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SOME GROWTH PROPERTIES OF ENTIRE FUNCTIONS OF

SEVERAL COMPLEX VARIABLES ON THE BASIS OF THEIR

(p,q)-¢ RELATIVE GOL’DBERG ORDER AND (p,q)-¢ RELATIVE
GOL’DBERG LOWER ORDER

TANMAY BISWAS AND RITAM BISWAS

ABSTRACT. In this paper our primary concern is to discuss some basic
properties of entire functions of several complex variables based upon
(p, @)- relative Gol’dberg order and (p, q)-¢ relative Gol’dberg lower order,
where p and g are any two positive integers and ¢ (R) : [0, +00) — (0, +00) be
a non-decreasing unbounded function.

1. Introduction

Usually, the complex and real n-spaces are denoted by the respective
symbols C™ and R"™. In addition, let us assume that the points (z1, 22, -, z5),
(m1,ma,- -, my) of C" or I" be represented by their corresponding unsuffixed
symbols z,m respectively where I denotes the set of non-negative integers. Then

1
the modulus of z, denoted by |z|, is defined as |z| = (|21|2 +---+ |zn|2) * . If the

coordinates of the vector m are non-negative integers, then the expression z7"*--- 2"
will be denoted by z™ where ||m| =m1 + - -+ + m,.

Consider D C C™ to be an arbitrary bounded complex n-circular domain
with center at the origin of coordinates. Then for any entire function f(z) of n

complex variables and R > 0, My p (R) may be defined as My p (R) = B ZugR If (2)]

where a point z € Dp if and only if £ € D. If f () is non-constant, then My p (R)
is strictly increasing and its inverse MJ?}) : (Jf (0)],00) — (0,00) exists such that
AEI;OM];; (R) = oo.

For k € N, we define exp*] R = exp (exp[k*” R) and log[k] R =log (log[k_l] R)

where N is the set of all positive integers. We also denote log[o] R =R, log[fl] R=
expR, exply R = R and exp[~! R = log R. Further we assume that throughout
the present paper p, ¢ and m always denote positive integers. Also throughout
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the paper an entire function f (z) of n-complex variables will stand for an entire
function f (z) for any bounded complete n-circular domain D with center at origin
in C™. Taking this into account, we recall that Datta et al. [5] defined the concept
of (p, q)-th Gol’dberg order and (p, g)-th Gol’dberg lower order of an entire function
f (2) of n-complex variables where p > ¢ in the following way:
(p]
P (f) = limsup w
R—+o00 log'" R

and

loe®! M1
)\%)’Q) (f) = liminf 06 " 2D ) (R)
R—+o0 log[q] R

For p = 2 and ¢ = 1, the symbols pg’l) (f) and )\(’?,1) (f) are respectively

denoted by pp, (f) and Ap (f) which are actually classical growth indicators (see e.g.
[8,[9]). However in the line of Gol’dberg (see e.g. [8,[9]), it may be easily established
that p%? (f) and A2? (f) are independent of the choice of the domain D, and
therefore one can write p®® (f) and AP? (f) instead of p(p ) (f) and )\%”Q) ()
respectively.

In [12], Shen et al. introduced the definition of (p, q)-¢ order of an entire
function. For details about (p,q)-¢ order, one may see [12]. Consequently the
definition of (p, ¢)-¢ Gol’dberg order and (p, ¢)-¢ Gol’dberg lower order of an entire
function f (z) of n-complex variables are established in [4] which are as follows:

Definition 1. [4] Let ¢(R) : [0,4+00) — (0,+00) be a non-decreasing unbounded
function. Then the (p, q)-¢ Gol’dberg order p(p’q) (f,¢) and (p, q)-p Gol’dberg lower

order )\(g’q) (f,¢) of an entire function f (z) of n-complex variables are defined as

, log” My p (R
P (f,) = limsup —— L2 )
R—+co  log'" ¢(R)

and

[»]
)\(IMQ) (f,¢) = liminf log™ My p (R)
ftoo  logld p(R)

The above definition avoids the restriction p > ¢. However, an entire
function f(z) for which pp’q (f,¢) and /\p’q (f,¢) are the same is called a
function of regular (p,q)-¢ Gol’dberg growth Otherwise, f(z) is said to be
irregular (p, q)-¢ Gol’dberg growth. For any non—decreasing unbounded function

