous results for algebroid function
on annuli.

1. INTRODUCTION

The uniqueness theory of algebroid functions is an interesting problem in
the value distribution theory. The uniqueness problem of algebroid functions was
firstly considered by Valiron, afterwards some scholars have got several uniqueness
theorems of algebroid functions in the complex plane C, (see [1]-[3], [8]-[11], [14],
[16], [18]-[35]). In 2005, Khrystiyanyn and Kondratyuk [6]-[7] gave an extension of
the Nevanlinna value distribution theory for meromorphic functions in annuli. In
their extension the main characteristics of meromorphic function are one-parameter
and posses the same properties as in the classical case of a simply connected domain.
After [6]-][7], Fernandez [5] study the value distribution of meromorphic functions
in the punctured plane.In 2015,Yang Tan [12], Yang Tan and Yue Wang [13] proved
some interesting results on the multiple values and uniqueness of algebroid functions
on annuli. Thus it is interesting to consider the uniqueness problem of algebroid
functions in multiply connected domains. By Doubly connected mapping theorem
[17] each doubly connected domain is conformally equivalent to the annulus {z :
r < |z| < R},0 <1 < R < 400. We consider only two cases : 7 =0, R = +00

z

simultaneously and 0 < r < R < +oo. In the latter case the homothety z — %

reduces the given domain to the annulus A = A (R%)’RO> = {z : R% < |zl < Ro} ,

where Ry = \/é . Thus, in two cases every annulus is invariant with respect to the

inversion z +— %
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2. Definitions and main results

We assume that the reader is familiar with the Nevanlinna theory of meromorphic
functions and algebroid functions (see [4] and [15]).
Let A,(z), Ay—1(%), ..., Ao(%) be a group of analytic functions which have no

common zeros and define on the annulus A (R%’ R0> (1< Ry < +00),

P(z, W) = Ay ()W + Ay 1 ()W + L+ A (2)W + Ap(z) = 0. (1)

Then irreducible equation (1) defines a v-valued algebroid function on the annulus
A (RLO,RO) (1< Ry < +00).

Let W (z) be a v-valued algebroid function on the annulus A (R%)v R0> (1< Ry <

+00), we use the notations
1< N Y ”
) = - yWi) = — o 1 j ‘ de?
m(r, W) » jgzlm(r wy) » jél 5 /0 og™ |w;(re*”)|

1 [t 1 ("
Ni(r W) = 7/1 mEW) o Ny W) = f/ n2 (W) o)
1 1

v t v t
= 1 = 1
o 1 1 1 ny (t,*ﬁ) o 1 1 ™ N (t, — )
Ny (T, ) = 7/ W—a dt, No (r, ) = ,/ W—a dt,
W —a vJi t W —a v /)1 t

—
r

_ 1 — 1 — 1
N =N N
(i) =M () e ()

Nz(rv W) = Nl‘l (Tv W) +N12 ('f‘, W)

mo(r,W):m(r,W)+m(1 W) —2m(1,W), No(r,W) = Ni(r, W)+ Na(r, W),

where w;(z)(j = 1,2, ...,v) is one valued branch of W (z), nq(¢t, W) is the count-
ing functions of poles of the function W(z) in {z : t < |2| < 1} and na(t, W) is the
counting functions of poles of the function W(z) in {z : 1 < |z| < ¢} (both counting

multiplicity).7; (t, ﬁ) is the counting functions of poles of the function Wl_a in

{z:t < |z| <1} and 71y (t, ﬁ) is the counting functions of poles of the function

74— in {z:1 < |z| <t} (both ignoring multiplicity).

Let W(z) be a v-valued algebroid function which determined by (1) on the

annulus A (RLO,RO) (1 < Ry < +0), when a € C, ng (r, ﬁ) = nyg ('r, m) ,
Ny (r, W{ﬂ) = %Ng (r, ﬁ) . In particular, when a = 0, Ny (7", %) = %NO (7", Aio)

When a = oo, Ny (r, W) = %Ng (r, Ai); where ng (n ﬁ) and ng (r, m) are
the counting function of zeros of W(z) — a and 9(z,a) on the annulus A (R%), RO)
(1 < Ry < +00), respectively.

