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UNIQUENESS PROBLEM FOR DIFFERENTIAL POLYNOMIALS
OF FERMAT-WARING TYPE

RAJESHWARI S. , HUSNA V. AND NAVEEN KUMAR S.H

ABSTRACT. In this paper, we discuss the uniqueness problem for differen-
tial polynomials (P (f))*), (Q"(g))*) sharing the same values, where P =
fd + alfd—m + b1fd_m+l +c and Q = gd + a2gd—m + b2gd—m+1 + ¢o are
polynomials of Fermat-Waring type. On non-Archimedian field, f and g are
meromorphic functions.

1. INTRODUCTION, NOTATION AND MAIN RESULTS

Let H be an algebraically closed field of characteristic zero, complete for a non-
Archimedean absolute value. We denote by A(H) the ring of entire functions in H,
by M (H) the field of meromorphic functions, i.e., the field of fractions of A(H), and
H =HuU {o0}. We assume that the reader is familiar with the notations in the non-
Archimedean Nevanlinna theory (see [10]]). Let f be a non-constant meromorphic
function on H. For every a € H, define the function df : H — N by

0 if f(z2)#a
df(z) = ) . R
m if f(z) = a with multiplicity m,

and set d}° = d% . For f € M(H) and S C HU {cc}, we define
i
Et(S) = Uses{(z,d}(2)) : z € H}.

In this paper, we consider the differential operator (P"(f))*) and (Q"(g))™®
sharing the same value where P and @) are Fermat-Waring type polynomials. Then
we establish an uniqueness theorem for non-archimedian meromorphic functions
and their differential polynomials.

Now let us describe main results of the paper. Let d,m,n,k € N* and a1, b1, ¢y, as,
ba, 2, k € H; where H be an algebraically closed field of characteristic zero, complete
for a non-Archimedean absolute value. a1, b1, ¢y, as,ba, co # 0. We will let

P(z) = 20 4129 4 b2 ey and Q2) = 20 4 g™ 4 hyrdmml 4y
(1.1)

2010 Mathematics Subject Classification. Primary 30D35.

Key words and phrases. Nevanlinna theory, non-archimedean meromorphic functions, Fermat-
Waring polynomial.

Submitted April 30, 2020. Revised Nov. 27, 2020.

158



EJMAA-2021/9(2) UNIQUENESS PROBLEM FOR DIFFERENTIAL 159

be a polynomials of degree d of Fermat-Waring type in H][z] without multiple zeros.
We shall prove the following theorems.

Theorem 1. Let f and g be two non-constant meromorphic functions on H and
let P(z),Q(z) be defined in (1.1). Assume that n > 3k +5,d > 2m + 10 and either
m>2or(d,m+1)=1andm > 1. If (P"(f))* and (Q"(g))*) share 1 CM, then

g = hf and for a constant h such that h® = 2, hrd =1, B = Z—Q,hm"’l = 42
1 1 al

Theorem II. Let f and g be two non-constant meromorphic functions on H and

let P(2),Q(z) be defined in (1.1). Assume that d > 2m + 10 and either m > 2 or

(dym+1)=1and m > 1. If (P(f) and Q(f) share 0 CM, then g = hf and for a

constant h such that h¢ = 2, = g—f, pmtl = 2.
2. PRELIMINARIES

In order to prove our results, we need the following Lemmas.

Lemma 2.1. ([10]) Let f be a non-constant meromorphic function on H and let
a1,as, ..., Gq, be distinct points of HU {oo}. Then

(=270, ) <Y Ml %) ~ logr + O(1).

