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INTERVAL OSCILLATION CRITERIA FOR SECOND-ORDER
IMPULSIVE DELAY DIFFERENTIAL EQUATIONS WITH
MIXED NONLINEARITIES

V. MUTHULAKSHMI AND R. MANJURAM

ABSTRACT. In this paper, we study the oscillatory behavior of second-order
forced impulsive delay differential equations with mixed nonlinearities. By
using Riccati transformation technique, integral averaging method and some
inequalities, we obtain sufficient conditions for oscillation of all solutions. Fi-
nally, two examples are presented to illustrate the theoretical results.

1. INTRODUCTION

In this paper, we investigate the oscillation of the following second-order impul-
sive delay differential equation with mixed nonlinearities:

(r(Oa(@' (1) + POPa(alt = 7)) + D a(t)0s,(alt = 7() = e(0)t > to,t b

w(ty) = apa(ty), o' (tF) = bra'(te), k=1,2,3,....

(1)
Here,
z(ty) == lim z(¢), z(t)):= lim x(t),
t—t, t—t;
ey e Tt R) () oy @t ) — ()
vlt) = W h o wlly) = i, h ’
where ®,(s) := |s|*71s, {tx} denotes the impulsive moment sequence with 0 < to <
ty < ... <tp <..., limg_ ot = 0.

Let J C R be an interval, we define
PLC(J,R) :={h:J — R | his continuous on each interval (tx,tx+1),
h(t) exists and h(ty,) = h(t;) for all k € N}.

For given tg and ¢ € PLC(Ey,,R), wesay x € PLC(Ey,,R) is a solution of equation
(1) with the initial value ¢ if x(¢) satisfies equation (1) for ¢t > tg and z(t) = ¢(¢)
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for t € Ey,, where Ey, = toU{t —7(t) : t —7(t) < to, t > to}. As usual, a nontrivial
solution x(t) of equation (1.1) is called oscillatory if it has arbitrarily large zeros;
otherwise, it is termed nonoscillatory. Equation (1.1) is said to be oscillatory if all
its solutions are oscillatory.

Many evolution processes are characterized by the fact that at certain moments
of time they experience a change of state abruptly. These processes are subject
to short-term perturbations whose duration is negligible in comparison with the
duration of the process. Consequently, it is natural to assume that these perturba-
tions act instantaneously, that is, in the form of impulses. It is known that many
biological phenomena involving thresholds, bursting rhythm models in medicine
and biology, optimal control models in economics, population dynamics, pharma-
cokinetics, information science, electronics, automatic control systems, computer
networking, artificial intelligence, robotics, and telecommunications, do exhibit im-
pulsive effects. Thus impulsive differential equations, that is, differential equations
involving impulse effects, appear as a natural description of observed evolution phe-
nomena of several real world problems. Therefore, it is important and necessary
to study impulsive dynamical systems. For the general theory and applications of
impulsive differential equations, we refer the reader to [4, 5, 11, 18].

Concerning delay differential equations, they are in the form of differential equa-
tion in which the derivative of the unknown function at a certain time is given in
terms of the values of the function at earlier times. Their systems are widely used to
describe many scientific phenomena such as population dynamics, communication
network model, economical systems, propagation and transport [10, 13, 14].

It is well known that most of the differential equations cannot be solvable in
terms of elementary functions. Though there are various analytical methods for
solving nonlinear oscillation systems, qualitative properties of solutions, in partic-
ular, the oscillatory behavior of solutions, of such equations assume importance in
the absence of closed form solutions.

In the absence of impulses and delays, equation (1) reduces to

(r®ly Oy @) +pDly()1* " y(®) +Zq3'(t)ly(t)lﬂj’1y(t) =e(t), t > to, (2)

which can be considered as a generalization of the nonhomogeneous equation

(r(t)y (1) + f(t,y(t) = e(t), t > to. (3)

The oscillation of equations (2) and (3) has been received great attention during
the last 50 years, see, for example, [2, 19, 23], and the references cited therein.

In recent years, a great deal of effort has been spent in getting sufficient condi-
tions for the oscillation of solutions of second order nonlinear impulsive delay differ-
ential equations. Recently, interval oscillation of impulsive delay differential equa-
tions was attracting the interest of many researchers, see [6, 7, 12, 15, 16, 20, 21, 22].
However, for the impulsive equations, almost all of interval oscillation results in the
existing literature were established only for the case of “constant delay ”. Recently,
Zhou and Wang [24] considered the second order nonlinear impulsive differential
equations with variable delay of the form

() +pt) f(z(t — (1)) = f(t), t = to, t # Ok,
o(tT) = apz(t), 2'(tT)=bpa'(t), t=tp, k=1,2,...,
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and obtained some interval oscillation criteria. To the best of our knowledge, this
is the first research work in this area.

Our purpose here is to obtain some interval oscillation criteria for equation (1).
The results of this study generalize and improve some known results in [7, 12, 15, 20].
Examples are given to illustrate the effectiveness of our main results.

2. MAIN RESULTS

Throughout this paper, assume that the following conditions hold without fur-
ther mention:

(A1) r(t) € C([to, 0), (0,00)) is non-decreasing, p(t), ¢;(t), e(t) € PLC([tg, o0),R),

1=1,2...,n;

(A2) By > > Bm >a> By > -+ > By > 0 are constants;

(A3) « is a quotient of odd positive integers, by, > ax > 0, k € N are constants;

(A4) 7(t) € C([to,o0)) and there exists a non-negative constant 7 such that

0<7()<rtforallt>tyand ty11 —tx >7forallk=1,2,....

Let k(s) := max{i : tg < t; < s}, for ¢; < dj, let M; := max{r(t) : t € [¢;,d,]}
and Q; := {w € Clc;,dj] : w(t) # 0, w(cj) = w(dj) = 0}, j = 1,2. For two
constants ¢,d ¢ {t;} with ¢ < d and a function ¢ € C([c,d],R), we define an
operator ¥ : C([e,d],R) — R by

0, for k(c) = k(d),
(o) = k)
Ptr(ey+1)0(c) + X2 o(ti)e(ts), for k(c) < k(d),
i=k(c)+2
where
b —a® & g%
0(c) = k(e)+1 ~ Mk(c)+1 c(t:) = by — af

(0% ()1 (k)41 — %) 7

t
and Y =0if s > t.

