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SPHERICAL FUNCTIONS OF TYPE § ON NILPOTENT LIE
GROUPS

IBRAHIMA TOURE AND KINVI KANGNI

ABSTRACT. Let N be a connected, simply connected two-step nilpotent Lie
group and K a compact subgroup of Aut(N), the group of automorphisms of
N. Let 6 denote a unitary equivalence class of irreducible unitary representa-
tions of K. In this paper, we give an explicit formula for spherical functions
of type ¢ for the semidirect K o< N.

1. INTRODUCTION

The notion of Gelfand pair introduced by I. M. Gelfand in 1950, permitted the
generalization of Harmonic Analysis to the theory of commutative Banach algebras.
In fact, the characters of the commutative Banach algebra L!(G\\K) are identified
with some functions called spherical functions which work as exponential functions
in general case. The notion of spherical function in this context has been sufficiently
studied (see [2, B, [5]). It has been extended to spherical functions of type &, where
0 is a unitary equivalence class of irreducible representations of K, by some authors
such as R. Godement, W. Barker, G. Warner or A. Wawrzynczyk. For spherical
functions of type §, L'(G\\K) is replaced by the convolution algebra I.s(G) of
compactly supported, central and ygs-invariant functions with complex-valued on
G. Note that in this situation, the last algebra is not necessarily commutative.
The classical spherical functions are the spherical functions of type 1, the trivial
and one dimensional representation of K. This extension of spherical function has
been studied for n-dimensional sphere (see [10]), for semi-simple Lie groups (see
[0, [7, 12 9] ) and in the more general case of reductive Lie groups (see [4]). The main
goal of this paper is to construct the spherical functions of type ¢ for a semi-direct
product of a connected nilpotent Lie group and a compact subgroup. In section
2, we give the notations and the definitions necessary for a better understanding
of our paper. We recall also the decomposition of a two-step nilpotent Lie group
obtained by C. Benson and al. in [2] thanks to Kirillov theory. Section 3 is devoted
to the construction of spherical functions of type 6 on G = K « N. First, we
show that any spherical function of type § is obtained from a unitary irreducible
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representation of N. It generalizes the results of [I1] where the authors used the
unitary characters of N. Then, thanks to the decomposition mentioned above,
we prove that the spherical functions of type ¢ for two-step nilpotent Lie groups
are obtained from those of Heisenberg groups. Finally, since the representations
of Heisenberg groups are well-known, we obtain an explicit formula for spherical
functions of type § on two-step nilpotent Lie groups.

2. PRELIMINARIES

Let N be a connected, simply connected two-step nilpotent Lie group and K a
compact subgroup of Aut(N), the group of automorphisms of N. e will designate
the identity element of NV and ep the identity element of K. We write the action
by k € K on x € N as k.xz. We designate by dn a Haar measure on N and dk
the normalized Haar measure on K. We denote by n the Lie algebra of N and by
N the unitary dual of N. Let [ € n*, where n* is the algebraic dual of n, and let
m; be the unitary irreducible representation of N associated with [ by the Kirillov
method. The subgroup K acts on N by the following way: k.m(z) = n(k.x) for
allk e K,z € N and 7 € N. Let K denote the stabilizer of 7; by this action.
Let’s put z; = Ker(l | z) where z is the center of i and [ | z is the restriction of
to z. Let’s consider <, >; a K-invariant Euclidean structure on N. We denote by
m the orthogonal complement of z in 7 and we set a; = {X € m : ad(X)m € z}
where ad is the adjoint representation of 7. We have n = a; & b; & zll @ z; where zl,
and b; are respectively the orthogonal supplementary of z; in z and of a; in m. For
more details, the reader can refer to [I]. The authors of [I] prove that K; preserves
ag, by, zl/ and z;. We set hy = b @ z;. Let A;, H; and Z; be the connected Lie
groups associated respectively with a;, h; and z;. We have N = A; x H; x Z;. H,
is either abelian or a Heisenberg group and A; is an abelian group (see [1]). We
put G := K oc N, the semidirect product of K and N, with the following group
law: for all (k,n), (K',n’) € G, (k,n)(K',n'):=(kk’,nk.n’). Let § denote a unitary
equivalence class of irreducible unitary representations of K and let put xs:= d(8)&s,
where d(9) is the degree of § and &5 the character of 0. s is the normalized trace
of §. Let I.(G) denote the set of all K-central functions that is, the set of all
continuous, complex-valued functions f on G and compactly supported such that:

