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STARLIKE AND CONVEXITY PROPERTIES FOR p—VALENT
HYPERGEOMETRIC FUNCTIONS OF ORDER o AND TYPE §

A. O. MOSTAFA AND G. M. EL-HAWSH

o0
ABSTRACT. Given the hypergeometric function F(a,b,c;z) = > %z",
= () (D)n

we obtain conditions on a,b and ¢ to guarante zP F'(a, b, ¢; z) to be in various
subclasses of p—valent starlike and p—valent convex functions. An operator
related to the hypergeometric function is also examined.

1. INTRODUCTION

Denote by S(p) the class of p—valent analytic functions of the form:

f2)=2"+) apn®™, (peN={1,2,3,..},2€U= {2z C:|z| < 1}). (1)
n=1
A function f(z) € S(p) is said to be in the class S;(«, 3) of p—valently starlike
functions of order « and type 8 (see [1], [2], [3] and also [4]) if :

= (2)
-p
— SO " 1B (0<a<p 0<B<1; zel), (2)
zf (z) + p— 200
f(2)
and is in the class Kp(a, 5) of p—valently convex functions of order a and type 3
(see [1], [2], [3] and also [4]) if :

LS o
; <B (0<a<p0<p<1; 2€l). (3)
(ij) +p -2«

From (2) and (3), we have

1) e/c,;(a,ﬂmzﬁfz) eSiB)  (0<a<p0<f<l). (@)

zf!
]- + f/

In particular:
(i) S5(a, 1) = S (a)(see [1], [2], [5] and [6]);
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(i) Kp(a,1) = Kp(o) (see [1], [2) and [7));

(iii) $;(0,1) = S and K, (0,1) = K, (see [8]);
(iv) Sf(a, 1) = S*( ) and ICl(a, 1) = K () (see [9]).
By T(p) we denote the subclass of S(p) consisting of functions of the form:

- Z apn 2?7, (apyn > 0; p €N). (5)

By 7, (o, B) and Cp(c, 3) we denote the classes obtained by taking interesctions,
respectively, of the classes S;(a, ) and IC)(a, 8) with the class T(p)

T, (,8) = Sy(a,B8)NT(p),
Co(a,8) = Kpla,8)NT(p).

We note that:
(i) T, (a,1) = T (a) and Cp(a, 1) = Cp(a) (see [1], [2], [10] and [11]);
(i) 77 (c B) = T*(, B) and Cy (v, B) = Clax, B) (see [12]);
(111) T (o, 1) = T*(a) and C1(a, 1) = C(a) (see [13]).
or a,b and ¢ € C and ¢ # 0,—1,—2, ..., the hypergeometric function is defined
by

F(a,b,c;2) Zznb 2" (z€l), (6)

where (M), is defined by

'A+n) 1 n=20

()‘)nzl“()\):{A(A+1)...(A+n—l) neN - (™)

The series (6) represents an analytic function in U and has an analytic continuation
throughout the finite complex plane except at most for the cut [1, 00). We note that
F(a,b,c¢;1) converges for R (a —b—c¢) > 0 and is related to the Gamma function
by

P(c)T(c—a—0b)
IF'(c—a)T(c—b)

Corresponding to the function F(a, b, c; z) we define

F(a,b,c;1) =

(®)

hp(a,b,c;z) = 2P F(a,b, ¢; 2). (9)

We observe that for a function f(z) of the form (1), we have

h(abcz-zp—i—z 1npz". (10)
n=p-+1 ”P()nl)

In [14] EL-Ashwah et al. gave necessary and sufficient conditions for 2P F(a, b, ¢; 2)
to be in 7' (a), Cp(a), S;(a) and Kp(a) and has also examined a linear operator
acting on hypergeometric functions, (see also [15], [16], [17], [18], [19], [20], [21] and
22)).