In the discussion of the impulse moments of z(t) and z(t — 7(¢)), we need to
consider the following four cases for k(c;) < k(d;),

(51) tk(cj) +7<¢ and tk(dj) +7> dj; (Sg) tk(cj) +7<¢ and tk(dj) +7< dj;
(83) tk(cj) +7>¢ and tk(dj) +7> dj; (84) tk(cj) +7>¢ and tk(dj) +7< dj,
and the three cases for k(c;) = k(d;),
(1) li(e;) +7 < ¢ ($2) ¢j < thie;) + 7 < dj; (83) the;) +7>dj, 7 =1,2.

Combining (s.) with (s%), we can get 12 cases. Throughout the paper, we study
equation (1) under the case of combination of (s;) with (§7) only. The discussions
for other cases are similar and so omitted. We define a function

Dk(t) Zt—tk—T(t), te [tk,tk+1]7k’= 1,2,...,

as in [24], and assume that the following condition holds throughout.

(A5) There is one zero point zy € (tg,tr+1] such that Dy (z;) = 0, Di(¢) < 0 for
t € (tk,2r) and Dy(t) > 0 for t € (zg, tkt1]-

First, let us see some lemmas which will be useful to prove our main results.
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Lemma 1. [1] For any given n-tuple {81, B2, ..., Bn} satisfying By > -+ > By >
a> Bmy1 > - > B >0, there corresponds an n-tuple (n1,m2, ..., Nn) such that

iﬂmi:a, ini<1’ O<’I72<1 (4)
i=1 i=1

Lemma 2. [1] Let v and § be positive real numbers with -y > 0. Then
(i) AzY + B > ~67/7(y — §) /M1 A/YBI=9/748 for all A, B,z > 0, (5)
(i1) Cx® — D < 67/%8(y — 6)/O=1C/ P DY=V/04Y for all C,x > 0 and D > 0(6)
Lemma 3. [8] If X and Y are non-negative real numbers, then
AXYAE XA < (A= 1)V A > 1, (7)
where equality holds if and only if X =Y.

Lemma 4. Assume that for any T > to, there exist ¢;,d; & {tx}, j = 1,2, such
that T <c; —7<c1 <d; <cog—7T <cy<dy and
p(t),qi(t) >0, t€le; —7,di]U[ea — 7, da)\{t&}, i =1,2,3,...,m,
e(t) <0, te[eg—7,d1]\{tx}, (8)
e(t) >0, te€[ea—T1,da]\{ts}

If x(t) is a non-oscillatory solution of equation (1), then there exist the following

estimations for W .
(a) x(tx(tT)(t)) S <ttti_t:'(t)> for t € (s to].
a(t —7(1) t—t; .
v o) <bi(t+7'(t) —tl-)) for t € (ti, zi),

—
o

=
\Y

z(t —7(1)) <t — tr(e;) — T(1)

t e (ci,tie, ,

z(t —7(t)) t— ;) — 7(1)
@ O < t—tiga,) ) for t € [z, dj],
z(t —7(t)) U —tk(d;)
@ G (i gy ) Pt € e s

where z; € (t;, tip1] for i =k(e;) +1,...,k(d;) — 1, j =1,2.

Proof. Without loss of generality, we assume that x(t) > 0 and x(¢t — 7(¢)) > 0 for
t > to. In this case, the selected interval of ¢ is [c1, d1]. From equations (1) and (8),
we obtain

[r()®a (@' (1)]" = e(t) = p(t)@a(@(t = 7(1))) = Y ai(t)®p, (x(t — 7(1))) < 0. (9)
i=1
Hence 7(t)®,(2'(t)) is non-increasing on the interval [cy, di]\{¢x }-
Case(a): If z; < t < t;y1, then (t — 7(¢),t) C (i, ti+1], and hence there is no
impulsive moment in (¢ — 7(t),¢). By mean value theorem, for any s € (t — 7(¢),t),
we have
z(s) —x(t]) = 2/ (&) (s — t;) for some & € (t;,5).
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Since z(t;) > 0, we have
x(s) > a'(&1)(s — t:), & € (ti, ).

Since @, (*) is a strictly increasing function and since r(s)®,(2’(s)) is non-increasing

on (t;,t;y+1), we have
B r(6)) > Bl (6)(5 1)) = MEURLTADE A o TR

Further, since r(s) is positive and non-decreasing as mentioned in (A1), the above
inequality becomes

Do (2(s)) > Po(2'(s)(s — t;)) for some & € (¢, s).
Then, by the definition of ®,(x), we have
/
x'(s) < 1 '
o) <Gt
Integrating both sides from ¢ — 7(¢) to ¢, we obtain

x(t — 7(t)) t—t; —7(t)
> t iy Ls . 10
0 Ty ;€ (20, tiga] (10)
Case(b): If t; <t < z;, thent —7(t) € (t;, — 7(¢),t;). le, t;, — 7 <t —7(t) < t; <
t < t;+7. Then there is an impulsive moment ¢; in (¢t —7(¢),t). For any t € (;, z;),
we have

(S —ti)a.

z(t) — 2(t]) = 2'(&)(t — t;) for some & € (t;,1).
Using the impulsive condition of equation (1), we get
z(t) — aix(t;) = @' (§)(t — i), &2 € (tit).
Then by using the monotone property of r(¢)®,(z'(t)), we get
r(t) Do (2 (£
Do (x(t) — az(ty)) < r(t7)%a(2'(t7))
r(&2)

Again, by using the impulsive condition of equation (1) and the monotone property
of r(t), the above inequality becomes

(I)a(l'(t) — azx(tz)) S @a(blx’(tz)(t — tl))

(t— ;)"

Since z(t;) > 0, we have
(1) ' (t:)
P —= —a; | <D, (b t—t;) |- 11
(o) = (e .
In addition, by mean value theorem on [t; — 7(t), t;], we have

x(t;) — x(t; — 7(t)) = 2'(&3)7(¢) for some &5 € (t; — 7(t), ;).

