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NOTES ON MEROMORPHIC FUNCTIONS WITH POSITIVE
COEFFICIENTS DEFINED BY RAPID OPERATOR

SANTOSH M. POPADE, RAJKUMAR N. INGLE AND P.THIRUPATHI REDDY

ABSTRACT. In this paper, we introduce and study a new class My («, 3,7, i, 0)
of meromorphic univalent functions defined in U* = {z: 2 € C and 0 < |z| <
1} = U\ {0}. We obtain coefficients inequalities, distortion theorems, extreme
points, closure theorems, radius of convexity estimates and modified Hadamard
products.

1. INTRODUCTION

Let A denote the class of all functions f(z) of the form
o0
f)=z+) ap" (1)
n=2

in the open unit disc U = {z € C : |z| < 1}. Let S be the subclass of A consisting of
univalent functions and satisfy the following usual normalization condition f(0) =
f'(0) =1 = 0. We denote by S the subclass of A consisting of functions f(z)
which are all univalent in U. A function f € A is a starlike function by the order
a,0 < o < 1, if it satisfy

Re{z}tég)} > a, (2 € U). (2)

We denote this class with S*(a) .
A function f € A is a convex function by the order «,0 < o < 1, if it satisfy

2f"(2)
70 }>a,(z€U). (3)

Re{1+

We denote this class with K(a).
Let X* denote the class of meromorphic function of the form

FE) =+ " (a0 > 0) (4)
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which are analytic in the punctured unit disc U* = {z: 2 € C and 0 < |z] < 1} =
Un{0}. Let g(z) € £* be given by

1 o0
- - bn n’ bn 2
o) = S+ o 20 )
then the Hadamard product (or convolution) of f(z) and g(z) is given by
1 o0
_ - bnz" = .
(fxg)(z) =+ 7?:1@ 2" =(g*f)(2) (6)

A function f € ¥* is meromorphic starlike of order a(0 < o < 1), if
2f'(2) }
— Re { >a, (ze€U). 7
e (=€) 7)

The class of such functions is denoted by ¥*(«). A function f € ¥* is meromorphic
convex of order (0 < a < 1), if

2f"(2)
f'(2)
The class of such functions is denoted by X} (c). The classes ¥*(«) and X} (o) were

introduced and studied by Pommerenke [5], Miller [3], Mogra et al. [4], Cho [2],
Venkateswarlu et al. [10].

—Re{l—l— }>a, (z€U). (8)

In [1], Atshan and Kulkarni introduced Rapid-operator for analytic functions
and Rosy and Sunil Varma [6] modified their operator to meromorphic functions
as follows:

Lemma 1.1. For f € X* given by (4), 0 < pu <1 and 0 < 6 < 1, if the operator
Sﬁ 1 X — XF is defined by

SOf(z) = 1060 f(2t)dt (9)

1 (oo}
(1= T +1) /0

then
1 oo
Spf(z) =~ + ) Ln,p, 0)anz", (10)
n=1

where L(n, pu, ) = (1 — ,u)"“% and T is the familiar Gamma function.

Motivated by Thirupathi Reddy and Venkateswarlu [8, 9], now we define a new
subclass My, («, 3,7, u, 8) of *.

2. COEFFICIENT ESTIMATES

Unless otherwise mentioned, we assume throughout this paper that 0 < a < 1,
0<B<1,3<~y<1,0<p<1,0<60<1,neNandzecU*
Theorem 2.1. The function f(z) € M, (a, 8,7, 1,0) if and only if

oo

> (1 428y = BIL(n, p, 0)an < 285(1 — a). (11)

n=1
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Proof. Suppose (11) holds. So
22(S)f(2)) + 1] = Bl(2y = 1)22(S] f(2)) + (27 = 1))

n(2y — 1)L(n, u, 0)a, 2"+

18

=| i nL(n,u,0)a,z" — B '27(04 -1)+

n=1

3
Il
-

HM
gk

nL(n, 1, )| — 8 {wa S S (- 1>L<n,u7e>anr"+l}

3
Il
-

= 2 n(l+28y =)L (n, 1, 0)anr™ ™t —2B5(1 — ).
Since the above inequality holds for all 7,0 < r < 1, letting » — 17, we have
oo
Z n(]- + 26’7 - B)L<na Ky Q)G,n - 25’7(1 - Ol) <0
n=1
by (11), hence f(z) € My(a, B,7,1,0).

