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GENERALIZED SUBCLASSES OF QUASI-CONVEX FUNCTIONS
DEFINED WITH SUBORDINATION

GAGANDEEP SINGH, GURCHARANJIT SINGH

ABSTRACT. In this paper, certain generalized subclasses of quasi-convex func-
tions in the open unit disc £ = {z : |z| < 1} are introduced. Various geometric
properties such as the coefficient estimates, distortion theorems, growth theo-
rems, radius of quasi convexity and relationship with other classes have been
studied for these classes. The results so obtained generalize the results of
several earlier works.

1. INTRODUCTION

Let A denote the class of functions of the form
fe)=z+) apz" (1)
k=2

which are analytic in the unit disc E = {z : |z| < 1} and further normalized specif-
ically by f(0) = f/(0) —1=0.

By S, we denote the subclass of A consisting of functions of the form (1) and which
are univalent in E.

Let U be the class of Schwarzian functions

o0
w(z) = Z ez,
k=1

which are regular in the unit disc F and satisfying the conditions
w(0) =0, |w(z)| < 1.

For the functions f and g analytic in F, we say that f is subordinate to g (sym-
bolically f < g) if a Schwarzian function w(z) € U can be found for which
f(2) = g(w(z)). This result is known as principle of subordination.
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The well known classes S* and K, the classes of starlike and convex functions re-
spectively are defined as

S*:{ﬂfeAJk(?é?>>QzeE}

and L
K= {f :feARe <(Zf,(z)) ) >0,z EE}.
f'(2)
Further, Janowski [7] defined with the help of subordination, the following sub-
classes of starlike and convex functions respectively as

. _ ) 2f'(z) 1+ Az
S (A,B)_{f.feA7 5 < T B2

—1§B<A§1,zeE}

and
B . (zf'(2)) 1+ Az
K(A,B){f.feA, 72 .<1+Bz’

The classes S*(A, B) and K (A, B) were studied further by Goel and Mehrok [5].
In particular, S*(1,—1) = S* and K(1,-1) = K.
Subsequently, Noor [10] introduced the class of quasi-convex functions as

2f'(2))
C*=<f:f€ARe GFE) >0heK,zeE;.
h'(z)
Note that every quasi-convex function is convex and so univalent. Various sub-
classes of quasi-convex functions were studied by several authors from time to time.
Some recently studied classes relevant to the present work are mentioned below.

By C%, we denote the subclass of quasi-convex functions defined as

C’;‘:{f:feA,Re<(Z§/,((j)))/)>O,gES*,z€E}.

Selvaraj and Stelin [12] studied the class C*(q, ), a subclass of quasi-convex func-

tions defined as below:
(zf'(2)) 14 (2a-1)p
cr = : A =<
@ ={rireaBLE e
In particular, C*(0,—1) = C*.
Further Selvaraj et al. [13] introduced and studied the class C*(«, 3), a subclass of
quasi-convex functions defined as

) (zf'(z)) 14 (2a—-1)pz
= : A
Citap) = {15 ea LIS (1200
Particularly, Cf(0,—1) = C?.
Xiong and Liu [15] established the class C*(A, B) given below:
(') 144z
*(A,B) = : A
C*(4, B) {f red h(2) -<1—|—Bz
It is obvious that C*((2a — 1)8, 8) = C*(«, B) and C*(1,-1) = C*.
By C#(A, B), we denote a subclass of quasi-convex functions defined as
(') 1+ Az
= )
g'(2) 1+ Bz

1§B<A§LZ€E}

ﬁheKﬁga<Lo<5ngeE}

7965*,0<a<1,0<ﬁ<1726E}.

,hGK,1§B<A§Lz€E}

C;‘(A,B){f:feA, gES*,1§B<A§1,z€E}.
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Obviously C¥((2a—1)8,8) = C¥(«, 8) and Ci(1,-1) = C*.

Apart from the classes defined above, some more interesting subclasses of quasi
convex functions have also been studied recently by Altintas and Kilic [2], Altintas
and Aydogan [3] and Mahmood et al. [8, 9].

To avoid repetition, it is laid down once for all that

—1<D<B<ALCK1l,z€E.