Lemma 2.2. ([10]) Let f be a non-constant meromorphic function on H and let
a1,as, ..., aq, be distinct points of H|J{oo}. Suppose either f — a; has no zeros, or
f —a; has zeros, in which case all the zeros of the functions f — a; have multiplicity
at least m;, i =1, ...,q. Then

Zq:(l—%) < 2.

i=1

Lemma 2.3. ([8]) Let f and g be non-constant meromorphic functions on H. If
Ef(1) = E,(1), then one of the following three cases holds:

1 T(r, f) < Na(r, f) + Na(r, %) + Na(r, f) + Na(r, %) —logr + O(1), and the

same inequality holds for T(r,g);

2 fg=1

3 f=g.
Lemma 2.4. ([1]) Let f be a non-constant meromorphic function on H and n, k
be positive integers, n >k and a be a pole of f. Then

1 (fn)(k) — (Z*(f%’ whe'f“@p - d}.o780k(a) ?é O

ny (k)
2 Uhe = By, where p = dF, hy(a) # 0,

Lemma 2.5. ([1]) Let f be a non-constant meromorphic function on H and n, k
be positive integers, n > 2k, and let P(z) be a polynomial of degree d > 0. Then

1 (n=2k)dT(r, f)+kN(r, P(f))+N(r, —stmmr) < T (P()™)W)+0(1)

(P(FNH"—F
< (k+ DndT(r, f)+ O(1).
2 N(r, Goymmr) < kdT(r, f) + Ni(r, P(f)) + O(1)
Pk

— kAT (r. ) + kN (r, f) + O(1) < k(d + 1)T(r, f) + O(1).
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Lemma 2.6. Let d > 2m+5 and either m > 2 or (d,m+1) =1 andm > 1,k # 0,
and let P(z),Q(z)be defined by (1.1). Assume that the equation P(f) = kQ(g) has
a non-constant meromorphic solution (f,g). Then g = hf for a constant h such
that hd — 1 _ c hm = by pmtl — az
k C1 ) b1 ? al :

Proof. Consider P(f) = Q(g) we get f% 4+ ay f@™ 4+ by fo=m+ + ¢ = k(g% +
a2gd—m + b2gd—m+1 + 02)
dT'(r, f) + O(1) = dI'(r,g),

T(r, f)+0(1) =T(r,g). (2.1)
Equation (2.1) can be rewritten as f1 + fo = kca — ¢1, where

fr=F""a o f + ™)
fa = —kg" ™ (az + bag + ™).

If keo — ¢1 # 0, then by Lemma 2.1, we have

1 1
T(r, f1) < Nu(r, f1) + Na(r, E) + Ni(r, m) —logr+0O(1),
AT (1, f) < Na(r, ) + N 1)+ Ni g e) + i)
1
+ Nl(?”, m) — lOg?" + 0(1)

dT(r, ) < 2m+5)T(r, f) — logr + O(1)
(d—2m —5)T(r, f) < —logr + O(1),
which contradicts to d > 2m + 5. Hence kco — ¢y = 0. Thus , (2.1) becomes
FE 4+ ar f4™ 4 by fEH = kg + kagg®™ + kbyg? L (2.2)
For simplicity, set h = g/f, and a = 1/k # 0,61 = kalz # 0,82 = 2= # 0. Then
we obtain
kb — 1) = —(kagh®™™ — ay) — (kbohd™™F1 —by)
el —ag(h*™™ — B1) = ba(h?™" T — )
ht —«
Assume that h is not a constant. Consider the following possible cases:
CASE 1. m > 1, (m+1,d) = 1. If ¥ — o, k%™ — B; and h%~™*+! — 3, have no
common zeros, then all zeros of h — & have multiplicity > m + 1. Then
1 ) 1 1
ht—a’ = m+1

. (2.3)

By Lemma 2.1 we obtain

1 1
T(r,h") < Ny(r,h?) + Nu(r, m) + Na(r, 7_@) —logr + O(1),

hd

1 1
< —
dT(r,h) < 2T(r,h) + — 1N(r, - a) logr + O(1),
d
<2+ o 1)T(r, h) —logr + O(1)
d