. i im 18" elaR) _
@(R) : [0,400) — (0, +00), if it is assumed that REI-EOO T (R =1forall a >0,

then one can easily verify that p (f, ¢) and )\g’q) (f, <p) are independent of the
choice of the domain D, and therefore one can use the symbols p®9) (f,¢) and

APD (£ 0) instead of pg’q) (f,¢) and A} (p.a) (f,®)) respectively.
Concerning this we just state the followmg definition:

Definition 2. An entire function f(z) of n-complex variables is said to have
indez-pair (p,q)-p if b < p®9 (f ) < oo and p®~19=V) (f ©) is not a nonzero
finite number, where b = 1 if p = q and b = 0 for otherwise. Moreover if
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0 < pP9 (f, @) < oo, then

pP=mD (f, ) = 00 for n<p,
pP =) (f ) =0 for n<q,
P (£ o) =1 for n=1,2,---

Similarly for 0 < AP (f, ) < o0,

AP (f o) = o0 for n<p,
APa=m) (f 0) =0 for n<q,
A(Ptmatn) (f,p) =1 for n=1,2---

If o(R) = R and p > ¢, then definition [1] coincides with the definition of
(p, ¢)-th Gol’dberg order and (p, q)-th Gol’dberg lower order introduced by Datta
et al. [5]. Consequently for ¢p(R) = R, Definition [2 reduces to the the definition of
index-pair (p, ¢) of an entire function f (z) of n-complex variables. For detail about
index-pair (p, q) of an entire function f (z) of n-complex variables, one may see [3].

However for any two entire functions f (z) and g (z) of n-complex variables,
Mondal et al. [I0] introduced the concept relative Gol’dberg order of f (z) with
respect to g (z). In the case of relative Gol’dberg order, it therefore seems reasonable
to define suitably the (p, ¢)-th relative Gol’dberg order. With this in view one can
introduce the following definition in the light of index-pair.

Definition 3. [3] Let f(z) and g(z) be any two entire functions of n-complex
variables with index-pair (m,q) and (m,p), respectively. Then the (p, q)-th relative
Gol’dberg order péljg) (f) and (p,q)-th relative Gol’dberg lower order /\_Efg) (f) of
f (2) with respect to g (z) are defined as

P () sup log” Myp (Myp (R)
NPO (£) 7 Retoo inf log R

Definition [3| avoids the restriction p > g of Definition 1.3 of [1]. In view of
Theorem 2.1 of [I] one can easily prove that p;’? g) (f) and )\g g) (f) are independent

of the choice of the domain D, and therefore one can write p{**® (f) and APD (f)
instead of p;{)}g) (f) and )\;{)}3) (f)-

Further an entire function f (z) of n-complex variables for which pép ) fH
and )\gp"” (f) are the same is called a function of regular relative (p,q) Gol'dberg
growth with respect to an entire function g (z) of n-complex variables. Otherwise,
f (2) is said to be irregular relative (p,q) Gol’dberg growth.with respect to g (z).

Now in order to make some progress in the study of relative Gol’dberg order,
in [4], the definition of (p,q)-¢ relative Gol’dberg order and the (p,q)-¢ relative
Gol’dberg lower order in the light of index-pair are given which are as follows:

Definition 4. [] Let ¢ (R) : [0,+00) — (0,4+00) be a non-decreasing unbounded
function. Also let f (2) and g (z) be any two entire functions of n-complex variables.
The (p, q)-p relative Gol’dberg order and the (p,q)-p relative Gol’dberg lower order
of f (z) with respect to g (z) are defined as

log” M, }, (My,p (R))

(p,q) g,

P [:¢) = limsup
o0 (%) R—o00 logl! o(R)
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and

log® M~ (M R
APD (£, ) = liminf 2 7.0 (My.p (R))
R—+oc0 log[q] QO(R)

Further an entire function f (z) of n-complex variables for which ,0 ( %)

and )\g ’g) (f, ¢) are the same is called a function of regular (p, ¢)-¢ relative Gol dberg
growth with respect to an entire function g (z) of n-complex variables. Otherwise,
f (2) is said to be irregular (p, q)-¢ relative Gol’dberg growth with respect to g (2).

With time various authors {cf. [IL 2 Bl [5 [6] [7, [T0, 1T]} gradually enrich
the study of growth properties of entire functions of several complex variables
introducing different growth indicators such as Gol’dberg order, (p, ¢)-th Gol’dberg
order, relative (p,q)-th Gol’dberg order etc. as tools. In this paper our primary
concern is to discuss some basic properties of entire functions of several
complex variables based upon (p,q)-¢ relative Gol’dberg order and (p,q)-¢
relative Gol’dberg lower order.