Then as in Case (a), by using the monotone properties of r(t), @, (¢) and r(¢)®, (2’ (t)),
we get

z'(t;) 1
) < Tt) (12)

Thus, from (11) and (12), we have
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Therefore, by (A3), we get

and hence

z(t) bt —t, +7(t))
ot) 1)
Now, for some s € (t; — 7(t),;), we have
z(s) —x(t; — 7(t)) = 2’ (&4) (s — t; + 7(t)) for some &4 € (t; — 7(t), 5).

Again, by using the monotone properties of 7(t), ®(*) and r(¢t)®@,(2'(t)) as in
Case(a), we get

(13)

x'(s) - 1
x(s) ~(s—ti+7(t)
Integrating both sides from ¢t — 7(¢) to t;, we have
t—T7(t t—1t;
2t — (1)) > for t € (t;, z;). (14)
x(ti) 7(t)
Thus, from (13) and (14), we have
t—71(t t—1t;
=) for t € (t;, 2). (15)
x(t) bi(t —t; + 7(t))
For other cases, the proof is similar and hence omitted. This concludes the lemma.
O

Theorem 1. Assume that for any T > to, there exist ¢, d; ¢ {tx}, j = 1,2, such
that T < 1 —7 <1 <dy <cog—7 < cg < dy and (8) holds. If there exist
w;(t) € Qj(cj,d;), j =1,2, such that, for k(c;) < k(d;),

th(e)+1 t—they — T\
U ()

J

k(dj)—1

e 2 U i) o e (S0

i=k(c;)+1 g i

+/ W.(t ( ! ) dt + Wit)| ———2——=] dt
¢ HO br(a;) (t = tr(a,) + 7(t) i) t—Tr(dy)

k(dj) zk(dj)
d.
J a+1 .
— / (r(t) |w;(t)| )dt} > Mj\I/g]J_ [w}"“], (16)
and for k(c;) = k(d;),
/dj W;(t) _tmg V'L r(t) | (vt)|°”+1 dt >0 (17)
cj ’ t—cj+ T(t) 7 ’
where W;(t) = Q(t)w?“(t) and
Q(t) = (P(t) +ag ™ [T ™ a (t)le(t)|"°> ; (18)
i=1
and n; > 0 are chosen according to given B, Pa,...,Bn as in Lemma 1 satisfying

(4). Then equation (1) is oscillatory.
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Proof. To arrive at a contradiction, let us suppose that x(t) is a non-oscillatory
solution of equation (1). Without loss of generality, we assume that z(t) > 0 and
x(t —7(t)) > 0 for t > to. In this case, the interval of ¢ selected for the following
discussion is [c1,d1]. We define

Do (2’ (1))

u(t) = r(t) e for ¢ € [c1,d4]. (19)
Then
5 qi(H)Bs, (a(t — (1))
. wt—r(t) & el | o2
N L O Z0 Py | T

(20)
for all t # ty,t > to, and u(t)) = Z—’;u(tk) for all k € N.
From our assumption, we can choose ¢1,d; > tg such that p(¢) > 0 and ¢;(¢t) > 0
fort € ey —7,d1],i=1,2,...,n,and e(t) <0 for t € [¢; — 7,d;]. Also, by Lemma

1, there exist n; > 0, i =1,...,n, such that > Bin; =a and Y n; < 1.
i=1 i=1

Now, define ng :=1— > n; and let
i=1

1 M x_l(t - T(t))v

u; = n[lqi(t)w 2Pt — (b)) for i =1,2,...,n.

Then, by the arithmetic-geometric mean inequality (see Beckenbach and Bellman

n n
Zﬁiui > Hu?, u; > 0,
i=0 i=0

we have

S ai(t)®p, ((t — (1)) .
e(t) | & o e T 2P — (1)
AT >0 gy 1L (a0 )

Using (21) in (20), we get

/ x? (t — T(t)) =0 |€(t)|710 - —Ni N xﬁlm (t B T(t))
) -0 = - R T (a0 )
—ou®)Z 4y, (22)

x(t)
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Since

i <xﬁzm tT(t))> 1 it (= (1))
om0 (¢ 121 TN (¢ M0 (t) o é:l - ®
1 (2t —T(1)
ot ()
x*(t —7(t))

equation (22) becomes

o) < —p(y LT ey |%Hm"u (<t<t>>)

2o (t) z*(t)
a'(t)
—au(t) Ok t # tg. (23)

(1) (1) (r(t)ale (1))
gt = o0 (Fraoiay)
_a r()®a (@ () z'(t)
- o () <<r<t>¢>a<w <t>>>”‘“>
= 1/a(t)u(t) =

Hence, (23) becomes

u'(t) < —

770 i )| a(t —7(t)) __ ot
Hm @ |]< L)

) ) R
Q) (x@)> - g £, o4

where Q(t) is as in (18).

To estimate M, we first consider the case k(c1) < k(dy). In this case, the
z(t)

impulsive moments in [c1, d1] are tgc, )41, th(er)42;---» th(dy), and the zero points
of D;(t) in intervals (¢;,%,41) are 2,9 = k(c1) + 1,...,k(dy) — 1. Multiplying both
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sides of (24) by w®T!(t) and integrating it from ¢; to d;, we get

tr(eq)+1 th(e)+2 d1
/ u (1w (t)dt + / o (ST ()t + - - - + / u' (H)wd T (t)dt

c1 ti(eq)+1 i(dy)
th(er)+1 a at1 teentz a+1
<{_ ettt - —u(t) e WOt
{ [ e o / 7y )T T (0
d1 - thk(ey)+1 _ @
_,.__/ #U(t)%w‘f‘*l(t)dt—/ ("T(tT(t))> Wi(t)dt
tk(d)/r a(t) Cc1 I(t)
k(d1)—1 zi o e tit1 _ o
_ Z / z(t —7(t) Wl(t)dt+/ a(t —7(t) Wi (t)dt
. t; .’E(t) 2 $(t)
i=k(c1)+1 K ’

_ /t:(’:” (W)awl(t)dt - /:;1) (W)awl(t)dt}. (25)

Using integration by parts, we have

k(d1)

Yo e [ults) — uth))