-2 - < — .
(d—2 o 1)T(?", h) < —logr + O(1)

which leads to dm < 2(m + 1), a contradiction to the condition d > 2m + 5.
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If h¢ — a and A% ™ — By, R4~ ™1 — B, have common zeros, then there exists z
such that h%(zg) = o, h* ™ (20) = By and 41 — s,
From (2.3) we get

h

d—m __ d—m-+1

Babz —1).
Y1) = bl )
Since (m + 1,d) = 0, the equations 2¢ — 1 =0,29"™ — 1 = 0 and 2¢~™*! = 0 have
different roots, except for z = 1. Let r;,i = 1,...,3d — 2m — 3, be all the roots of
them. Then all zeros of %ZO) —r; have multiplicities > m+ 1. Therefore, by Lemma
2.2, we obtain

af™ () = 1) = —Bas((

(1-— L)(3d—2m—3) <2, 3dm < 2m? + 6m + 3,
m+1

which contradicts d > 2m + 5, m > 1. Thus, h is a constant.

CASE 2. m > 2. Note that equation z¢ — a = 0 has d simple zeros, equation
2%=™ _ 8, = 0 has d —m simple zeros, and equation z¢~™*+! — 8, =0 has d—m+1
common simple zeros. Therefore, the equation z% — « has atleast m distinct roots,
which are not roots of 23~ — 3; and 2%~™*! — 3, = 0. Let 71,79, ..., 7, be all these
roots. Then all zeros of h — r], 7 =1, ...,m, have multiplicities > m + 1. By Lemma
2.2, we have (m + 1)(1 — m+1) < 2. Therefore m < 2. From m > 2, we obtain a
contradiction. Thus h is a constant. O

3. PROOF OF THEOREM I

We have
P(f)y=(f—e1)...(f —eq),e; #0 € H
(P()"=(f—e)"..(f —ea)",
Q(g) = (g —Fk1)...(g — ka), ki #0 € H
(Q(9)" = (g —k1)"...(g — ka)"
Set
Xy = (P ()W, @™ (9)™, vi=P(f),
Y2=Q(g), F= Y)'rflk’ = ijzk
Then

Yi=(f-e1)..(f —ea), Ya=1(9—F1)..(9 — ka)

Xl — (Yln)(k) — FYln_k )(2 — (an)(k) — G}/én_k.

)

Applying Lemma 2.3 to (Y7*)®) (Y5*)(*) we have one of the following possibilities:
CASE 1.

1 1

T(r, X1) < Na(r, X1) + No(r, X—) + No(r, X—) + No(r, X3) — logr + O(1),
1 2
1 1

T(’f’, X2) S NQ(?", Xl) + NQ(?", Xi) + NQ(’)", Xi) + NQ(?", XQ) — logr + O(].)
1 2
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We see that, if a is a pole of X7, then Y7 (a) = oo with v (a n-+k > 2. Therefore

(a) >
Ni(r, (f = e1).(f = ea)) = Nu(r, f) <T(r, ) + O(1),

Nu(r, yl)
Nalr, ) = SNl =) < dT( 1) + O(1)
No(r, X1) = 2Ny (r, Y1) <2T(r, f) + O(1)
N(r, — ) < Malr Yj R %):2N1(T7Yil)+N1(r,F)
<2dT(r, f) + N(r, %) < 2dT(r, f) + kNy(r, Y1)
kAT (r, f) + O(1) = d(k + 2)T(r, f) + kN1 (r, Yi) + O(1).
Similarly

NZ(ra X2) S 2T(7“, g) + O(l)
1 1
No(r, —) < 2dT N(r,—=
2(7", X2) = d (T,g) + (Tv G)
=d(k+2)T(r,g) + kEN1(r,Y2) + O(1).
Combining the above two inequalities, we get
1
T(r,X1) < (242d+kd)T(r, f) + (2+2d)T(r,g) + kN1 (r, Y1) + N(r, 5) —logr + 0O(1),
1
T(r, X5) < (2+ 24+ Kd)T(r,6) + (2 + 20)T(r, f) + KNy (1, Y2) + N(r, 72) — logr + O(1),

1
raa)

T(r, X1) +T(r,X2) < (4+4d + kd)(T'(r, f) + T(r,9)) + KN1(r, Y1) + N(
1
+ ENy(r,Y2) + N(r, f) — 2logr + O(1).
By Lemma 2.5, we obtain

) ST, X0 + 0,

T, é) < T(r,X3)+ O(1).