In the present paper, we determine necessary and sufficient conditions for h,(a, b, ¢; 2)
to be in the classes 7" (a, 8), Cp(a, B), S, (v, B) and Kp(a, B). Furthermore, we con-
sider an integral operator related to the hypergeometric function.
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2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that 0 < a < p,
0< p <1, z€U and peN.

The following lemmas will be required in our investigation.

Lemma 1 [3]. Let the function f(z) defined by (1). Then

(i) A sufficient condition for f(z) € S(p) to be in the class S;(a, 8) is that

> In—p+Bm+p—2a)la <28(p—a).
n=p+1
(ii) A sufficient condition for f(z) € S(p) to be in the class Kp(a, 8) is that
= n
> —ln—p+Bn+p—2a)la] <28(p—a).
n=p+1

Lemma 2 [3]. Let the function f(z) defined by (5). Then
(i) A sufficient condition for f(z) € T(p) to be in the class 7" («, 8) is that

> In—p+Bn+p-2a)]a,<28(p—a).
n=p+1
(ii) A sufficient condition for f(z) € T(p) to be in the class Cp(«, 8) is that
o0
n
Z —[n—p+Bn+p-2a)]a, <28(p—a).
n=p+1 p

Lemma 3 [23]. Let f(z) € T(p) be defined by (5). Then f(z) is p—valent in U if

oo
Z p+n)apin <p.

Theorem 1. If a,b > 0 and ¢ > a+b+1, then a sufficient condition for hy(a, b, ¢; z)
to be in S;(a, B), 0 < <pand 0 < B <1, is that
LT (c—a—10) n ab(B+1)
I'(c—a)l'(c—b) 26p—a)(c—a—b—-1)
Condition (11) is necessary and sufficient for F), defined by F,(a,b,¢;z) = 2P (2 — F(a, b, c; 2))
to be in 7, (a, ).

<2, (11)

Proof. Since hy(a,b,c;z) = 2P + > %z”, according to Lemma 1 (i),
nept1 n—pin-p

we only need to show that

° a b
ngl[n—p+5(n+p—2a)]mS%’(ﬁ-@)-
Now
> (@) (0)y
2 opr Ay 20 G
- 5+1Z -+ 200 ZZ"?” (12)
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Noting that (X), = A (A +1),,_; and then applying (8), we get

< (a+1),_, (b+1),_, = (a), (B),
Bﬂnzl ST R D DY TN
_ab Flec+ )T (c—a—b-1) ()T (c—a—0)
= BT e Ty T ey +2ﬁ(p_a){I‘(c—a)1"(c—b)_l

I'(c)T'(c—a—b) [ ab(B+1)
(

T{c—a)l(c—b) cabn“ﬁ@—a)]—zﬁ(p—a)-

But this last expression is bounded above by 26 (p — «) if and only if (11) holds.

Since Fp(a,b,c; z) = 2P — Z %z” the necessity of (11) for F), to be
n— n—p

in 7 (c, 8) follows from Lemma 2 (1). O

Remark 1. Condition (11) with @ = 0 and 8 = 1 is both necessary and sufficient
for F}, to be in the class 7,

In the next theorem, we find constraints on a, b and ¢ that lead to necessary and
sufficient conditions for hy(a, b, c; ) to be in the class 7" (c, ).

Theorem 2. If a,b > —1,¢ > 0 and ab < 0, then a necessary and sufficient

condition for hy(a, b, c; 2) to be in T (a, B) is that ¢ > a+b+1 - Sgb%ﬁfi)) The

condition ¢ > a+b+1— %b is necessary and sufficient for h,(a, b, ¢; z) to be in 7"

Proof. Since

hp(a,bc;2) = 2P+ Z

c+ 1)n—p—1 (1)n—p

@t Dy O Dy,
"g’;‘l (c+ 1)n—p—1 (1)1'7,—17 7 (13)

according to Lemma 2 (i), we must show that

S fn-pt Bt p—2a) Y

n=p+1

n—p—1 (b + 1)n—p—l
(C + ]')n—p—l (1)n—p

ab

<28(p—a). (14)