’L:k?(cl)-'rl

(07

dy
< { [ e st @uionuo] - i ol w o) d

[ ) v

k(d)—1

- 2 L () s [ (55 o]

i=k(c1)+1

) /t:::’ <x(tw(;(t))>aW1(t)dt /d() (x“ x(;(t))>aW1(t)dt}. (26)

Letting

o a/a+1 P N
(t)> |wi' ()| [u(t)] and Y = [or(t)] w1 ()]

1
A:“a’X:(rua

and using Lemma 3, we get

(a4 1) [wf(t)wi ()] |u(t)] — rl/i(t) |u(t>|<a+1>/a wWOT(E) < r(t) |w’1(t)|a+1 (2D
Meanwhile, for t =t,, k=1,2,...,
utef) = () utn), (25)

Then the left hand side of the inequality (26) becomes

k(d1) k(d1) o _po

>, W) —u = Y, ST tut). (29)

a
i=k(c1)+1 i=k(c1)+1 v
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Substituting (27) and (29) in (26), we get

k(d1) o
a; _b? a
Z T%H(ti)u(ti)

i=k(c1)+1 @

<{ATN0WKW“1ﬁ—ATm“(ﬂtﬁf”>aﬁﬁmt

k(dy)—1

- 2 L (o) o [ (M52 ]

i=k(c)+1 't i
e (=N g [T (=)
/tk(dl) < @) ) Wi (t)dt /zk(dl) ( @) ) Wl(t)dt}. (30)
On the other hand, for t € (t;—1,¢;] C [c1,d1], i = k(c1) + 2, ..., k(dy), we have
a(t) — x(ti-1) = 2'(§)(t — ti-1), € € (tim1, 1)

In view of (¢;—1) > 0 and the monotone properties of @, (t), ()P, (z'(t)) and r(t)
we obtain

r)®a (') ()
O, (z(t) — (t—ti_1)*

Letting t — ¢, , we get

r(ti)®a(z'(t:)) M,

U(tz) - (I)a(l‘(ti) = (ti — tifl)O”

i=k(c1)+2, ..., k(d).  (31)

Making a similar analysis on (cy, tk(c1)+1]7 we get

ulty )= T(the)+1) Pa (T (tr(er)41)) < M,
(en)+ Qo (2 (th(er)+1)) T (k)41 — €1)®

Thus from (31), (32) and (A3), we obtain

k(d1)
bia — a? @
> 7%“(%‘)“(%)
i=k(c1)+1 o
k(d1)
< M; W?H(tk(q)ﬂ)e(cl) + Z Wit (t)e(ty) | = Ml‘I’Zlf [W?H] - (33)
z:k(cl)+2
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Hence, from (30), (33) and Lemma 4, we obtain

brcer)+1 t—trey — T\
{/ U w) ('“_(t) ( )> dt
c1 k(c1)

dl) 1

i,y U w0 (i) wr ) o (S5)

Zk(dn t—t @
+/ Wl(t)<b t_t’“(d“ t) dt

thiay) k() (8 = tray) +7(2)

dy

t—thay — 7))\ 4 o
+ Wi (t) (M) dt—/ r(t) |w) (1) “dt} < Mywh i,

Zk(dy) t - tk(dl c1

(34)

This contradicts (16).
If k(c1) = k(dy), then there are no impulse moments in [c1, d1]. Multiplying both
sides of (24) by w®T(t) and integrating it from ¢; to d;, we obtain

h u'(t)wa+1(t)dt < _ « o |u(t)‘(a+1)/a wa+1(t)dt
1 — ’I"l/a(t) 1

C1 Cc1

[ (255w

Using integration by parts on the left hand side and noting the condition wy(c;) =
w1(dy) = 0, we obtain

[0

dy
/ {(a + Dw (H)wy (H)ult) — 174 () \u(t)|(a+1)/°‘ w?-&-l(t)] dt

/cd1 <W>awl(t)dt > 0.

It follows that

dy a
[ @+ vt @t @l - e Ol a

_ /d (W)a Wi (t)dt > 0. (35)

Letting

a a/a+1
A=t X = (i) REOO] md Y = a0 e 0]

and using Lemma 3, we get

(0 1) (A ()] fu(t)] = 0 ()| W2t (1) < (1) Wl (17T (36)

Thus from (35) and (36), we have

/d [T(t) wi (1" — <W>a Wy (t)} dt > 0. (37)
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Now let us estimate W on [c1,dy]. It t € [e1,dq] then t—7(¢) € [ey —7(t),d1 —
7(t)], and then there are no impulsive moment in (t—7(t),¢). For any ¢t € (t—7(¢),t),
we have

z(t) — x(er — 7(t)) = 2/ (€)(t — c1 + 7(¢)) for some & € (¢1 — 7(t),1).
By using the monotone properties of r(t), @, (x) and r(¢) P, (2'(t)), we get

() ®a(z'(1)
r(t)

Then, by the definition of ®,(x), we have

Do (x(t)) = (t =1+ 7(1)" = Pu(2'(t)(t — 1+ 7(1)))-

/(1) 1
2 " t—e )

Integrating both sides of the above inequality from ¢ — 7(¢) to ¢, we obtain

x(t — 7(t)) t—oc
O (t Ep———ry

From (37) and (38), we obtain

/d | [Wl(t) (t_tllr(t) ) (1) |w1(t>|““] dt < 0.

This again contradicts our assumption.
When «(t) is eventually negative, we can consider the interval [ca, d2], and reach
a similar contradiction. Thus the proof is complete. O

> for t € [Cl, dl] (38)

Following Kong [9] and Philos [17], we consider the following class of functions:
Let D = {(t,s) : to < s < t}, Hy,Hs € C*(D,R). A pair of functions (Hi, Hs)
is said to belong to a function class H, if Hi(¢,t) = Ha(t,t) = 0, Hi(t,s) > 0,

Hy(t,s) >0 for t > s and there exist hq, ho € Lioc(D,R) such that
OH;(t,s OH>(t,s
% = h(t,s)Hi(t,s), 39(5 )~ holt,s)Ha(t,s).
We assume that there exist ¢;, dj, §; ¢ {tx}, k = 1,2, ..., (j = 1,2) such that

T<ci—-T<e1 <0 <dy <co—7T<cg <y <dyforany T > ty. Notice that
whether there are or not impulse moments of z(¢) in [¢;,d;] and [;, d;], we should
consider the following four cases,

(S1) k(cj) < k(d;) < k(dj);  (S2) k(e;) = k(d;) < k(d;);
(93) k(cj) < k(0;) = k(dj);  (S4) k(e;) = k(05) = k(d;), j=1,2.