Conversely, suppose that f(z) is in the class M, («a, 8,7, i, ). Then

00
Z (n My )anz"+1

2(S07E) 41 s

=DV + @y =1 91 o) - i’f n(2y — D)L(n 0=+t |
n=1
Using the fact that Re(z) < |z| for all z, we have

2(S07(2) +1 3 nL(n,p 0)an"! .

(2y — 1)22(Sﬁf(z))’ + (2ay—-1) 2v(1 — a) — i n(2y — 1)L(n, p, 0)an 2+ -
n=1
(12)

If we choose z to be real so that zz(SZf(z))’ is real. Upon cleaning the denominator
in (12) and letting z — 1~ through positive values, we obtain

NE

n[l + 26~ — B]L(n, p, 0)a, < 28v(1 — «).

n=1

This completes the proof of the theorem. ([l

Corollary 2.1. Let the function f(z) denoted by (1.4) be in the class My (c, 3,7, i1, 0).
Then
2By(1 —a)

WS T 25y — Ay "2

with equality for the function

1(z) = . n[l 4 2By — B]L(n, p, O)Z
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3. DISTORTION THEOREMS

Theorem 3.1. Let the function f(z) € M, («, 8,7, 1, 0). Then for
0<|zl=v<1, we have

R O e R N R PRI
with equality for the function
A i S [ (RS EICESVICE) 15)

Proof. Suppose that f is in M, («, 8,7, 1, 0). In view of Theorem 2.3, we have
(1+28y = B)(1 — w0 +1)(6+2) Z

<3 nll + 28y - BlL(n, 1, 0)an

n=1

<28y(1 — o).

Then

— 267(1 - a)
2 S 95 A - PO T D@D 16)

Consequently, we obtain

1 > 1 oo
|f(2)] = ;+Zanz” §m+zan|z|"
n=1 n=1
1 (oo}
< —+r an
T n=1
I 207(1 — «)
=5 (14287 = B)(1 = p)2(0 +1)(0 +2) (17)
Also,
1 = o0
|f(2)] = ;+Za'” _Zan|2|n
n=1 n=1
Sy
T n=1 "
1_ 287(1 - a)
=7 (11267 A1 —pn20+1)0+2)" (18)

Hence, (3.1) follows. O
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Theorem 3.2. Let the function f € M, (a, 8,7, 1,0). Then for
0<|z| =r <1, we have
1 2ﬁ7(1 - a) /
_ _ <
2 Tr2m - A0 - pre+ e+ =
1 28v(1 — o)

St U2 - A -0+ D@+ 2)
(19)

with equality for the function f(z) given by (15).
Proof. From Theorem 2.1 and (3.3), we have,

- 26v(1 — @)
2" S (a5 A @ T DT D (20)

The remaining part of the proof is similar to the proof of Theorem 3.1, so we omit
the details. |

4. CLOSURE THEOREMS

Let the functions f;(z) be defined for j = 1,2,...,m by
1 o0
2) = 2 + Z:lan,jz", (an,; > 0). (21)

Theorem 4.1. Let f;j(z) € My(a, B,7v,1,0),(j =1,2,...m). Then the function

h(z) = % + Z %Zan,j 2" (22)

is in My, (o, 8,7, 1, 0).