Motivated by the above work, we introduce the following generalized subclasses of
quasi-convex functions:
Definition 1 C*(A, B; C, D) be the class of functions f € A of the form (1) which
satisfy the condition

(zf'(2))  1+C=

R (z) 1 + Dz’

where h(z) = z 4+ Y o, biz® € K(A, B).
The following observations are obvious:
(i) C*(1, 71 C,D)=C*(C, D).
(if) C*(1,~1; 20 — 1)8, B) = C*(a, B).
(iil) C*(1, 17 1,-1)=C*
Definition 2 Let C¥(A, B;C, D) denote the class of functions f € A of the form
(1) and satisfying the condition that

CfE)Y 140
g'(2) 1+ Dz’
where g(z) =z + > ro, dp2* € S*(A, B).
We have the following observations:

(i) C5(1, =15 (2a = 1)B, B) = Ci (e, B).
(iii) C*(1,—1;1,-1) = C=.

The paper is concerned with the study of the classes C*(A, B; C, D) and C¥ (A, B; C, D).
We obtain the coefficient estimates, distortion theorems, growth theorems, radius
of quasi convexity and relationship with other classes for the functions in these
classes. By giving the particular values to the parameters A, B, C and D, the
results proved by various authors follows as special cases.

2. PRELIMINARY RESULTS

1+ Cw(z)

1+ Dw(z)
|pn| <(C- D)vn > 1.

Lemma 2 [5] If g(z) € S*(A, B), then for A— (n—1)B > (n —2),n > 3,

|dn| < ,H - —-1B).

Lemma 3 [5] If g(z) € S*(A B) then for |z| =7 <1,
(l—Br) 57 <lg(z )|<r(1+Br) ® B #0;
e A" < g(2)| < re", B =0,

Lemma 1 [6] If P(z) = =142, ppz®, then
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Lemma 4 [14] If h(z) € K(A, B), then for A— (n —1)B > (n —2),n > 3,
1 ‘
bl < L[4~ G- 1B,
j=2

Lemma 5 [14] If h(z) € K(A, B), then for |z| =7 < 1,

1 A 1 A
—1-(- 5| < < = 5 :
S 1-a-Bn#| <)< 5 [0+ B0f 1] B £0;
S <) < [* 1), B =0
1+ Cw(z)
=——=> 1< <
Lemma 6 [4] If P(z) T+ Dula)’ 1< D<C<1luw(z)eU,
then for |z| = r < 1, we have
(C—D)r .
_ <
(1—Cr)(1— Dr)’ if Ry < Ry,
re?E2) o , VD)1~ )1+ Cr?)(1+Dr?) — (1 - CDr?)
P(z) — - (C—D)(1—r2)
+ .
+0_D’ 1fR1 ZRQ,

-0 +Cr?) _1-Cr
where R = \/(1 “ D)1+ D) and Ry = T~ Dr

Lemma 7 [1, 11] Let N and D be analytic in E, D maps F onto a many sheeted
starlike region, N(0) = 0 = D(0). Then

N'(z) 1—|—Az:N(z)<1+Az
D'(z) 14+ Bz "~ D(2) 1+Bz
Lemma 8 Let h(z) € K(A, B) and define

G(z) = /OZ @dt.

Then G(z) € K(A, B).
Proof As

G(z) = /OZ @dt,

so we have

(2G'(2))" _ zh(2)

G'(z)  h(2) 2)
But h(z) € K(A, B), so
(zh'(2)) 14 Az
(z) 17 B 3)

Using (2), (3) and Lemma 7, it yields
(2G'(2))  zh'(z) - 1+ Az

G'(z)  h(2) 1+ Bz’

which proves Lemma 8.
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3. THE crLass C*(A, B;C, D)
Theorem 1 Let f(z) € C*(A, B;C, D), then for A—(n—1)B > (n—2),n > 2,

n n— k
II ~G-0m)+ ESP e Y S T - G- )

" k=2 j=2
(4)
The bounds are sharp.
Proof. In Definition 1, using Principle of subordination, we have
1+ Cw(z)
! I — h/ i
Y =) (Frpad ) e e v )