Moreover in the discussion of impulse moments of x(t — 7(t)), it is necessary to
consider the following two cases,

k
k

(Sl) lpo;) + 7> 053 (SQ) leo;) +7 < d5, j=1,2.

In the following theorem, we only consider the case of combination of (S;) with
(S1). For the other cases, similar conclusions can be given, and hence their proofs
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are omitted.
For convenience, we define

1 brep+r t—tge,) — 70\
I i = ———— Hi(t,c;) | ———Z— 2] dt
b Hl(éjacj){~/c- i ’C])< t = th(cy)

k(81)—1

o 3 [ [Tmee (G i) @

i=k(c;)+1
by t—t;—7(t)\"
+ H1<t,Cj) (ZT()) dt:|
2 t—1;

Z’“(‘;J') ~ t— tk((;) «
+/ Hl(t,C‘) < 2 dt
ti(s,) P\ s, (E = tigs,) +7(1))

& t—trsy — 1O\
_|_/ Hl(tacj) (k(‘;J)T()) dt

Zk((;j) (t - tk(éj))

5j
_@x+iw+y/_T“”ﬁﬁﬂvﬂhﬂuqﬂa*lﬁ}a(3%

Cj

1 e+t t—1trs;) — T(H)\*
Iy i =0 ————— Ho(d;,t) | ———2—=) dt
> Hy(dj, ;) { /5j 2(d;,t) ( b —tr(s;)

k(dj)71 Zi t t «
+ Hy(dj,t) [ —————— ) dt
[ﬂ; “J)<mu—u+ﬂm>

i=k(8;)+1
b t—t;— 1)\
+ Hy(d;, ) (ZT()) dt]

and

2 t—1;

+/Zk(dj)ﬁ (d t)( Ly >adt
2 ) 5
thca;) ! bi(d,) (t — treay) + 7(t))

dj t—trgy — 1)\
+/ Ha(d;, 1) (Uk_(d;;(d_))()) dt

k(d;)

d]
e TR0 kel O e (a0

J

where H,(t,¢;) = Hi(t,c;)Q(t), Ha(d;,t) = Ha(dj,t)Q(t), (j = 1,2) and Q(t) is
defined as in (18).
Theorem 2. Assume that for any T > to, there exist c;, d;, 0; ¢ {tx}, j = 1,2,

such that T < ¢ — 7 <c¢1 <6 <dy <cg—7 < g < 0g < dy and (8) holds. If
there exists (Hy, Hz) € H such that

M; v M, 0.
My 4+ Iy > ——2 WS [H, (., c; ——7 WY H,(d:, )], j=1,2, (41
1, + 25> Hl((sjacj) cj[ 1( 701)]+ H2(dj;5j) 6j[ 2( Js )]a J y 4 ( )

then equation (1) is oscillatory.

Proof. To arrive at a contradiction, let us suppose that x(t) is a non-oscillatory
solution of equation (1). Without loss of generality, we assume that z(t) > 0 and
x(t —7(t)) > 0 for t > to. In this case, the interval of ¢ selected for the following
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discussion is [¢1,d;]. Continuing as in the proof of Theorem 1, we can get (24).

Multiplying both sides of (24) by Hi(¢,c1) and integrating it from ¢; to 1, we have
61 61

Hy(t,er)u' ()dt < — Hy(t,c1)

C1 C1

o
ri/o(t)

[ Hi(t,cr) (‘”“_T(t))) dt. (42)

& (t)

Noticing the impulsive moments Zj(c,)41, ti(ei)+2s - -+ th(sy) i0 [c1,01] and using

integration by parts on the left-hand side of the above inequality, we obtain

3 k(61)
Hy(t,e)d (B)dt = Y [u(ts) — u(t)|Hy(ti, 1) + u(61)H (S, 1)
@ i=k(c1)+1

th(e)+1 th(e)+2 31
— / +/ +... +/ u(t)hl(t,cl)Hl(t,cl)dt (43)
c1 ti(er)+1 ti(s1)

From (28) and (43), we have

|u(t)|(a+1)/a dt

5 k(é1)
1 a® — b¥
H, (¢, cl)u/(t)dt = Z (Za"‘7> Hy(t;, c1)u(t;) + Hy(61,c1)u(dy)

& i=k(c1)+1 @

91
- / u(t)hl(t,cl)Hl(t,cl)dt. (44)

Cc1

Substituting (44) in (42), we have

" H(t, 61)( x(t (t)( ))> dt

Cc1

k(51
< ( )Hl tiyer)u(t;) — Hi(01, er)u(d1)
= k(cl)+l
@ (1+a)/a
+ H1 t C1 |:|h1 t C1 ||u | 7“1/0‘(?5) |u(t)| :| dt. (45)
Letting
1 aa/a+1 |U(t)‘ a/a+1
— - — _ —(a+1) o
A=l S X = S ad Y = [oz(oH—l) r(t)} Bt e1)]”
and using by Lemma 3, (45) becomes
51 a
~ t—T1(t
Hl(t701) (M) dt
C1 I(t)
k(61) be _ o
< i % A A
< > () it - mneus)
i=k(c1)+1 v
b [ O el i (46)
(@t ), T 1(t, 1) [t e .
Similar to the proof of Theorem 1, we need to divide the interval [¢1, d1] into several
z(t—T t))

sub intervals for estimating the function = =0 Using Lemma 4, we get the
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estimation for the left hand side of the above inequality as follows:

[ i (2550

tr(e)+1 t—t ) — t «
> {/ CUHte) (k( D=7 )) dt
c1 t—=1tr(cr)

Wi):l i t—t; .

