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OSCILLATION RESULTS FOR SYSTEM OF DIFFERENTIAL
EQUATIONS WITH SEVERAL DELAY TERMS

OZKAN OCALAN

ABSTRACT. In this paper, we provide sufficient conditions for the oscillation of
every solution of the system of differential equations with several delay terms

@ (t)+ Y Pa(t—7) =0,
i=1

where P; € R™*" and 7; € Rt for i = 1,2,...,m. Furthermore, we provide
sufficient conditions for the oscillation of all solutions of the system of difference
equations with continuous arguments

a(t) —z(t—7)+ > Pa(t—o0i) =0,

i=1
where P; € R™*" and 7,0; € RT for 4 = 1,2,...,m. The conditions are given
in terms of the eigenvalues of the P; matrix for ¢ = 1,2, ..., m.

1. INTRODUCTION

Recently, there has been a lot of studies concerning the oscillatory behaviour
of differential and difference equations, see [1-14] and the references cited therein.
In [9], Ladas and Sficas obtained some results about oscillatory behaviour of all
solutions of the following differential equations;

2'(t) + pz(t—7) =0, (1.1)
where p,7 € R and
2/ (t) + Zpix(t —7;) =0, (1.2)
i=1

where p; € R and 7; € RT for i = 1,2,...,m. (Also see [6])
In [4], Ferreira and Gyori obtained the necessary and sufficient conditions for the
oscillation of all solutions of linear autonomous system of differential equations

/() + Px(t —7) = 0, (1.3)
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where P € R"*"and 7>0. Furthermore, they obtained the sufficient conditions for
the oscillation of all solutions of the system of differential equations

z'(t) + i Px(t —7;) =0, (1.4)

where P; € R™" and 7; € RT fori =1,2,...,m.
In [12], Oglinmez and Ocalan obtained the necessary and sufficient conditions for
the oscillation of all solutions of linear autonomous system of differential equations

2™ (t) + Pz(t —7) =0, (1.5)

where P € R**%and 7 € RT. Also, the authors obtained the sufficient conditions
for the oscillation of all solutions of the system of differential equations

.T(m)(t) + ZPZ'!L‘(t — Ti) =0,
i=1

where P; € R*** and 7; € Rt for i = 1,2,...,n.
In [11], Meng et al. obtained the sufficient conditions for the oscillation of all
solutions of the system of difference equations with continuous arguments

2(t) —a(t—7)+ Y _ Pa(t—o;) =0, (1.6)
i=1
where P; € R™*" and 7,0; € Rt for i =1,2,...,m.
In [4], [11] and [12] the authors, to obtain results, used to logarithmic norm of P
which is denoted p(P) and defined by

u(P) = max (P€, €), (1.7)
where (,) is an inner product in R” and || € ||= (&, €)=.

In the present paper we obtain sufficient conditions for the oscillation of all solu-
tions of equations (1.4) and (1.6) without using logarithmic norm defined by (1.7).
According to us, the results of this paper more useful than known results in [4, 6,
11].

By a solution of the equation (1.4), we mean a function z € C[(t1 — 7,00),R"]
for some t; > tg such that x is continuously differentiable on [t1,00) and = sat-
isfies equation (1.4) for ¢ > ¢;. A solution of the equation (1.4) with z(t) =
[z1(t), 22(¢),...,2s(t)]T is said to oscillate if every component z;(t) of the solu-
tion has arbitrarily large zeros. Otherwise, the solution is called nonoscillatory.

2. SUFFICIENT CONDITION FOR OSCILLATION OF (1.4)

In this section we obtain sufficient condition for the oscillation of all solutions
of the differential equation with the matrix coefficients of Py, Ps, ..., P, and several
delay terms

2/ (t) + i Px(t —7;) = 0.

The condition will be given in terms of the 7; and eigenvalues of the matrices P;
for each 1 = 1,2,...,m.
We need the following lemma, which proved in [3]. (Also see [6]).
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Lemma 2.1. Assume that P; € R™" and 7, € RY fori = 1,2,....,m. Then the
following statements are equivalent.

(a) Every solution of equation (1.4) oscillates componentwise,

(b) The characteristic equation of (1.4)

det

m
DY Pz-e'm] =0 (2.1)

i=1
has no real roots.

Theorem 2.2. Let P; € R™" and ; > 0 fori=1,2,....,m. Then every solution of
equation (1.4) oscillates (componentwise) provided that

A (Zm: Pm> > % (2.2)

where \(P) denotes any real eigenvalues of P.