f(kkk™' kx) = f(k,x),Vk ke K, V& € N,

and Is(G) denotes the set of all continuous, complex- valued functions f on G and
compactly supported such that: xs * f:=f % xs=f where,

xo % f(k,z) = /thg(k’l)f(k%,k.a:)dk

frxs(k,z) = /Kx(;(k’l)f(kk,z)dk.

Let us put I.5(GQ) := I.(G) N Is(G). I.5(G) is a subalgebra of K(G), where K(G)
is the convolution algebra of all continuous, complex-valued functions on G and
compactly supported. For all f € K(G), we put

frx(k,z) = A{f(kl%k_l,k.x)dk.

Then the map f — x5 * fx is a continuous projection of K(G) on I.5(G). Let E
denote a finite dimensional vector space. A spherical function ¢ on G of type § is
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a quasi-bounded continuous function on G with values in Endc(E) such that:

(i) ¢(kxk™1) = ¢(x)Vk € K and for all x € G.

(i) x5 %6 = 6 = 6% X

(iii) The map Uy : f — [, f(x)¢(x)dx is an irreducible representation of the algebra
I.5(G).

The dimension of E is called the height of ¢ (cf.[8]). Denote by S§*(G) the space
of all spherical functions of type § and height m. In [8], the authors introduced the
notion of spherical Fourier transform of type ¢ defined by,

/f 2)dz, Y6 € S7(G), f € Ls(G).

Denoting 6 as the contragredient representation of ¢ and letting p15 be an arbitrary
element in the equivalence class of 4, we put F5:= Hom(Ej, E5) where Ej is the
space of the representation pz. Then we denote by & 5(G), the space of func-
tions ¢ : G — Fj, continuous and compactly supported such that w(/ﬁ(fe, x)ko) =
s (k1) (k, 2)ps (ko). In [12], it is shown that I.5(G) is isomorphic to . 5(G),
thanks to the map ¢° : f ¢§r from I.5(G) to U.s(G) where w‘}(l;:,x) =
Jx s (k=) f(k.(k,z))dk. We designate by C.(N, Fj), the convolution algebra of
continuous functions on N, compactly supported and with values in F3. We set

e s(N) = {0 € Cu(N, Fy) : (k) = ps(k)la)ps (k).

We proved in [II] that I, (K o« N) and . s(N) are isomorphic as convolution
algebras. The isornorphisrn is given by FO : f F]‘f from 1. 5(K o N) to . 5(N),
where Ff i= [y ns (k™) f(k, k.x)dk. If § is trivial and one dimensional, this turn
to the well- known isomorphism between the algebra of K-invariant functions on NV
and the algebra of K-biinvariant functions on K o« N.

3. ExXpPLICIT FORMULA FOR SPHERICAL FUNCTIONS

In the following result, we prove the existence of an irreducible unitary repre-
sentation 7w of N which gives the spherical function of type §.