On expanding (5), it yields
1+ 4asz + a3z + ... + n2a,z" "t + ...
= (14 2b9z+3b32> + ...+ nbp 2" P+ ) (14 prz+pez® + oo+ 12" 4.0, (6)
Equating the coefficients of 2"~! in (6), we have
na, = nb, + (n — Dp1b,_1 + (n — 2)paby_9... + 2pp_2bs + pp_1. (7)
Applying triangle inequality and Lemma 1 in (7), it gives
n2|an| < nlby| + (C = D) [(n = 1)bp_1| + (n — 2)|bp_2|... +2[b2| +1].  (8)

Using Lemma 4 in (8), the result (4) is obvious.
For n = 2, equality sign in (4) hold for the functions f,,(z) defined as

/ 4B 1+ Cosz B B
(2fn(2)) = (1+ Bd12) (1—&—%) J]01] =1,]02] = 1. 9)

On putting A =1, B = —1 in Theorem 1, we get the following result due to Xiong
and Liu [15].
Corollary 1 Let f(z) € C*(C, D), then
1 -1)(C—-D
o<l (=DC=D)
n 2n

For A=1,B=-1,C = 2a—1)3,D = 3, Theorem 1 agrees with the following
result due to Selvaraj and Stelin [12].
Corollary 2 Let f(z) € C*(a, ), then

anl < = [1+ 81 = a)(n — 1)].

For A=1,B=-1,C =1,D = —1, Theorem 1 coincides with the following result
due to Noor [10].
Corollary 3 Let f(z) € C*, then

lan| < 1.

Theorem 2 If f(z) € C*(A, B; C, D), then for |z| = 7,0 < r < 1, we have
for D # —1,B # 0,

L I:Ct (1- Bt)*5" dt<|f()|g1 (L (14 Bt)" 5" dt; (10)
rJo \1—Dt rJo \1+ Dt

/OT {i/j(i:gg(l—m) dt} sglf(z)S/OT E/:Gigi)(urm) dt}d

(11)
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and for D = —1, B # 0,
1/ (1_Ct)(1—Bt) dt<|f()|< <1+Ct (1+ B)“ 52 dt; (12)
0

T 1+t t
"1 [ /1-Ct 1 1+Ct
- 1-B < - B
f LG emmoadwsimers L[ (5E ) o
(13)
Estimates are sharp.
Proof. From (5), we have
/ ot 1+Cw(2)
1) = WO g | v) €U (14)
It is easy to show that the transformation
(zf'(2))" _ 1+ Cuw(z)
h'(z) 1+ Duw(z)
maps |w(z)| < r onto the circle
(zf'(»)"  1- CDr? < (C—D)r 2] =
W(z)  1-D%2 |~ (1-D%?2)
This implies that
1—
Cr < 1+ Cw(z) < 1 —&-Cr. (15)
1-Dr 1+ Dw(z) 1+ Dr
Let F(z) = zf'(2).
As h(z) € K(A, B), so from Lemma 5, we have
(1—Br) <|h( )\<(1—|—Br) B;EO (16)

Using (15) and (16) in (14), it yields

(i_g:n)(l—Br) <|F'(z )|_<1+g:)( +Br) 2 B#£0. (17)

On integrating (17) from 0 to r, the results (10) and (12) are obvious.

Again integrating (10) and (12) from 0 to r, the results (11) and (13) can be easily
obtained.

Sharpness follows if we take f,(z) defined in (9).

On putting A =1, B = —1 in Theorem 2, it gives the following result due to Xiong
and Liu [15].