Proof. Sincef;(z) € Mp(e, 8,7, 1,0), (j = 1,2,....m), it follows from Theorem 2.1,
that

M8

n[l + 28y — BIL(n, p, 0)an; < 26v(1 — ),

I
—

n

for every j =1,2,....,m. Hence

Z [1+ 28y — BIL(n, i, 0 Zany

%Z Z (L4268 — BIL(n, 1, 0)an,; | < 264(1 — a).

n=1

From Theorem 2.1, it follows that h(z) € M, (o, 8,7, u,0).
This completes the proof. (I

Theorem 4.2. The class M, («, 8,7, 1, 0) is closed under convex linear combina-
tions.
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Proof. Let f;(2),(j = 1,2) defined by (4.1) be in the class M, (a, 58,7, it,0). Then
it is sufficient to show that

hz) =&f1(2) + (1 =) fa(z2), (0<€<1T) (23)
is in the class M, (a, 8,7, 1, 0). Since

h(z) = % + > Eana + (1= &an 2]z, (24)

then, we have from Theorem 2.1, that

> nl1 4287 = L )1 + (1 = EJas o
<2871 —a) +287(1 = &)(1 — o) = 2B7(1 — ).

So, h(z) € My, (a, B,7, p,0). O
Theorem 4.3. Let 0 < p < 1. Then
Mn(a767’73/1/59) S Mn(a767 17/1/50) = Mn(a7ﬂ7ﬂ/a 9)7

where (1480 )
(1l + -«
=1—-—— " 25
(1 +2 = 5) %)
Proof. Let f(z) € My(a, 3,7, i1, 6). Then
o~ [l + 267 — B1L(n, 1, 60)
an < 1. 26
nz::l 267(1 — «) (26)
We need to find the value of p such that
~ n(1+ )
T Ln, p, 0)an < 1. 27
3 g5 ) (27)
In view of equations (26) and (27), we have
oL n, 79 S )
26(1 — p) (. 1, 6) 28v(1 =)
that is (1480 )
(1l + -«
<1 DT T
r= (1+28y-8)
which completes the proof of theorem. ([
Theorem 4.4. Let fo(z) =1 and
1 2 1-—

z 28y - BlL(nu0) "7
Then f(z) is in the class My («, 8,7, 1, 0) if and only if it can be expressed in the
form

FZ) =" mnfa(2), (29)
n=0

&)
where p, >0 and > pp, = 1.
n=0
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Proof. Assume that

oo

=D pnfal(z) = % +2 [ 2 L fin2". (30)
n=0 n=1

Then it follows that

i 267(1 — «) i n[l + 28y — B|L(n, j1,0)
nzi [l + 28y — BlL(n,pu,0) " 267(1 — )
:El,unzl_MOSL

which implies that f(z) € M, («a, 8,7, 11, 0).

Conversely, assume that the function f(z) defined by (1.4) be in the class
My (v, 3,7, p1,6). Then

28v(1 — )
= n[l 428y = BlL(n, 1, 0)
Setting
Hn = 267(1_(:“) ,n>1
and

oo
Ho = 1- Z Hn s
n=1
we can see that f(z) can be expressed in the form (29).

This completes the proof of the theorem. ([l

5. INTEGRAL OPERATORS

Theorem 5.1. Let the function f(z) € My («, 8,7, i, 0). Then the integral operator
1

F.(z) = c/ uf(uz)dz, (0<u<1;¢>0) (31)
0

is in the class € M, (&, 8,7, i, 8), where
2Bve(l — )

£=1— . 32
T+ 28— A)lc + DL(L1.0) 32
The result is sharp for the function f(z) given by (15).
Proof. Let f(z) € My («a, 8,7, 1, 8). Then
1 1 o]
F.(2) = ¢ - anz".
(2) c/ouf( . nz::l +c+1 z (33)
It is sufficient to show that
ne an < 1. (34)

n+c+1)(1-=¢)

n=1
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Since f(Z) € Mn(aa 5577[‘6’ 9)3 then

oo

n(1+ 2By — B)L(n, p,0)
7;1 250 —a) an < 1. (35)
From (34) and (35), we have
ne < n(1+267*5)L(n7Nﬂg)
(nte+ D1 -¢) 28y(1 - ) '
Then
f<1 2Bve(l — a)
— n(l+28y-B)(n+c+ 1)L(n,p,0)
Since
Hin) =1 28ve(l — @)

 n(1+28y - B)(n+c+ 1)L(n, p, )
is an increasing function of n (n > 1), we obtain

20v¢(l — @)
E<H()=1-
O == 58— A e+ DL 1, 0)
and hence the proof of theorem 5.1 is completed. O