Definition 1. [12] Let W (z) be an algebroid function on the annulus A (R%n RO)

(1 < Ry < +00), the function

To(r, W) =mo(r, W)+ No(r,W), 1<r<Rp
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is called Nevanlinna characteristic of W(z).

Lemma 1. [12] (The first fundamental theorem on annuli) Let W(z) be v-
valued algebroid function which is determined by (1) on the annulus A (R%J’ Ry
(1< Ry <+00),acC
mo(r,a) + No(r,a) = Tp (r, W) + O(1).
Lemma 2. [13] (The second fundamental theorem on annuli). Let W(z) be
v-valued algebroid function which is determined by (1) on the annulus A R%’ Ry

(1 < Ry € 400), ai (k = 1,2,..,p) are p distinct complex numbers (finite or
infinite), then we have

(p—Q'U)TO (7", W) < ZNO (7”, V[/iak> —Nl(T, W) +SO(T7 W) (2)
k=1

N (r, W) is the density index of all multiple values including finite or infinite, every
7 multiple value counts 7 — 1, and

AR w’
So(r, W) =myg (r, W) —l—jz:;mo (7“, W ak) +O(1).

The remainder of the second fundamental theorem is the following formula
So(r,W) = O (logTo(r,W)) + O(log ),

outside a set of finite linear measure, if 1 — Ry = 400, while

So(r, W) = O (log Ty(r, W) + O (logR L T) ,
—

outside a set E of r such that fE Rgir < 400, when r — Ry < +00.

Lemma 3. [12] Let W(z) be v-valued algebroid function which is determined
by (1) on the annulus A <RLO,R0) (1 < Ry < 400), if the following conditions are
satisfied

lim inf To (n, W)
r—00 ogr

T
lim inf L‘;V) < oo, Ry<+oo,
roRy 108 gy

<00, Ryg=+o0,

then W (z) is an algebraic function.
Lemma 4. [13] Let W(z) be an v-valued algebroid function defined by (1) on
the annulus A (R%), Ro) (1 < Ry < +00) respectively, then

Ny (r,W) <2(v— 1)To(r, W)+ O(1).

Lemma 5. Let W(z) be an v-valued algebroid function defined by (1) on the
annulus A (%07R0> (1 < Ry < +00) respectively, then

To(r, W) < 20Ty (r, W) + So(r, W).
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Proof. By Lemma 2 and Lemma 4, we have

TO (7‘, W/) = mO(T7 W/) + NO (Ta W/)

< mo (r,W)+ No(r,W) + N(r, W)

+2(v — 1)To(r, W) + So(r, W)
< Qu—1DTy(r,W)+ No(r, W) + So(r, W)
< 2Ty (r,W)+ So(r, W).

O

In the value distribution theory, it is very important to introduce and study the
derivative of a given function. It is natural to ask whether can we establish the
analogous of Milloux inequality and Hayman’s alternative for algebroid function on
annuli.

In this paper, we prove the following theorems and establish an interesting and
remarkable result of the Milloux inequality and Heyman’s alternative for algebroid
function on annuli.

Theorem 1.  Let W(z) be an v-valued algebroid function defined by (1) on

the annulus A (Rio, Ro) (1 < Ry < +00) respectively. Let

k
0(2) => a fV(z) (3)
=0
for any positive integer k.Where ag, a1, as, as, ....., a; are small functions of W (z).
Then
©
mo (R ) = o W) o)
and

To (r,©) 2(v — 1)(2k — 1) + 1]To (r, W) + kNo(r, W) + So(r, W),

[20(2k — 1) — 3(k — 1)]Tb (r, W) + So(r, W). (5)

ININ

Theorem 2. Let W(z) be an v-valued algebroid function defined by (1) on the
annulus A (R%)’ Ro> (1 < Ry < +00) respectively and O(z) be the function defined
by (2.6). If ©(z) is not a constant, then

2v
— 1 — 1
To(T',W) < NQ(T,W)+ No (T,W>+jz::1No (T’@fa)
1
ro—

2N, (r, W) — N ( &

) + So(r, W) (©)

1
where (a; # 0,00) and Néo) (r, @/) counts only zeros of © but not the repeated
roots of © = a;(j =1,2,...,2v) in A.