Note that the left side of (14) diverges if ¢ < a+ b+ 1. Now

- (a+1),(b+1),
;[n+1+ﬁ(n+2p—2a+l)] 1) Dy

o0 (a+1)n (b+ 1)n €\ — (a)n (b)n
= G, P () X 0

_ I'(c+1)T(c—a—b—1) C T'(c)l'(c—a—b)
- (6 + ]‘) [ T'(c—a)T'(c—b) +26 (pi a) (%) [F(c—a)l"(c—b) B ]‘:|
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Hence, (14) is equivalent to

T(c+1)T(c—a—b—1) [(,6+1)+2B(p—a) (c—a—b—lﬂ

F'(c—a)T (c—0) ab
< 2B(p-o) [Mcblﬂfb} = 0. (15)

Thus, (15) is valid if and only if

(B+1)+28(p— ) (C“abb1> <0,

or, equivalently,

ab(B+1)

c>a+b+1-—
268(p—a)

Applying (i) of Lemma 2 , with &« = 0 and 8 = 1 the proof of Theorem 2 is
completed. 0

Our next theorems will parallel to Theorems 1 and 2 for the p—valent convex
case.

Theorem 3. If a,b > 0 and ¢ > a + b + 2, then a sufficient condition for
hp(a,b,c; z) to be in Kp(a, ), 0 < a<pand 0 < S <1, is that

I'(c)I'(¢c—a—b) 1+ ab(3pB+p+B—2a8+1)

(a)5(b),(B+1)
T'(c—a)T'(c—0b) 2572 <2 (16)

B(p—a)(c—a—b-1) T 2pBlp—a)(c—a—b-2), | =

Condition (16) is necessary and sufficient for F,(a,b, c; z) = 2P (2 — F(a, b, ¢; 2)) to
be in C,(a, B).

Proof. In view of Lemma 1 (ii), we only need to show that

> n[n—p+6(n+p—2a)]m))"_p((b;"_p§2pﬁ(p—a)-

n=p-+1 (e n—p Dn—p
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fiuﬂﬂwﬂJm+1+60r+%—2a+lﬂgﬁidﬁﬁg
n=0 c n+1 (1)n+1
> (34 1) (et 1 8*8* = 209) D (0 1) (e
n=0 n+1 n+1 n=0 n+1
= CL n+1 n+1
B lp ; (c) n+1 (1)n+1
> n ( )n+1 (b)n+1 — % > a)n+1 b)n+1
2, BV 1) T S @nd =200 ), T,
w > (a)n-i-l (b)n+1
NG D Y vy
> (a n-+1 (0)pi1 9% - (@), 41 b)n+1
; (B+1) oy, * Grb+p =208+ 5+1) ;) O 10,
— (@), (b),,
P =) ) Gy,
= (a n+2 (b)n+2 — %, - (a)n+1 (b)n+1
D e N R R D i v ey iy
& @,
t2pf(p o) [Z ©, (D), 1]
Since (A),, 1, = (A), (A +k),, , we may write (17) as

(a), (b)y (B+1) [T(C+2)F(C—a—b
(€)y F(c—a)T(c=b

() M Femarey ) T2 e -

)_2)] +(3pB+p—2aB+B+1)

225

b

1)

)n+1

n+1

(17)

1.

Upon simplification, we see that this last expression is bounded above by 2pS (p — «)

if and only if (16) holds. That (16) is also necessary for F, to be in C, (o

from Lemma 2 (ii).

, B) follows

O

Theorem 4. If a,b > —1,¢ > a+ b+ 2 and ab < 0, then a necessary and
sufficient condition for hy(a,b, c; z) to be in Cp(e, B) is that

(@)y D)y (B+1)+ab(BpB+p—2aB+B+1)(c—a—-b-2)
+2pp(p—a)(c—a—b—2), > 0.