2. Main Result

In this section we present the main result of the paper. Further in
order to establish our result, we assume that the nondecreasmg unbounded

. _ : gl p(aR) _
function ¢ (R) : [0,+00) — (0,400) always satisfies REI-E o p(m) = 1 for all

a > 0. Since, Biswas et al. [4] have already shown that p(p’q) (f, %) and )\_((fg) (f, )
are independent of the choice of the domain D when ¢ (R) [0 +00) — (0, +00)

is a nondecreasing unbounded function and satisfies lim muﬂ = 1 for all
R— +Oo log!® (R)

a > 0, so after this we shall always use the notations pg (p.q) (f,¢) and /\s(]p’q) (f, )
instead of p(p ) (f,¢) and )\Efg) (f, ) respectively.

Theorem 1. Let us consider f(z), g(z) and h(z) are any three entire functions
of m-complex variables. Also let 0 < )\ng,q) (f,p) < (m 9 (f,¢) < 00 and 0 <
Agm’p)( ) < p(m’p)( ) < oo. Then

A0 (f )
o™ (g)

(m,q) (m,q)
S)\épﬂ) (f,go)Smin{ h (fa@) Ph (f7<)0)}

A () (g)

A (m.q) (m.4)
< max{ ! (1) " (] 90)} < pgpﬂ) (fip) < M.

6 A N ()

Proof. From the definitions of pgp’Q) (f,%) and )\ép’q) (f, ) it follows that

log o) (f,¢) = limsup (10g”*) My, p (R) —10g" o (M0 (R))) . (1)
R—+00

log AJ" ™ () = lim inf (tog 1 My, p(R) ~10g1" o (M p (R))) . (2)
Now from the definitions of ph m.q) (f, ) and /\gm’Q) (f,¢), we obtain that

log 9" (f.¢) = lim sup (108" 1) My p (R) — 1og" o (M0 (R))), (3)
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log ™9 (£, ) = lim inf (1og[m+” M, p(R) —logl™™V o (M p (R))) .

Similarly, from the definitions of p(m’p ) (g) and )\gm,p ) (g), we get that

log py™" (g) = lim sup (log[er”Mh,D(R)—log[”+”Mg,D(R)>, (5)
log A" (g) = liminf (1og[’"+” Mip(R) = log"* ! Myp (R)) . (6)

Therefore in view of (2), and , it follows that
log A" (f, ) = lim inf [log“"*” My,.p(R) —log"" ! o (My.p (R))

~ (tog™ 1 My, b (R) — 10871 My, p (R) )|

i.e., log AP (f,) > [gm inf (1081 My, p (R) — logl™) o (M, (R)))

—lim sup <10g[m+1] My, p(R) — logP+1 Mg’D(R))}
R—+o00

e log AP (£,) = (10g A" (£,0) — log o™ (9)) (7)
In the similar way, from , and @, it follows that

log pP9 (f, ) = lim sup [log[m“] My, p(R) —loglt™ o (M p (R))
— 100

— (tog™ 1 My, p (R) — Tog* M, (R)) |

ice., log plP (£, ) < [hmsup (108 2y p(R) — 1og"*Y i (M. (R))
R—+oc0

—lim inf (1og[m+1] My, p(R) — logP*1] Mgp(R)ﬂ

R—+to00

. log pP9 (f, ) < (logp(m D (f,0) —log A7) (g)) - (8)

Again, in view of (2 . we obtain that
log AJ"? (f,p) = lim nf 1o ") My, p(R) = log" ! o (M. (R))
~ (tog™ 1 A, (R) ~ Tog”* ! M, p (R)) ]
Assuming A = (1og[m+1] M, p(R) —logl"™™ o (M} p (R))) and

B = (log[mﬂ] My, p(R) — logP+1 Mg7D(R)> , we get from above that

log )\(p a) (f,») < min <hm infA + limsup — B, limsupA + lim inf — )

—+too R—+o00 R—+o00 R—+o0

., log /\(p’q (f,») < min <hm infA — lim inf B, lim supA — lim supB>
R—+oc0 R—+o0 R—+o00 R—+o00
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Therefore in view of (3)), [), (5) and (6]) it follows from above that
log \P9 (f, ) <

min {log U™ (,) — log ™" (g) Jog ™" (f.0) —log o™ (9)} . (9)
Further from we obtain that

log p79) (f,p) = lim sup [log[m“] My, p(R) —logl"™ o (Myp (R))