Corollary 4 Let f(z) € C*(C, D), then

for D # —1,
C—-D lo 1—D7"+ 1+C <1f(2) < C—-D lo 1—r+ 1+C _
A+ D2 Y 11y TA+D)A+r) = A+ D2 Y1+ Dr 1+ D)1 1)
C-D , 1-Di 14C
<
[ T+ D)% T +(1+D)(1+t)}dt_f(z)|
T C-D  1-t 14C
<
—/{u+ml%+m+u+mu4ﬂﬁ
and for D = —1,
1+C C 1 1+C C 1

+-(1-C) < f'(2)

S 2r(1+71)2 + r(l4+7r) 2r = 2r(l—r)2 r(l—71) 2r
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" 1+C C 1
/0 {_Qt(lﬂ)? TR _C)] dt < |£(2)]

T 1+C C 1
< - —(C —1)| dt.
*/0 {Qt(l 0 = )}
For A=1,B=-1,C = (2a — 1)3,D = 3, Theorem 2 agrees with the following

result due to Selvaraj and Stelin [12].
Corollary 5 Let f(z) € C*(«, ), then

for p # 1,
Ly <|f'(2)] < Lo
and
L3 <|f(2)] < La,
where
I 7725(1704)10 (1+r> 14+(1-2a)8
T8 1+pr) " Q=B (1+7)
_26(1—-a) 1—r 1+(1-2a)8
= e (15 ) 4
_ 28(1-a) ("1 1+t 1+(1—-2a)8
Ly = a-p7 /0 tlo‘q(l—&—ﬁt) dt+7(1_6) log(1+r),
S 28(1—a) (M1 1—t 14+ (1-2a)8 B
o= 50 [ o (1 ) - oy et =)
and for § =1,
1+ar , 1—ar
At <|f' ()] < =2
(1- a)lrﬁ +alog(1+7) < |f(2)] < (1— a)i — alog(1 — 7).

For A=1,B=-1,C=1,D = —1, Theorem 2 coincides with the following result
due to Noor [10].
Corollary 6 Let f(z) € C*, then

1 1
—— < |f'(?)| <
A5z S 17 (2)] < a=n?
and ,
< < .
Ol
Theorem 3 Let F(z) = zf'(z), where f(z) € C*(A, B;C, D), then
1—Ar (C—D)r _
— <
1-Br (1-Cr)(1-Dr) if < R,
Re (zF'(2)) S J1-Ar +2\/(1 — D)1 -C)1+Cr2)(1+ Dr?2) — (1 —CDr?)
F'(z) — | 1=Br (C—=D)(1—1r2)
C+D :
+c_D7 1fR12R27

(18)
where R; and Ry are defined in Lemma 6.
Proof. As f(z) € C*(A, B;C, D), we have
(zf'(2)) _ 1+ Cw(z)
; = = P(z2).
W(z) 1+ Dw(z)
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Here F(z) = zf'(z). So on differentiating it logarithmically, we get
GFG) _ GG | 2PG)

) W) PR 1)
Now for h € K(A, B), we have
(zh/(2)) 1— Ar
Re( W (z) ) = 1— Br’ (20)

So using Lemma 6 and inequality (20) in equation (19), the result (18) is obvious.
Sharpness follows if we take f,,(z) to be same as in (9).

On putting A =1, B = —1 in Theorem 3, it gives the following result due to Xiong
and Liu [15].

Corollary 7 Let F(z) = zf'(z), where f(z) € C*(C, D), then

1—r (C—D)r

1—|—r7(1—C7A)(1—Dr)7 S fe
R EER) )1 s VA=D)Y1=O)1+Cr3)(1+ Dr?) — (1 — CDr?)
Frz) 7 ) 1+4r (C—D)(1—r2)
+gfg’ if Ry > R,

where Ry and Ry are defined in Lemma 6.
For A=1,B=-1,C = (2a — 1)3,D = 8, Theorem 3 gives the following result
due to Selvaraj and Stelin [12].
Corollary 8 Let F(z) = zf'(z), where f(z) € C*(«, 8), then

1—r 2(1 — a)pr . )
CFE) ) T4 G+ Ra-Dp] 1o0<r=r
F’(z) - 1—r

+ a ifr*<r<l1
- if r* < r
147 1—a’ ’

Re

where
_ VA4 B+ (2a-1)p](1 - rA)[l — (20 — 1)) — [1+ (1 — 2a) %]
(I-a)B(1—172)

and r* is the unique root of the equation

(2a — 1)B%r* —2(2a — 1)B** — 1 +4aB + (2a = 1)Br? —2r +1=0

in the interval (0, 1].
Theorem 4 If f(z) € C*(A4, B;C, D) with respect to the function h(z) € K(A, B)

and let
F(z):/o Jciﬂdt7G(z):/0 @dt.