S e (et Y

e bt — 1 + (D)
tit1

+ Hi(t,c1) <t_ti_7(t)>adt]

2 t—1;

Zk((il) - t _ tk(él) (e}
+ / Hl (tvcl) < > dt
brcon) bi(s,) (t — trs) +7(1))

.\ /51 Hiter) <t_tk(51)_T(t)>adt}. (47)

zk(gl) (t - tk(él))

Comparing (46) and (47), we have

RGP t—trey — T\
{/ CH ) <M> dt
c1 k(c1)

k(81)—1

+ ) [/;ﬁl(tcl)(m>adt

i:k(cl)+1
i1 t—t; —7(t)\
+ Hl(t701) <t—t7_()> dt:|

ZR(51) . t — tk:(5 ) >a
+ Hi(t,c < L dt
[ e b —tron T 70)

ti(sy)

o t—tresyy — T\
+/ Hl(t,c1)<k(5” TU) dt

zk(gl) (t - tk}(él))

1 o N
- W/ r(t)Hy (¢ er) [ha (¢, )" dt}

k(s1) a g
< Z (bi a l > Hi(ti, er)u(ts) — Hi(01, c1)u(61). (48)

i=k(c1)+1 i

Multiplying both sides of (24) by Hs(d1,t), and using similar analysis as above,
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b+ t—t —7(t)\*
{/ U Ha(dy,t) (M) di
&1 k(81)

k(d1)—1

v 2 L (i)

i=k(81)+1
bivr t—t; —7(t)\”
+ Hy(dy, 1) (M) dt}

Zk(dy) t — tk(dl) o
+/ Hj(da, 1) ( dt
te(dy) br(ar) (t = tr(ay) + 7(1))

a t—thay — T\
+/ H2(d1’t) (M) dt

we can obtain

k(d1) (t - tk(dl))
_ l/dl r(t)Ha(dy, t) |ho(dy, t)|* T dt
((X + 1)a+1 5 2\U1, 2\ U1,
k(d1) be _ g
< Y < — ’)Hg(dl,ti)u(ti)—&—Hg(dhél)u(él). (49)
i=k(81)+1 v

Dividing (48) and (49) by H;(d1,¢1) and Ha(d1, d1) respectively, and adding them,
we get

k(d1)

1 b — a¢
M40y, < A7) |y, t;
1,1+ 121 (01, c1) -7;62 ( an ) 1(ti, c1)u(t;)
i=k(c1)+1
1 g
—_— L) Hy(dy, t)u(ts) p . (50
* Hoy(dy,61) ;kz < 5 ) 2, taJults) - (50)
i=k(61)+1
On the other hand, similar to (33), we have
k(61) b go
> <aa> Hi(ti,cr)ult;) < MyWSH (. er)], (51)
i=k(c1)+1 @
and
k(d1) be — g
3 ( P 1>H2(d1,ti)u(ti) < MyUH [Hy(dy, ). (52)
i=k(81)+1 ?

Substituting (51) and (52) in (50), we obtain a contradiction to the condition (41).
When z(t) is eventually negative, we can consider the interval [cq, d2] and reach
a similar contradiction. Hence the proof is complete. (I

As shown in [20] for the sub-linear terms case, we can also remove the sign
condition imposed on the coefficients of the sub-half-linear terms to obtain interval
oscillation criteria. More precisely, we consider

(r(®)®a(@’ (1)) + p(O)Pa(@(t — 7(1)) + R(x,t) = e(t), t = to, t # t,

53
oty ) = apx(ty), 2'(t") =bpa'(t), k=1,2,3, ..., (53)
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where
=Y a®)®s@—r1)+ Y a®)®s (x—7(1).
i=1 k=m-+1
When some or all of the functions ¢;(¢),s = m + 1,...,n, are nonpositive, we can

get the following results.

Theorem 3. Assume that for any T > to, there exist ¢;,d; ¢ {tx}, j = 1,2, such
that T <c1 —17<c1 <dy <co—T<cg <dy and

p(t),qi(t) >0, te€cy—7,d1]U][ca —7,da]\{tk}, i =1,2,3,....m
e(t) <0, tele—7di]\{tr}, (54)
e(t) >0, telfca—m7,da]\{tr}
If there exist w;(t) € Q;(cj,d;), j = 1,2, and positive numbers m; and 1y, with

Yomi+ Y =1, (55)
i=1

k=m+1
such that, for k(c;) < k(d;),

betepy+1 - t—tpee,) — T\
{/ Wi (1) (t_(ti( > dt
C7‘ Cj
k(dj) @ ti4+1 a
—t; ° ~ t—t;, — T(t)
dt ()| ———=
(Z U w0 (i) @+ [, o (=) |
Zl(d;) ~ t— tk(d-) «
[ (Y
th(d;) ’ bk(dj)(t - tk(dj) + T<t)

d; - t—tpgy — T\
+/ W (%) <t"fdt)()> dt
2 (d) k(d;)

-/ " o \w}@)!"“)dt} > MU s, (56)
and for k(c;) = k(d;),
d; . e @ N
/C_ (Wj(t) <t_t6]+77(t)> —r(t) |w(t)] “) dt >0, (57)

J

where W;(t) = @(t)w?‘“(t), ji=1,2 and

o) = (WHZFi(t)— Z Tk(t)>7 (58)
i=1 k=m-+1

Ti(t) = Bi(B; — ) (/B Lo/ Big L=/ B [0 )|/ B (¢) 1= (e/BD) =12, .. m,

Y4(0) = ol — 50 eI g (e /5,

kE=m+1,...,n, with §,(t) = max{—qx(t),0}, then equation (53) is oscillatory.