Theorem 3. Let W(z) be an v-valued algebroid function defined by (1) on

1
the annulus A (R%J, Rg) (1 < Ry < +00) respectively. © = W) and Néo) <r, @/)
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be defined as in Theorem 2.2. Then

kNL(r, W) < NE (W) + No (r,

1 1
5 _a) + N (r, @) + Nu(r, W) + So(r, W) (7)

where Ng(r, W) counts the simple poles of W and N(()Q (r, W) counts the multiple
poles of W, not including multiplicity in A.

Theorem 4. Let W(z) be an v-valued algebroid function defined by (1) on

the annulus A (R%)’ RO) (1 < Ry < +00) respectively. Then

1 1 2\ — 1
To(r,W) < <2+ E) No (7‘, W) + (2-1— %) No (T, 5 a) + 2Nz (r, W) + So(r,W). (8)
By replacing © = W) in the Theorem 2, we get the following result

Corollary 1. Let W(z) be an v-valued algebroid function defined by (1) on the
annulus A (RLC),RQ) (1 < Ry < +00) respectively and k is any positive integer.
Then

_ 1 — 1 1
To (1, W) < No (r, W)+No (T, W)JrNo (7‘, m) *Néo) (T, W)Jer(r, W)+ So(r, W).

By Theorem 2, we get the following Corollary

Corollary 2. Let W(z) be an v-valued algebroid function defined by (1) on the
annulus A (%g’ Ro) (1 < Ry < +00) respectively, with only a finite number of zeros
and poles. Then every function © as defined in (2.6) assumes every finite complex
value, except possibly zero, infinitely often or else is identically constant.

By replacing © = W) in the Theorem 4, we get the following result

Corollary 3. Let W(z) be an v-valued algebroid function defined by (1) on the
annulus A (RL R0> (1 < Ry < +00) respectively. Then

07

TW<21N122N L 2Ny (r, W) + So(r, W
o(r,W) < +% 0 va + +E 0 Tvm + 2Ny (r, W) + So(r, W).

W —
w2

By replacing the value of F' = 1, where w; and wy be complex numbers

we # 0 and Ty(r, F) = To(r, W) + O(1) in Theorem 4. Then we get the following
result.

Corollary 4. (Hayman’s Alternative on annuli. ) Let W(z) be an v-valued
algebroid function defined by (1) on the annulus A (R%,Ro) (1 < Ry € 4+)

respectively. Then either W assumes every finite value infinitely often or W)
assumes every finite value except possibly zero infinitely often in A.
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3. Proof of Theorems
3.1. Proof of Theorem 1. From Lemma 2, we can get
So(r, W) = O(log rTy(r, W) = O(log 1Ty (r, W) = So(r, W).

First of all, we consider the special case when ©(z) = W*)(2). By Lemma 2.2, we

have
w (k)
mo <T, W> = So('f', W), (9)
and
To(r, W®) = mo(r, WH) + No(r, W)
w (k)
S mO(r7W)+mO (Ta W ) +N0(T7W(k))
S mo (T7 W) + NO (T7 W) + kNO (Tv W) (10)

+2(v — 1)(2k — V)To(r, W) + So(r, W)
< (k+ D) Tolr, W)+ 2(v — 1)(2k — )Ty (r, W) + So(r, W)
= [20(2k — 1) — 3(k — 1)]To(r, W) + So(r, W).

In the following, we consider the general case. It is obvious that

mo <r,§)/) < lzk;mo <r, al‘gfv(l)> +log(k + 1)
k w®
< ; {mo (r,a;) + mo (r, Wﬂ + log(k + 1)
< So(r,W). (11)
Thus, we have
0 .0) < mo (75 )+ 0 () S o, W) + Salr W) (12

On the other hand, we have

No (r,0) gNdeﬂgmmWHkmmW) (13)
+2(v — 1)(2k — V)To(r, W) + So(r, W).
it follows from (12) and (13) that
1o (Ta @) = mo (Ta @) + No (7‘, 6)
mo (1, W) + No (r, W) + kNg (r, W) + So(r, W)
To (r,W) + kNo(r,W)+2(v —1)(2k — 1)To(r, W) 4 So(r, W)
2v(2k — 1) — 3(k — 1)]To (r, W) + So(r, W).