Then F(z) € C*(A, B; C, D) with respect to the function G(z).
Proof. Since f(z) € C*(A, B; C, D) with respect to the function h(z) € K(A, B),
s0

(zf'(z)) 1+4C=z
W(z) 1+ Dz (21)
From Lemma 8, it is clear that G(z) € K(A, B). Again, we have
/ ! !

G'(2) h(z)
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Following (21), (22) and Lemma 8, we have
(zF'(z)) - 1+Cz
G'(z) 1+ Dz’

which proves the theorem.
4. THE crass C¥(A, B;C, D)
Theorem 5 Let f(z) € C(A, B;C, D), then for A—(n—1)B > (n—2),n > 2,

n2

wl < S TLA-G-08+ CSP iy E T G- 08)| - (9)

The results are sharp.
Proof. From Definition 2, using Principle of subordination, we have

1+ Cw(z)
"(2)) = g'(2) [ et . 24
) =06 (Frpa )l €U (29)
On expanding (24), it yields
1+ 4asz + a3z + ... + n2a,z" "t + ...

= (14+2doz+3d32% + ...+ ndp 2"+ . )1 4prz+pez®+ o4 pa_12" 1 4.0) (25)
Equating the coefficients of "1 in (25), we have
n?a, =nd, + (n — V)pidn_1 + (n — 2)pad,_o... +2pn_ods + pp_1. (26)
Applying triangle inequality and Lemma 1 in (26), it gives
n2|an| < nld,| + (C = D)[(n —1)|dp_1| + (n — 2)|dp_z|... +2|da| +1].  (27)

Using Lemma 2 in (27), the result (23) is obvious.
For n = 2, equality sign in (23) hold for the functions f,(z) defined by

-5 (14 Ad 2" 1+ Cdrz
(Zf'r/z(z))/ - (1+B(512) B (1+B(§12n> (1+D(5§Z”> 7|51| = 17‘52| =1. (28)

On putting A =1, B = —1 in Theorem 5, we get the following result:
Corollary 9 Let f(z) € C#(C, D), then
C-D —1)(2n—-1
<14 (€=D=DE -1
6n
For A=1,B=-1,C = (2a—1)8,D = (3, Theorem 5 gives the following result
due to Selvaraj et al. [13].
Corollary 10 Let f(z) € C¥(a, ), then
1-— 1)(2 1
ol 1 20— ayg) 4 (=004 D@ 1)
For A=1,B=—-1,C=1,D = —1, Theorem 5 gives the following result:
Corollary 11 Let f(z) € C%, then

2n2 + 1
an) < T
3n
Theorem 6 If f(z) € C¥(A, B;C, D), then for |z| = 7,0 < r < 1, we have

for D # —1,B # 0,
1 [T (1-Ct\ (1— At As
- . = < |
r/o <1—Dt> <1—Bt>(1 Bty = dt < |f ()]
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<71“/0T<ij:gi> <1Igi>(1+3t) = dt; (29)
/or [1/ (igi) (1:2@) (1- By dt] ds < |/(2)|
S/or ﬁ /0 <1LC)§> Gigi) (”B’f)ABBdf] ds, (30)

and for D = —1,B # 0,
[(22) () o-masino
L) () emte
[RL (2) () 0-mowsfasine
S LD rde

Estimates are sharp.
Proof. From (24), we have

' N 1 +Cw(z)
P =l ) |1 o | wle) € U (33)
As in Theorem 2, we have
1-Cr 1+ Cw(z) 1+Cr
< < .
1—Dr_‘1—|—Dw(z) ~ 14+ Dr (34)

Let F(z) = zf'(2).
As g(z) € S*(A, B), so from Lemma 3, we have

G:g:)(l—BT) - |()|<Gi‘];‘:>( B B0, (35)

Therefore from (34) and (35), it yields

- C —A C A
(11?::) (iB:)(l Br) 7" <|F()|§<11D:) GiB:)(HB) B #0.
36

On integrating (36) from 0 to r, the result (29) and (31) are obvious.