Proof. Suppose that equation (53) has a nonoscillatory solution x(¢). Without
loss of generality, we assume that x(t) is eventually positive on [c1,d]. If x(¢) is
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eventually negative, then one can repeat the proof on the interval [cq, ds]. Clearly,
from the definition of R(z,t) in (53) , we have

Rz, t) —e(t) = Z [q:(8)@p, (2(t — (1)) + mile(t)]]

= 2 Fa®a (et = 7(1) = vile(®)]],
k=m+1
this gives
R(x )2 > [0, (2(t = 7(1)) + mile(?)]]
= X [a®®a et =) = vrle®ll. (59)
k=m-+1

Applying Lemma 2 to each summation on the right side of (59) with
A=q(t), B=mile(t)], y=08i, 0 =a, for f; >aandi=1,...,m,
and

C =q(t), D=1vilet)], § =Pk, y=a, for fp <aand k=m+1,...,n,

From equation (53) and inequality (60), we have

(r(t)pa (2’ (1)) + p(t)paz(t — (1)) + ZF z(t —7(1)))
Z Ty ( z(t —7(t))) < 0.(61)
k=m+1

Defining u(t) as in (19), and continuing as in the proof of Theorem 1, we get

w( <o (NI - P @ el (6

where O(t) is as in (58). The remainder of the proof is the same as that of Theorem
1, hence omitted. ([l

Theorem 4. Assume that for any T > to, there exist c;, d;, 6; & {trx}, j = 1,2,
such that T < ¢y —7 < ¢ <0 <dy <ea—7 < cg <y <dy and (54) holds. If
there exist (Hy, Ha) € H and positive numbers m; and ¢y, with (55), such that

\115 i[Hy (., c;)] +

Iy +1a,; > Hy(dj,.)], j=1,2, (63)

5,0 " a5 0

where Hi(t,c;) = Hi(t,c;)0(t), Ha(d;,t) = Ha(dj,t)O(t), 5 = 1,2, and O(t) is
defined as in (58) with §x(t) = max{—qx(t),0}, then equation (53) is oscillatory.

Proof. Continuing as in the proof of Theorem 3, we can get (62). The remainder
of the proof is the same as that of Theorem 2, and hence is omitted. O
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3. EXAMPLES

In this section, we give two examples to illustrate our main results.

Example 1. Consider the following impulsive differential equation with variable
delay

(@4 (' (1)) +70(1 + sint) @, ( ( — —Sln t))
+ 71 exp(— t/2)<1>ﬁ1( ( ——sm3t )
+ 212, (2 (t—l%sm t)) e(t), t > to, t # by, (64)

w(tf) = ape(te:), o' (6,) = braa' (tra),
3 4
where ty,; = 2km + g +(=1)i2 (g) L i=1,2 andk=1,2,....

Here,
r(t) = 1,p(t) = yo(1 +sint), qi(t) = 71 exp(—1/2), g2 (t) = 72t*,
and
—sin 2t, t € [2km, 2km + %],
e(t) =
1+sint, te [2kr+ %, 2kr + 4],
where g, y1 and 7 are positive constants.

If we choose n9 = 1/2, 81 = 19/2, 82 = 5/2 and o = 3, then by Lemma 1, we
can easily find 71 = 1, = 1/4. For any T > 0, if we choose k large enough such
that T' < ¢; = 2kn + 5 < dy = 2k7r+% and ¢ = 2k + § < do = 2k7r—|—%
then there are impulsive moments ¢ 1 = 2k7 + § in [c1,d1] and tg o = 2k7 + %T
in [ca,do]. From ty o —tr1 = 5 > {5 and tgp11 — 2 = 37” > {5 for all k € N,
we know that the condition 41 — tx > 7 is satisfied. Also the variable delay
T(t) = & sin®¢ satlsﬁes 0<7(t) <7 = {5. If we take Dy ;(t) =t —ty; — 7(t), then
Dp,t)=1-7% sin? ¢ cost > 0 for all ¢ and there exist zero points 2 ; of Dy ;(t) in
(tk,i,d;). Moreover, we also see that the condition (8) is satisfied. Let

wj(t) =sin12t € Qj(Cj,dj) for 5 =1,2.

For ¢ € [c1,d4], by simple calculation, we get z;1 € (tg,1,d1) and 2z, 1 ~ 0.408. In
k(d;)—1
viewof Y =0as k(¢;)+1>k(d;) —1, j = 1,2, the left hand side of (16) is
i=k(c;)+1
the following

/8 ¢+ 117/8 — 7/12sin® (1) \ °
[t (SR )

0.408 t— /8 3
+/77/8 Wi(®) (bk71(t—7T/8+7T/1251n3(t))> dt

U : 3 s
+ /6 Wl (t) (t — 7T/8 - 7T/12 Slng(t)) dt o 124/ /6 (COS4 ].2t) dt
0.408 t—117/8) 7/12

[0 072270 + 00714~/ 15 1/4] + b3 [0 000970 -+ 0.0014~/%4 1/4] — 6487.(65)
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On the other hand, the right hand side of (16) is

b(l:(cl) = ARy 11

ﬂPdl[ a—%l] —
ARy (Er(en+1 — €1)*)

w(1x+1(tk(61)+1) (

k(d1)

b — g%
a+1 1 7
" Z t) ag(ti —ti-1)®)
i=k(c1)+2

b1 —a 8
= sin*12(2k kil — Tk,
sin” 12(2km + m/8) ag,1(2km + /8 — (2km + 7/12))

24\° (bp1 — °
- () (’“1 “’“1) . (66)
™ Ak 1
Thus for t € [¢1,d;], if we choose 79, 71 and 2 large enough so that

0.072270 + 0.0714~, 74" + b3 [0 000970 + 0.0014~1/*7a/*| — 6487

3
(2 (B
™ Ak 1

then (16) will be satisfied.
Similarly for ¢ € [ca,ds], we can get the following condition

1/4 1/4

2.4899 + 2.8481, + by (0 00740 + 0.0011~,/ 45/ 4) — 84247

8 bro — ak2 s
> <3W> (am ) . (68)

Thus it is clear that the condition (16) is satisfied by properly choosing o, 71, Y2,
and so by Theorem 1, equation (64) is oscillatory.