— (10g"™ 1 My (R) — log"* M, p(R) ) |

By taking A = (1og[’"+” My,.p(R) —log™™ o (M p (R))) and
B = (log™ ™Y My, p(R) — logPt M, p(R)) , it follows from above that
. g,

log p(p’q) (f,¢) > max (hm infA + limsup — B, limsupA + liminf — )

—+oo R—+o00 R—+o00 R—+o0

., log p(p ) (f, ) > max <hr£j_%£A - %Iilng lll%m iupA — l}l%m iupB)

Therefore in view of ., ., . and @, we get from above that
log pi"® (f, ) >

max {log A" (f,0) ~10g A" (9) ,log o™ (f,0) ~log o™ (9)} . (10)

Hence from , ., @D and ., the conclusion of the theorem is
established. (]

In view of Theorem [I| one can easily verify the following corollaries:

Corollary 1. Let us consider f(z), g(z) and h(z) are any three entire functions
of n-complex variables. Also let 0 < /\Sn’q) (f,p) = (m’q (fip) < 00 and 0 <
AP (g) < pi™P) (g) < o0. Then

(m,q) (’”7‘1)
, _ P (fsp) , P, (f, )
MO (frp) = s and gD (fp) = T

o (9) A (9)

Corollary 2. Let us consider f(2), g(z) and h(z) are any three entire functions
of n-complex variables. Also let 0 < )\gn’q) (f,p) < pglm’Q) (f,¢) < 00 and 0 <
AmP) (g) = pl™P) (g) < 0o, Then

A" () o ()
MNP (fp) = PR and P (f.p) = P
o™ (g) wer o™ (g)

Corollary 3. Let us consider f(z), g(z) and h(z) are any three entire functions
of m-complex variables. Also let 0 < )\ELm’q) (f,e) = pELm ) (f,¢) < 00 and 0 <
A;:n,p)( )= pglm’p)( ) < oo. Then

(m,q
/\éP,Q) f.o) = gpyq) 1 (f, )
(fr0) = pP (fr ) = pﬁ[””’) ©
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Moreover when p(m’(I) (f) = pglm’p) (g9), then
(pa) — —
)‘gpq (f’(p)—p‘((}pq)(f,(p)—l

Corollary 4. Let us consider f(z), g(z) and h(z) are any three entire functions
of n-complex variables. Also let 0 < )\(m 9 (f,9) < p(m’Q) (f,¢) < oo. Then

(i) APD (f,0) = oo when p)"" (g )=
(1) p!(]pvq) (f,o) = o0 when /\ )(g)
(i) APD(f,0) = 0 when pi™" (g) = oo

and
(iv) pgp’q) (f, ) =0 when /\gm,p) (9) = .

Corollary 5. Let us consider f(z), g(z) and h(z) are any three entire functions
of n-complex variables. Also let 0 < )\ELm’p) (9) < pzm’p) (9) < o0. Then

(@) PP (f,0) = 0 when pi™ (f,¢) =
(i) A\PD (f,0) = 0 when \{™ (f,0) =0,
(i) pPD (f,9) = oo when p™? (f,p) = oo

and
(1) APD (f,0) = o0 when A (f,¢) = oc.

In the line of Theorem [1} the following remark may be proved and so we
omit its proof.
Remark 1. Let us consider f(z) and g(z) are any two entire functions of
n-complez variables. Also let 0 < A9 (f o) < pimd (f o) < oo and
0 < A™P) (g) < p(mP) (g) < 00. Then

A (f, )
pmP) (g)

A\(ma) (f,0) P9 (£, )
(p.a) i 22 P ad
< >\g (f,¢) < min { A\ (mp) (9) ’ p(’mvp) (9)

AmD (f, ) pmD) (f, ) o) )
< max{ )\(m,p)( ) T pmp) (g) (; )— A\ (mp) (9) ’

Remark 2. From the conclusion of Theoreml we may write that pg (p.9) (f, o) =

7”;’ pﬁf; 2 and AP (f.9) = 7“%?5](::‘)’) when X™P () = ™ (q).  Similarly
P;q (f7 )_)\(TT()J:S)O)and)\p,q (f)@)_(mf())(cf)when)‘(m,q (f7 ) (m)q (f7 )
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