(n—=2k)dT(r, f)+ kN(r,Y1) + N(r

(n—2k)dT(r,g) + kN (r,Ys) + N(

Thus

(n—2K)d|T(r, f)+T(r,9)] + kN(r, Y1) + N(r, 1)+k:N(r Y2) + N(r, é)

<T(r,Xy)+T(r, Xg) + 0(1),

(n— 20T (r, ) + T(r, g)] + KN(,¥3) + N(r, ) + EN(r, Ya) + N(r, )

<(A4+4d+kd)[T(r, f)+T(r,g9)] + kN1 (r, Y1)
+ N(r, é) + kENy(r,Y2) + N(r, %) —2logr + O(1).
Therefore
(n—=2k)d[T'(r, f) + T(r,9)] < (44 4d + kd)(T(r, f) + T(r,g)) — 2logr + O(1),
((n = 2k)d — 4 — 4d — kd)(T(r, f) + T(r, g)) < —2logr + O(1).

Since n > 3k +5 > 2k + W, we obtain a contradiction.
CASE 2. (P(f)")®(Q(9)™)™ = 1. Then we have Y; = P(f) = (f —e1)...(f —eq).
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Y: =Y *F,Ys = G(g). Therefore
(f —e)" ™ u(f —ea)" " X1 (V)™ = (v B (v k) = 1.

Because n > 3k 4+ 5 we see that, if zg is a zero of f —e; with 1 < i < d, then zg is
a zero of Y7, and therefore, zy is a zero of (Yp”)(k) and then zj is a pole of (Y3*)*)

and U771y (20) = (n—k)v§ (20). Thus, 2 is a pole of g and by Lemma 2.4 we get
2
vg’;izn)(k)(zo) =ndv,"(20) + k > nd + k.
So, vj}i(z()) = ndv;:iz,:Hk > ’::i_*k]?, i =1,2,...d. Applying Lemma 2.2, we obtain

d n—=k
1 9.
.Zf ik <

1=

From this we have n(d? — 3d) < 2k(1 — d), and so we obtain a contradiction to
d>12.

CASE 3. (P(f)")® = (Q(g)")*). Then (P(f))" — s = (Q(g))", where s is a
polynomial of degree < k. We prove s = 0. If it is not the case, then

(PU)") | (o= k"o — k)"
s s ’
(g —ki)"...(g — ka)" +1= (f —k)" o (f — k)"
s s
Set I = YTl,J = YTQ Since f,g are not constants, and so are Yy, Y5, Y, YJ' I, J.

Applying Lemma 2.1 to I with values 00,0, 1, we get

1 1
T('I"7I) S Nl('l",]) +N1(7’, T) +N1(T,ﬁ) — lOgT+O(1)

On the other hand,
T(r,Y") =nT(r, Y1)+ OQ1) <T(r,I)+T(r,s) <T(r,I)+ (k —1)logr + O(1)
nT(r,Y1) — (k = V)logr <T(r,I)+ O(1), ndT(r, f)— (k—1)logr <T(r,I)+ O(1)

Ny(r,I) < Ni(r, Y7") + Np(r, %) < Ni(r, f) + (k — Dlogr <T(r, f)+ (k — 1)logr,

Ni(r 3) < Ny(r, =) = Ny(r, =) < T(r, Y1) + O(1) = dT(r, f) + O(1),

I Yy Y,
1 1 1 1
Nl(rvl_l) N1(7’7J)7N1(71, }/Qn) Nl(ra YQ)—T(Ta}/é)+O(1) dT(ﬁg)—f—O(l),

ndT(r, f) - (k - ].)lOgT‘ < T(Ta f) + (k - l)logr + d(T(Ta f) + T(Ta g)) + O(]‘)
From this, and noting that logr < T'(r, f), we get
(nd =2k —1)T(r, f) <T(r,f)+d(T(r,f)+T(r,g)) + O(1).