IN N CIA

Therefore
To (R,0) < [2v(2k —1) = 3(k — 1)]To (r, W) + S(r,W)

which completes the proof of Theorem 1.
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3.2. Proof of Theorem 2. By the Second Fundamental theorem for algebroid
functions on annuli, we have

mo (r,©)+ mo (r, %)ero (r, ia> < (2v+1) Tp (r, ©) = NSV (r, W) = N (r, ©) + So(R, ©). (14)

(C]

By the First Fundamental theorem for algebroid functions on annuli, we have

(2v +1) Ty (r,©) — NV (r, W)

2v 2v
1
mg (r, ©) + Z mg (r,a;,0) + No (r,0) + Z No (r,aj,0) — [2 No (r,©) — No (r,0") + No <r, 5>:|
j=1 j=1

1
= mo(r,0)+ mo (r,a,0)+ No(r,a;,©) — Ny (r, a) + No (7*, @/) — No (r,0). (15)

It is obvious that
No (R,©') — No (R, ©) No(r,©) 4+ Nz(r,0) + O(1)

No (r, W) + 2Ny (r, W) + So(r, W) (16)

INIA

and
2v 1 1 2v 1 ) 1
N - N — ) <> No (R N (r, W) — N, L — ). 17
> o(n@faj) (@),; o ( ,efaj)+ crw) = N0 (rgr ). an

Hence it follows from (14), (15), (16) and (17) that

2v

mo (ﬁé) <No(r,W)+> No (T: @1

j=1 —a

) + 2Ny (r,W) — N9 (n é) + So(r,©). (18)

From (2.8), we have
S()(’l‘7 @) = S()(’/'7 W)
By First fundamental Theorem for algebroid function on annuli, we have

mo (r, %) + No (r, %) + O0(1)

To (r, W)

< mo (r, %) + mo (r, %) + No (7", %) + O(1)
< mg (r, %) + No (7"7 %) + So(r,W). (19)

From (18) and (19), we have

1
O —aj

o 1 2v o 1
To (r, W) < No (r, W) + No (r, W) + ;No (r, ) + N, (r, W) — N ( @) + So(R,W)

which completes the Proof of Theorem 2.

3.3. Proof of Theorem 3. We first define the function

— (W<k+1))k+1 NGO
W(z) = (a— W(k))k+2 " (a— ©)k+2’ (20)

Suppose W has a simple pole at zg, i,e W (z) = b(z — z9) "' + O(1) for some b # 0.
Then differentiating k& times,
(=Dkak!

R e

(1 +O((z - zo)k+1)) .

Differentiating again and then substituting it into W, we find that

(—1)F(k + D+

/I/I7(z) - ak!

(1 +O((2 - zo)k+1)) .
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Thus, at a simple pole of W, W # 0, 0o, but W' has a zero of order at least k.

!/
Now we apply first fundamental theorem for algebroid function on annulus to W,

assuming W to be non constant, giving

= —
mo | 7, g - mo|m, i + 0(1)
w w’

o~

W
Thus using (21) and the property that mq <r7 /VI7’> is non negative, we have

=,

_ 1 - w
ENL(r, W) < N (r, = ) <N, (r, 7) + Mo (r, W) 4 Na(r, W) + mo (r, A) + 0(1)
w w
+

IN
N

N (n %) No (r, W) + Na(r, W) + So(r,W). (22)

By (22) and zeros and poles of g can only occur at multiple poles of f, a-points
of © or zeros of ©" which are not a-points of © and so

1 —(2 0 1
_a) + NG (W) 4+ N (r,@).

= ) = 76
Hence by (].9)7 we ha,Ve

1
O —a

EN(r,W) < Ngz (r,W) + No (7‘,

1
) + N (r, @> + Na(r, W) + So(r, W).