(18)

Proof. Since hy(a,b,c; z) has the form (13), we see from Lemma 2 (ii) that our
conclusion is equivalent to

= a+1 1 (b 1np1
3 a2 S e <o -

(19)
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Note that ¢ > a + b+ 2 if the left side of (19) converges.Writing

m+p+1)n+1+6(n+2p—2a+1)
= (B+1)(n+1)"+ (3pB+p—2a8) (n+1)+2p8(p - a),

we see that

> (a+1), , ,(0+1), ,
n:zp;rln[n—p—&-ﬁ(n—i—p— 2a)] CES R -

(a+1),(b+1),
(c+1), (1),

(a+1),(b+1),

= Y (nt+p+)[n+1+B(n+2p—20+1)
n=0

o0 oo

(a+1),(b+1)

= (D 2 ) T T, Ge e =200 2 T,
+2pB(p—a) Yy ot 1), 0+ 1),

et 1), (U

(a+1) b+ (B+1) i (a+2),(b+2),
(ct+1) Z (e+2), (),
g +p=200+ 4 1) 3 R ) (15) 3 (e
_ [F(c—i—l)F(c—a—b—Z)]
F'(c—a)T(c—0b)
(a+1)(b+1)(B+1)
{ +(3pB+p—20B+B+1)(c—a—b—2)4 2oececatb2), ]

—2pB (p — @) (%) -

n=1

This last expression is bounded above by 2pS (p — «) |£’ if and only if

(a+1D)O+1)(B+1)+BpB+p—2a8+B+1)(c—a—b—2)

J8p-a)c—a=b-2),
ab
which is equivalent to (18). O

Putting p = 8 = 1 in Theorem 4, we obtain the following result.
Corollary 1. If a,b > —1,¢ > a+ b+ 2 and ab < 0, then a necessary and
sufficient condition for h(a, b, c; z) to be in C(«) if and only if

(@)y(b)g+ab(B—a)(c—a—-b-2)+(1—-a)(c—a—b—2), > 0.

Remark 1. Corollary 1, corrects the result given by Silverman [13, Theorem 4].
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3. A FAMILY OF INTEGRAL OPERATORS

In this section, we obtain similar results in connection with a particular integral
operator Gp(a,b,c; z) acting on F'(a,b, c; z) as follows
V4
Gpla,b,c;2) = p/tp_lF(a, b, c; z)dt
0

() @a 0
- *7;(]9%) RO (20)

We note that zip = hy.
Now G,(a,b,¢;2) € K,(e, ) if and only if
zG/p(a, b,c; z)

p

= hp(a,b,c;2) € Sy (a, B).

= hy(a,b, ¢ 2), Gy (abeciz) h/p(% b, ¢;z)—

p

This follows upon observing that 2Gp(abez)

1 )
EGP(Q’ b,c; z), and so
2G,(a,b,c;2)  zh,(a,b,c;2)

1 = .
+ Gp(CL,b,C; Z) hp(avba C; Z)

Thus any p—valent starlike about h,(a,b,c;z) leads to a p—valent convex about
Gp(a,b,c; z). Thus from Theorems 1 and 2, we have

Theorem 5. (i) If ¢,b > 0 and ¢ > a + b+ 1, then a sufficient condition for
Gp(a,b, c; z) defined by (20) to be in ICp(r, ), 0 < a < pand 0 < g <1, is that

I'c)T(c—a—0 b 1

F(ec—a)T(c—10) 26(p—a)(c—a—-b—-1)
(ii) If a,b > —1,¢ > a+ b+ 2 and ab < 0, then a necessary and sufficient condition
for Gp(a,b,c;z) to bein Cp(a, B) isthat c > a+b+1— gggﬁfi))

Remark 2.

(i) Putting 8 =1 in the above results, we obtain the results of El-Ashwah et al.
[14];

(ii) Putting 8 = 1 and p = 1 in the above results, we obtain the results of
Silverman [24];

(iii) Putting p = 1 in the above results, we obtain the results of Mostafa [21].
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