Theorem 3.1. Let ¢s be a spherical function of type § and let ps be an arbi-
trary element in the equivalence class of 0. Then there exists a unitary irreducible
representation 7 of N such that ¢s( k: x) fK )@ us(k—1k=1k)dk

Proof. Let ¢5 be a spherical function of type d. We know by definition that the map
Ug : f = [o f(z)p(x)dz is an irreducible representation of the algebra I, 5(G) in a
finite-dimensional vector space V. But since I. 5(G) is isomorphic to 4. 5(N), we
consider Uy as irreducible representation of i, s(N). We have i, 5(N) C C.(N, Fj).
Hence, thanks to lemma 1.1.1.6 (p. 23 [12]), there exists a irreducible representation
(L,EL) of C.(N, Fs) and a finite- dimensional closed invariant subspace M of Ej,
such that (L | Y. s(N), M) is equivalent to U,. We have C.(N, Fj) ~ C.(N) ® Fj.
Let L be a irreducible representation of C.(N). There exists (m, H,) € N such
that L(f = [y f( x)dz, for f E C (N). Thus a representation of C.(N, Fy)
is wrltten for F € C’ (N Fs) by L = [yl (z)dx. It comes that for
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fEIC,(;(G)
Us(F7) =Us(xs * fx)
//Xé*fK (k, k.x)m(x )®M5(k71)dkdx
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where

(k) = [ w7 s )k

Corrolary 3.2. ¢; is unitary and positive definite.

Proof. It is straightforward to show that ¢s is unitary. We put on Hy ® Ejs
the following inner product: < h® (,h' ® (' >=< h,h >< ¢, (' >. Forn € N,
let’s consider (c1,ca,...,cn) € C”, (21,22,...,2,) € G™ and (k:l,kg,...,kn) e K™
We have

> ciei(os((kyx) " (ki 2i))u @ v,u @ v)

1<i,j<n

= Z ciéj</ W(k_ll;jfl.(x;lxi))u®u5(k_1k;1kjk)v,u®v)dk‘
1<i,j<n K
/ > cep(meT ky  au (T ey g ) (s (R k), ps (kik)v) ke
K 1<i,j<n

:/ Z ciéj<7r(k_1.xi)u,w(k_l.mj)u><u5(k)v,,ug(l;il%;lk)v)dk
Ki<ij<n

_ / ST iy m(e uw (kg Y (s (o, s (ko) dk
K< j<n

:/< ek au® ps(b k), S em(k s u @ pug(ky k)v)dk
K 1<i<n 1<j<n

=/ | eim(k™ ) u @ ps(k; kv |2 dk > 0
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Remark 3.3. From the proof of Theorem 3.1., we can deduce the expression
of the spherical Fourier transform of type §. In fact,

Sf(9) /G /K [k, )¢5 (k, 2)dkdx
/ / Xs * fi (b, kx)m(z) ® ps (k") dkda
GJK

//f(k,k.x)w(x)®u5(k;_1)dk;dx=/W(m)@F]‘f(a:)dx.
GJK G

This formula generalizes that of Theorem 3.2. in [II] where the representation 7 is
one dimensional, say a unitary character of N.

Since the representations of Heisenberg groups are well-known, we express in the fol-
lowing result the spherical functions of type § for semidirect product with two-step
nilpotent factor by means of those of semidirect product with Heisenberg groups
as factor. We conserve the notations of the introduction and designate by p; the
orthogonal projection of N on N/Z; ~ A; x Hj.

Theorem 3.4. Let N be a connected, simply connected two step nilpotent Lie
group and K a compact subgroup of Aut(N) such that (N, K) is not a Gelfand
pair. Then there exists | € n*, §; € f(\l and a spherical function ¢; of type §; on
K o< Hj such that the map ¥; = x; ® ¢; o p; is a spherical function of type §; on
K; < N, where x; is a unitary character of A;.