3.4. Proof of Theorem 4. We start by noting that in Ny(R, f), multiple poles
are counted at least twice and then apply (2.9)

1
) - N (r, —) +2N, (r, W)+ So(r, W).
a

— — 1 — 1
NE(r, W)+ 2N (r, W) < To(r, W) < No (r, £)+ No (7‘, W>+N0 <r, e o
(23)

Since No(r, W) = Ng(r, W) + N?(r, W), hence by (3.15), we get

N((TW)<N r—1>+N <R
0 5 > INo W 0 =)

—a

> - N§” (1{7 é) + 2N (r, W) + So(r, W). (24)
By (24) and (2.10), we get

N ! N, ! N ! N ! N ! So(r, W
oT,W-‘r 0T7®—a — Ny T,@-l- oT,@_a-‘r 0 T,@-‘ro(?“» )

No (r, %) + 27N, (n 5 i a) + So(r, W). (25)

k Ng (r, W)

IN

IN



190 ASHOK RATHOD EJMAA-2020/8(1)

By (24) and (25), we can write

No(r, W) = Nirw)+ NGr,w)

1 1 2 — 1 1 — 1
— N — — N N — N,
K O(T’W)+k O(T’efa)+ (J('“’VV)+ °(“®w)

1
- N ('r, @) + Nu(r, W) + So(r, W)

No(r,W) < 1+1N 1+1+2N !
olr, = k Oryw k 07"76_

1
Since Néo) <r, ) > 0, we substitute this and (26) into (2.9), we get

IA

a) - NéO) (r, é) +2N, (r, W)+So(r, W).
(26)

6/

To(r,W) < (2+ ;) Ny (r, V1V> + <2+ i) No (n @1_(1) + So(r, W).

4. Open questions

Can we use Milloux inequality and Hayman’s alternative for algebroid functions
for more general differential polynomials on annuli and use those to prove results
related to sharing of two differential polynomials of algebroid functions on annuli.

Conflict of Interest
The authors declares that there is no conflict of interest regarding the publication
of this paper.

REFERENCES

[1] T. B. Cao, Z. S. Deng, On the uniqueness of meromorphic functions that share three or two
finite sets on annuli, Proceeding Mathematical Sciences, 122, 203-220, 2012.
[2] Daochun S and Zongsheng G, Uniqueness theorem for algebroid functions, J.South China
normal Univ.; 3 :80-85, 2005.
[3] Daochun S and Zongsheng G, On the operation of algebroid functions, Acta Mathemat-
ica.Scientia; 247-256, 2010.
[4] Daochun S and Zongsheng G, Value disribution theory of algebroid functions, beijing: Science
Press; 2014.
[5] Hongxun Y, On the multiple values and uniqueness of algebroid functions , Eng.Math.; 8
:1-8, 1991.
[6] Hayman W. K, Meromorphic functions, Oxford: Oxford University Press; 1964.
[7] A. Ya. Khrystiyanyn and A. A. Kondratyuk, On the Nevanlinna Theory for meromorphic
functions on annuli. I, Mathematychin Studii, 23, 19-30, 2005.
[8] A. Ya. Khrystiyanyn, A. A. Kondratyuk, On the Nevanlinna Theory for meromorphic func-
tions on annuli. IT, Mathematychin Studii, 24, 57-68, 2005.
[9] Minglang F, Unicity theorem for algebroid functions, Acta. Math. Sinica.; 36 : 217-222, 1993.
[10] Qingcai Z, Uniqueness of algebroid functions, Math. Pract. Theory.; 43 : 183-187, 2004.
[11] Cao Tingbin and Yi Hongxun, On the uniqueness theory of algebroid functions, Southest
Asian Bull.Math.; 33 : 25-39, 2009.
[12] Yang Tan, Several uniqueness theorems of algebroid functions on annuli, Acta Mathematica
Scientia, 36B(1):295-316, 2016.
[13] Yang T and Qingcai Z, The fundamental theorems of algebroid functions on annuli, Turk. J.
Math; 39: 293-312, 2015.
[14] Yang Tan and Yue Wang, On the multiple values and uniqueness of algebroid functions on
annuli, Complex Variable and Elliptic Equations, Vol. 60, No. 9, 1254-1269, 2015.
[15] C. C.Yang and H. X. Yi, Uniqueness theory of meromorphic functions, Science Press, 1995;
Kluwer, 2003.