Applying Lemma 2.1 to J with values 0o, 0, —1, and noting that logr < T'(r,g), we
obtain

T(r,J) < Ny(r, J)Jer(r,%)Jer(r, ) — logr + O(1).

1
J+1
we get

(nd —2(k = 1))T(r,g9) <T(r,g) + d(T(r, f) + T(r,9)) — logr + O(1).
So

(nd=2(k=1))(T(r, f)+T(r,9)) <T(r, f)+T(r, 9)+2d(T(r, f)+T(r,g))—2logr+O(1).
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(nd —2d —2k+1)(T(r, f) + T(r,g9)) + 2logr < O(1).
We obtain a contradiction to n > 3k +5 > %. So s = 0. Then (P(f))" =
(Q(g))™. Therefore P(f) = kQ(g), k" = 1. From this and by Lemma 2.6, we obtain

the conclusion of Theorem 1.
Proof of Theorem II. Set

Vi=P(f)=f'+arfTm b f 4o
YvQ — Q(g) _ gd+a2gd—m +b2gd—m+1 _"_02.

T A b f ) V— g™ + bag +an)
C1 ’ C2

U =

Since P(f) and Q(g) share 0 CM. we get Ey(1) = Ey(1). Applying Lemma 2.3 to
U, V, we have one of the following possibilities.
CASE 1.

1 1
T(r,U) < Na(r,U) + Na(r, ﬁ) + Na(r, V) + No(r, V) —logr + O(1).

1 1
T(r,V) < No(r,V) + Na(r, V) + No(r,U) + No(r, 5) —logr + O(1).

More over

Na(r,U) = 2Nq(r, f) < 2T'(r,
No(r, ) < 2N (r, §) + No(r, ggpegrar) < 27(r, f) + (m + 1)T(r, ) + O(1)
Similarly Na(r, V) < 2T(r, g)+O(1), Na(r, &) < 2T(r, g)+ (m+1)T(r,g)+O(1).
Therefore
T(r,V)=dT(r,f)+OQ1) <AT(r. f) + T(r,g)) + (m + 1)(T(r, f) + T(r, g)) — logr + O(1).
Similarly
T(r,V)=dT(r,g)+ OQ) <4(T(r, f)+T(r,9)) + (m+1)(T(r, f) +T(r,g)) — logr + O(1)
Combining the above inequalities we get
d(T(r, )+ T(r,g)) <8(T(r, f) + T(r,g)) + 2m+2)(T(r, f) + T(r,g)) — 2logr + O(1)
(d—2m —10)(T(r, f) +T(r,g9)) + 2logr < O(1).
‘We obtain a contradiction to d > 2m + 10.
CASE 2. UV = 1. ie,, f&™(f™ +bif +a1)g® ™ (g™ + bag + ag) = 2.
Note that equation 2™ + b1z + a; = 0 has (m+1) simple zeros. Let rq,rg,...r, be

all these roots. Therefore

c
FET A b A an)g T (g™ o+ bag o a2) = (3.1)

2
From (3.1) it follows that all zeros of f —;,j = 1,2,...m, has multiplicities > d,
and all zeros of f have multiplicities > 7—%—. By Lemma 2.2 we have 1 — =241 4
(m+1)(1 — %) < 2. Then m < 2. Since m > 1, we obtain a contradiction.

CASE 3. U =V, ie,, LU0 b)) _ g7 (" thagtan)

c1 Cc2
then

C
fd + alfd_m + blfd_m+l + Cl _ égd 4 algd—m 4 blgd—m+l + sz. (32)



EJMAA-2021/9(2) UNIQUENESS PROBLEM FOR DIFFERENTIAL 165

Applying Lemma 2.6 to (3.2), we obtain the conclusion of Theorem II.
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