Proof. Since (N, K) is not a Gelfand pair, there exists [ € n* such that (Hj, K))
is not a Gelfand pair (see [I]). This implies that H; is a Heisenberg group. Let
m be the unitary irreducible representation of N associated with [ by the Kirillov
method. We know thanks to the proof of Lemma 2.2 in [I] that m = x; ® 7, o py
where mg, is a unitary irreducible representation of Hj, x; is a unitary character of
A; defined by x; = e (@) with [* =1 | A;. The representations 7, x; ® g, and g,
are realized in the same space that we shall suppose to be Fy (A € R*), the space
of Fock-Bargman. For all k € K, there exists an operator 7 ;(k) which intertwines
mg, and 77’}‘}1. The map 75, from K; to F) defines a unitary representation of Kj.
Let F) = ®myP, the decomposition in irreducible components, where P, is the
space of homogeneous polynomial of degree ¢ and m, is the multiplicity of 7y ; | P,
in 75;. Since (Hj, K;) is not a Gelfand pair then F, contains an irreducible K-
module, say P, with my strictly larger than 1. We set §; = 7, | P, and consider
the spherical function of type 6; on H; associated to [ or §; ® m;7; which we notice
¢;. We will then show that the map 1; = (x; ® ¢;) o p; is a spherical function of
type d; on N. First, ¢; is Kj-central. In fact,

Gi(k(a, 2,8, 2k =(x @ 1) o pi(k.a, k.2, t, k.2")
=xi(k.a)g;(k.z,t)
=it () gy (2, k)
=7 gy (2, )
:eil* (a) ¢l (Z, t)
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where the last equality is due to the fact that ¢; is K;-central and k~1.1* = [* since
k € K;. Then, we have

o, * u(z) = /K vor (R)na (k")
- /K xo (B)u (k@) (k1 K1z, £))dk
- /K xor (B) Car(@)n (k1 K1z, £))dk

—xi(a) /K Yo () (k' k2, )k

:Xl(a) (X5L * ¢l(z’ t))
=xi(a)¢i(z,t)
=i(z)

Also, v is continuous and quasi-bounded. In fact, since ¢; is quasi-bounded there

exists a semi-norm p such that sup”q;l(if))u < 00. Then, setting 0 = (14, ® p) o p,
which is a semi- norm on N, we have sup% = sup% < oo. Now for

kki,ko € Ki, 2 = (a,2,t,2') € N and y = (a1, 21,11, 2,) € N we have

zpl(k(l%l,x)k(l%Q,y))dk:/ xi((k.a)(kkik.ay)) oy (kkikka, (k.z, t) (kkyk.z1, t1))dk
K K,

=xi(a)xi(az) . Gu(k(ky, z,t)k(ka, 21, t1))dk

=xi(a)xi(ar)di(k1, z,t)dy (2, 21, t1)
=xi(a)pi(k1, 2, t)xi(a1) i (ka, 21, 1)
:¢l(];:1a I)’l/)l (];27 y)

which proves that 1 ; verifies the functional equation in ([I2], page 16) and achieves
the proof.

Corollary 3.5. For p,, ps respectively in P, and Ps and for A > 0

~ L1k . 2 —1
w)\,l(lfyav Z,t, Z’)ps ®pr(w ® ’U)I) _ €1l (a)e)\(—zt—|z| fKt 62)\(w’k .z)Ps(w _ k‘l.z) ®
P.(kk=*k=tw)dk

Proof. According to Theorem 3.1., we have

oi(k, z,t) = le ma(k71.(2,t) @ ps(k~1k~1k)dk. But for A > 0, my(2,t)f(w) =
6)‘(7“+2(w’z)"z‘2)f(w —z) and 7y, (k) f(w) = f(k~ w) for all (z,t) € H;, w € C",
k € K. So for p,, ps respectively in P. and Ps we have, ¢;(k, z,t)ps @ pr(w @w') =
eM—it=lzl) Jx, 2wk 2y (1 — k1 2) @ p,(kk~ k' .w')dk and finally

,(/}/\)l(];7a’ 2t Z/)ps ®pr(w ® w/) _ eil*(a)eA(—it—lzlz) le e2>\(w,k*1.z)ps(w _ k‘_l.z) ®
pr(kk— k=) dk.
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