6. RADIUS OF CONVEXITY

Theorem 6.1. Let the function f(z) € M, (a, B,7,1,0). Then f(z) is meromor-
phically convez of order § (0 < < 1) in 0 < |z| <r, where

. - 1/n+1
< {4267 = A - HL(n, p,6) . (36)
26v(n+2—-90)(1—a)
The result is sharp.
Proof. We must show that
2f"(2)
‘2—!— 0 <1l-9dfor0<|z| <, (37)
where r is given by (36). Indeed, we find from (6.2) that
" 0 n+1
‘2+ zf/ (2) < n(n j;l)an|z\ '
f'(z) n=11— 3 na,|z|"+
n=1
This will be bounded by 1 — 4, if
= 2-9
> A <1 (38)
n=1

But by using Theorem 2.1, (38) will be true, if

nn+2-) oy nll+ 26y~ AL(p.6)
1-6 - 267(1 — «) '

Then

< {(1 + 28y — B)(1 = §)L(n, . ) }“"“
28v(n+2—-0)(1—«) '
This completes the proof of theorem. O
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7. MoODIFIED HADAMARD PRODUCT

For f;(z) (j = 1,2) defined by (21), the modified Hadamard product of fi(z)
and f2(z) defined by

(f1x f2)(= *Jrzamanzz (fax f1)(2). (39)

Theorem 7.1. Let fi(2) € Ma(a,8,7,m,0) (j = 1,2). Then (fi + fo)(2) €
Mn(¢aﬁa%/~t,9), where

1 267(1 - a)?
0= (14287 = B)(L = )20+ 1)(0 +2) (40)

The result is sharp for the function f;(z)) given by
fi(z) = ! 2671 — ) 2 (j=1,2). (41)

028 - B — PO+ 0+ 2)
Proof. Using the technique for Schild and Silverman [7], we need to find the largest
¢ such that
i n[l + 28y — B|L(n, u, 0)
—~ 28v(1—¢)
Since f;(z) € Mp(e, 8,7, 1,0), (j =1,2), we readily see that

Ap, 10n,2 S 1. (42)

n[l + 28y — BIL(n, p, 0)
<1 4
z:: 207(1 — «) n,1 = (43)
and -
Z n[1+26’y_6]l’(n’/~"70)an72 <1. (44)
— 267(1 - @)
By the Cauchy Schwarz inequality, we have
> n[l+ 26y —
Z w [ 1ns < 1. (45)

— 269(1 - )
Thus it is sufficient to show that

n[1+2ﬁ7_5}‘[’(n7ﬂ70) n[1+2B7_5]L(naN79)
QB’Y(l — ¢) Un,10n,2 S 26’7(1 — Oé) vV Un,10n,2 (46)

or equivalently

1—-¢)
\/ < . 4
an,10n,2 > (1 — Oé) ( 7)
Connecting with (45), it is sufficient to prove that

< .
n[l+ 28y = BIL(n,pu,0) — (1-a)
It follows from (48) that
N2
b<1_ 268v(1 —a) _
n[]- + 2ﬁ7 - ﬂ]L(nv Hs 0)
Now defining the function G(n) by

26y(1 - a)’

Gn)=1-
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We see that G(n) is an increasing function of n(n > 1).
Therefore, we conclude that

267(1 — @)
p<Gl)=1-
S T T R [ (R Ry
which evidently completes the proof of the theorem. O
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