EJMAA-2020/8(1) VALUE DISTRIBUTION OF A ALGEBROID FUNCTION 191

[16] H. X. Yi, The multiple values of meromorphic functions and uniqueness, Chinese Ann. Math.
Ser. A 10 (4) 421-427, 1989.

[17] Axler S, Harmonic functions from a complex analysis view point, Amer Math Monthly, 93(4):
246-258, 1986.

[18] R. S. Dyavanal and Ashok Rathod, Pseudo-deficiency and uniqueness theorem in annuli,
Mathematical Sciences International Research Journal ; 4 No.2, 298-300, 2015.

[19] R.S. Dyavanal and Ashok Rathod, Uniqueness theorems for meromorphic functions on annuli,
Indian Journal of Mathematics and Mathematical Sciences; 12, No.1,1-10, 2016.

[20] R. S. Dyavanal and Ashok Rathod, Multiple values and uniqueness of meromorphic functions
on annuli, International Journal Pure and Applied Mathematics; 107 No.4, 983-995, 2016.

[21] R. S. Dyavanal and Ashok Rathod, On the value distribution of meromorphic functions on
annuli, Indian Journal of Mathematics and Mathematical Sciences; 12 No.2, 203-217, 2016.

[22] R. S. Dyavanal and Ashok Rathod, Some generalisation of Nevanlinna’s five-value theorem
for algebroid functions on annuli, Asian Journal of Mathematics and Computer Research; 20
No.2,85-95, 2017.

[23] R. S. Dyavanal and Ashok Rathod, Nevanlinna’s five-value theorem for derivatives of mero-
morphic functions sharing values on annuli, Asian Journal of Mathematics and Computer
Research; 20 No.1,13-21, 2017.

[24] R. S. Dyavanal and Ashok Rathod, Unicity theorem for algebroid functions related to multiple
values and derivatives on annuli, International Journal of Fuzzy Mathematical Archive; 13
No.1,25-39, 2017.

[25] R. S. Dyavanal and Ashok Rathod, General Milloux inequality for algebroid functions on
annuli, International Journal of Mathematics and applications; 5 No.3, 319-326, 2017.

[26] Ashok Rathod, The multiple values of algebroid functions and uniqueness, Asian Journal of
Mathematics and Computer Research, 14 No.2, 150-157, 2016.

[27] Ashok Rathod, The uniqueness of meromorphic functions concerning five or more values and
small functions on annuli, Asian Journal of Current Research, 1 No.3, 101-107, 2016.

[28] Ashok Rathod, Uniqueness of algebroid functions dealing with multiple values on annuli,
Journal of Basic and Applied Research International, 19 No.3, 157-167, 2016.

[29] Ashok Rathod, On the deficiencies of algebroid functions and their differential polynomials,
Journal of Basic and Applied Research International, 1 No.1, 1-11, 2016.

[30] Ashok Rathod, The multiple values of algebroid functions and uniqueness on annuli, Konuralp
Journal of Mathematics, 5 No.2, 216-227, 2017.

[31] Ashok Rathod, Several uniqueness theorems for algebroid functions, J. Anal., 25 No.2, 203-
213, 2017.

[32] Ashok Rathod, Nevanlinnas five-value theorem for algebroid functions, Ufa Mathematical
Journal ; 10 No.2, 127-132, 2018.

[33] Ashok Rathod, Nevanlinnas five-value theorem for derivatives of algebroid functions on an-
nuli, Tamkang Journal of Mathematics ; 49 No.2, 129-142, 2018.

[34] S. S. Bhoosnurmath, R. S. Dyavanal, Mahesh Barki and Ashok Rathod, Value distribution
for nth difference operator of meromorphic functions with maximal deficiency sum M. et al.
J Anal, 2018. https://doi.org/10.1007/s41478-018-0130-5.

[35] Ashok Rathod, Characteristic function and deficiency of algebroid functions on annuli, Ufa
Mathematical Journal ; 11 No.1, 121-132, 2019.

ASHOK RATHOD
DEPARTMENT OF MATHEMATICS, KARNATAK UNIVERSITY, DHARWAD - 580 003, INDIA
E-mail address:  ashokmrmaths@gmail.com