Example 2. Consider the following impulsive differential equation with variable
delay

(o (2’ (1)) + Kop(t) e (x (t - 116 C082(7rt)>) + r1q (8D, (x (t - 116 cos2(m)))

+ koqa(t)Pp, (ZL‘ (t - % cos2(7rt))> =e(t), t > to, t # tn,
x(t;rz) = an,im(tn,i)a m/(t::,i) = bn,ixl(tn,i)a

(69)
where kg, k1 and ko are positive constants, and
3r 13w 17
1—2n7r—|—8 =2nmw + — g 2n7r—|—?andt 4—27171'—!-%
In addition let,
el?t [Qnﬂ' + 75, 2nmw + %] ,
p(t) = ett, te 2nm+ %, 2nm + E],
sin®t, [2n7r + 3T onw 4+ 5”]

q1(t) = 3+ cos(t/2),
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cos(t/4), € [2nr+ &, 2nm + I,
a2(t) =
cost, [2n7r + 3T onr 4 5”}
and
—sin2t, te€ [2nm+ 75, 2nw+ ],
e(t) =

sin? t, [2n7r + 3T onm 4+ ‘”]
For any to > 0, we choose n large enough such that to < 2nm+ {5 and let [e1,dq] =
[Znﬂ'—l— 12,2n7r+ ], [ca,ds] = [Qnﬂ'—l— 3T onm + 5”} 0 = 2nﬂ' + % and &, =
2nm + 2. It is easy to see that condltlon (8) is satisfied. Moreover, we easily see
that there exist zero point z,; (i = 1,2,3,4) of Dy, i(t) =t — t,; — 75 cos*(nt) in
(tn,1,01), (tn,2,d1), (tn,3,02) and (t,4,ds) respectively. Let Hi(t,s) = Ha(t,s) =
(t — s)2. Then hi(t,s) = —ha(t,s) = ﬁ Next, if we choose g = 1/2, f; =
5/2, B2 = 1/2 and a = 1, then one can easily find n; = 3/8 and 7, = 1/8.
Also by a simple calculation, we get

1 /8 t 4+ 137/8 — 7/16 cos?(mt)
1= ——ri—— H 12 t
bt H1(’é,”){ x/12 1t m/12)Q(0) < t+137/8 ) d

0.408 t—m/8
+ /ﬂ/s Ha(t m/12)Q(1) <bn,1(t —/8) + 7/ 160082<7Tt)> :

/6 t — /8 — m/16 cos?(mt)
) o Hitm/12)Q0) < r——T ) dt

1 /6 9

52 Hy(t,7/12) |hi(t, 7/12)] dt}
w/12

0.1532 0.0044
~ Ko (23.2539+ 3 ) + k1 3By /8 (0.3035 + ) —3.8197, (70)
n,l n,l
and
1 3m/8 t — /8 — m/16 cos?(mt)
I, = M{/ Ha(m/2,t)Q(1) ( > dt
Hy(3, %) Uaye t—m/8

1.265 t— 371'/8
+/3,T/8 Hy(m/2,)Q() (bnyz(t —37/8+7/16 cos%wt))) dt

/2 t— — /16 cos®(mt
n Hy(n/2,0(t) < 37/8 — /16 cos*(m )) @t
1.265 t—3m/8
1 7T‘/2 9
S Hy(m)2,t) |ho(m)2,t)| dt
e [, 20t/ 0
32 f .0082
~ Ko (7.8212+ Ob?’ 95) + k1 3By /8 (1.1289+ 0508 > —0.9549.  (71)
n,2 n,2

From (70) and (71), we get

0.1532  0.3295
Hl,l + H271 ~ Ko (31.0751 —+ —+ )

n,1l bn72

0.0044  0.0082
_|_

n,l bn,2

R (1.4324 + ) — 47746, (72)
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which gives the left hand side of (41).
On the other hand,

M, 5 1 bp,1 — Gn1
G H,(. . 12 ’ :
(51, 1) alHi( o) H,(n/6,7/12) 1(m/8,m/12) (anyl(w/8 — w/12))

~ 1.9098 (b”’l — a"’l) , (73)
Gn,1
and

M, d 1 9 b2 —an2
2 wh(Hy(dy, . . _(x/2- ’ *
oy, o) o ) = e (/2 = 3m/8) (an,2<3w/8 - w/6>>)

~ 0.2148 (bnza“> . (74)
An,2
From (73) and (74), we have the right hand side of (41) as
Ml £} Ml d
— WO H (o) + U [Hy (dy,.

H1(51701) 1[ 1( 1)] HQ(d1751) 61[ 2( 1 )]
~ 1.9098 (b’“_“"l) +0.2148 (b“_“> . (75)

an,1 Gn,2

Thus (41) is satisfied for j = 1, if

0.1532  0.3295 0.0044  0.0082
Ko (31.0751 + + ) + Ky B Ry /8 (1.4324 + + )

bn,l bn,2 bn,l bn,2
bn — Un bn — Un
> 4.7716 + 1.9098 (1“1) +0.2148 (2“2) . (76)
Qn,1 Qn,2

Similarly for ¢ € [ca, d2], we have

0.0012 0.0016
H1,2 + H2,2 = Ko (0.2871 + + )

n,3 bn,4
0.0042  0.0124
+

n,3 bn,4

112 Byt 8 <O.6978 + ) —2.2917 (77)

and

2 GRH ()] +
(0, cp) s G el + s

~ 1.4324 (b?’_a“’> +0.1406 (m) . (78)

Qn,3 An 4

‘I’gi [Ha(dy, .)]

Thus (41) is satisfied for j = 2, if

0.0012  0.0016 0.0042  0.0124
Ko [ 0.2871 + + + k1% B3k /8 [ —0.6978 + +
bn,S bn,4 bn,S bn,4

> 2.2017 + 1.4324 (“a?’> +0.1406 (4“4) . (79)
Gn,3 Qan 4
Note that all the conditions of Theorem 2 are thus verified and it is possible to
choose the constants so that (76) and (79) are also satisfied. Hence, by Theorem
2, equation (69) is oscillatory.
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4. CONCLUSION

In this paper, we have established interval oscillation results for equation (1)
using Riccati transformation technique. Our results generalize and improve the
results in the existing literature as follows:

e When a = 1 and 7(¢) = 7, Theorem 1 reduces to Theorem 2.2 and Theorem
2 reduces Theorem 2.4 of [12].

e When 7(t) = 0, our results reduces to the results of 7] for the case p(t) = 1.

e When 7(¢) = 0 and a = 1, Theorem 1 reduces to Theorem 2.1 of [15].

e When ap = b, =1 for all k = 1,2,3,..., 7(t) = 0 and a = 1, our results
reduces to the results of [20] for the case p(t) = 1.
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