Proof. If 7, = 7(# 0) for all ¢ = 1,2,...,m, then every solution of equation (1.4)

oscillates if and only if
- 1
A Pl >—,

which is given in [4]. Furthermore, 7, = 0 for all ¢ = 1,2, ..., m, then every solution
m

of equation (1.4) oscillates if and only if >  P; has no eigenvalues in the interval
i=1

(—00,00). Thus, we assume that at least two 7; for i = 1,2, ..., m are different from

each other. Assume, for the sake of contradiction, that equation (2.1) has a 7o real

root. If 9 € (0,00), then equation (2.1) becomes

m e~ Y0Ti
det [T+) P, =0
P Yo
and
m e YoTi
det | -1 — P =0.

Hence, we have

m e oTi
A (Z P, ) _
i—1 7o

But, by the condition (2.2), this is impossible. Indeed, we observe that for i =
1,2,...,m,
e~ YoTi e~ YoTi
lim =o0 and lim
Yo—01 Yo Yo—»00 Yo

Thus, this is a contradiction to (2.2).
If v = 0, then equation (2.1) becomes

=0.

m

> P

i=1

det =0

and also we get

m
> P
i=1

det =0
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m

which means that at least one eigenvalue of > P;7; is zero. So, we arrive a contra-
i=1

diction to (2.2).

Next, assume that 79 < 0, hence we have

M eTYTi
AP ) = 1.
(i—l 7o

But, by the condition (2.2) this is impossible. Indeed, we observe that for i =
1,2,...,m,

e~ oTi
max
7<0 Yo

A (f: Pi(—en)> Z -1

= —€T;.

Then, we have

and
A (Z Pﬁn) S 1
i=1
which this is a contradiction to (2.2). Thus, the proof is complete. O

3. SUFFICIENT CONDITION FOR OSCILLATION OF (1.6)

In this section, we obtain sufficient condition for the oscillation of all solutions
of the equation (1.6). The condition will be given in terms of the eigenvalues of the
matrices P; for i =1,2,...,m.

We need the following lemma which is proved in [11].

Lemma 3.1. Assume that P, € R™" and 7,0; € RY fori=1,2,....,m. Then the
following statements are equivalent.

(a) Every solution of equation (1.6) oscillates componentwise,

(b) The characteristic equation of (1.6)

det [(1 —e "I+ iPie_'y‘”] =0 (3.1)

i=1

has no real roots.

Theorem 3.2. Let P, € R™ and o; > 7 > 0 fori = 1,2,....m. Then every
solution of equation (1.6) oscillates (componentwise) provided that

g h ((UU:)”T) i] > (3.2)

where \(P) denotes the real eigenvalues of P.

A

Proof. If 0, = (3 0) for all i = 1,2,...,m, then every solution of equation (1.6)

oscillates if and only if
1
- (c—7)7 T\ "
A P; —
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which is given in [11]. Furthermore, o; = 0 for all i = 1, 2, ..., m, then every solution
m

of equation (1.6) oscillates if and only if ) P; has no eigenvalues in the interval
i=1

(=00, 00). Thus, we assume that at least two o; for i = 1,2, ...,m are different from

each other. Assume, for the sake of contradiction, that equation (3.1) has a 7 real

root. If 7y € (0,00), then equation (3.1) becomes

e 0T

=1

det

and

m e —Yo0;
det[ ZP s 707]20'

(Srgsis) -

But, by the condition (3.2) this is impossible. Indeed, we observe that for i =
1,2,....,m

Hence we have

e—00i e—00i
lim —— =00 and lim — =0
vo—0+ (1 — e=0T) Yo—oo (1 — e=707)
So, this is a contradiction to (3.2).
If 49 = 0, then equation (3.1) becomes
m
> P

i=1

Sor (L) |0

which this is a contradiction to (3.2).
Next, assume that vy < 0, then we have

e i
ZP = 1.
— e “/07'
But, by the condition (3.2) this is impossible. Indeed, we observe that for i =
1,2,....,m

det =0

and also we get

det

e Yo U;Tz T
33% (1—e07) B (TT(O'Z‘ — T)‘Ti_T) ’
Then, we have
m o T
A -P i > 1
S (em =) |2

and

v 1
)\ le ( O—i > ] S ]-7
T (0 — T)7i T

which this is a contradiction to (3.2). Thus, the proof is complete. O
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Example 3.3. We consider the following system of differential equations

(1) + Pyt — 1) + Pyt — 2) = 0, (3.3)

where

|

L N

-3
9 ] and P2:|:

00lC0 |
=N
[

We observe that fori=1,2

So,

2
i=1

(]

we obtain that the eigenvalues of the matriz [

[l N U
w

—_

| —
N[N

DN

—_
\/

-2
1 4 are A1 = 2 and Ay = 3.

Consequently, the condition (2.2) is provided and every solution of equation (3.3)
oscillates. On the other hand, to say the same result from [4] and [6, Theorem
5.2.1] we must find the eigenvector that corresponds to each eigenvalue so that we
calculate the logarithmic norm u(P).

Clearly, this example shows that our results are sharper than the results in the
literature.
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