Again integrating (29) and (31) from 0 to r, the results (30) and (32) can be easily
obtained.

Sharpness follows if we take f,(z) defined in (28).

On putting A =1, B = —1 in Theorem 6, it gives the following result:

Corollary 12 Let f(z) € C*(C, D), then

for D # —1,

Ly <|f'(2)] € Ly and L3 < |f(2)| < Ly, where

_ (D-1) 1+r (-1 C] 1 1 C (DO-117 2+7)
Ll_r(D+1)3 — Dr +[D(D+1)2_D}1+ [HD_D(DH)] (147)2
_ (D-1) 1+ Dr (D-1) Cc] 1 1 c (DO-1172-1
L= | 1=, Jr[D(D—s—l)?D} T+ 2 {IJFDD(D—F )] 1
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B (D—1) 1+t (D-1) ] 1 1 C (D-1)7] @2+1)
Lg’/o [t(D+1)3lOg 1—Dt‘ {D(D+1)2 _D] FE {1+D_D(D—|—1)] (1+t)2]dt’
B (D—1) . |1+ Dt (D-1) ] 1 1 c (D-1)1@2-1
L“/O [t(D—f—l)?'lOg 11 ‘ {D(D+1)2_D]1—7§+2{1+D_D(D+1)] (1—t)2]dt’

and for D = —1,
C  BC+DHE2+r) 2(C+1)(B+3r+1r?)
147 2(14r)? 3(1+7)3
—r 3 g2
e S - BOEY  A0s G-y e)
/[ C  (BC+1)(2+1) 2(C+1)(3+3t+t2)]dt< )
o 1+t 2(1 + t)2 3(1+1)3 =
T C (BC+1)(2—1t) 2(C+1)(3—3t+1t?)
S/0 [175_ 2(1 —t)2 + 3(1—1t)3 ]dt‘
For A=1,B=-1,C = (2a — 1)38,D = 3, Theorem 6 gives the following result
due to Selvaraj et al. [13].
Corollary 13 Let f(z) € C¥(a, f3), then
for g # 1,
Li < [f'(2)| < L2
and
L3 < |f(2)| < Ly,
where
281 —a)(1+B) 1+7r (1-20)B2+260Ba—-2)—1 1 14+ (1—-2a)8] r+2
b= l"g[um}* -5 Trr 0-p) (4R
I :—2ﬁ(1—o¢)(1+5)l09[1—r] (1-20)8* +28Ba—2)—1 1 _[1+(1-2a)f] r—2
’ (1-p)3 1—pr (1-p)? 1—r (1-8) (1-n?
_28(1—a)(1+5) 1+t N+1-20)8] r 4(1-a)B
1= P22 [ i 1) e G S P T s
2801 -a)(14p) 1+t l+(1-20)8] r 4(1-a)p
o= St [ ften |1 | g e S ea
and for g =1,
My < [f'(2)] < Mo,
where
41— a)(r? +3r +3) B T+ 2 9% 1
My = 3(1+7)3 - 30‘)(1+7~)2+(1 20157
41— a)(r? —3r+3) r—2
M, = 30 (2—304)(177“)24-(1—204)177“,
and
E 5 tag1-41)+ GO0y 2ol e
<17 < -5 Poga ) 4 L2220 2022
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For A = 1,B == —1,C = 1,D = —1, Theorem 6 gives the following result:
Corollary 14 Let f(z) € C*, then
r? 43 r?+3
T < < =
303 rp = OIS 55
and
1 2r 1 2r
= iogl1 < <= |=loglt —r| + ——
3 oot vl | <1 < g |t =
Theorem 7 Let F(z) = zf'(z), where f(z) € Ci(A, B;C, D), then
1-Ar (A-DB)r (C—D)r

1—Br 1-— B2 (1-Cr)(1—Dr)’
(zF'(2)) 1—-Ar (A-B)r

F'(z) 1—Br__1— B2
,/I=D)(A-C)A+Cr?)(1+Dr?) — (1-CDr?)  C+D
" (@~ D)1 D
(37)

where R; and Ry are defined in Lemma 6.
Proof. As f(z) € C*(A, B;C, D), we have

CICY _1+Cul) _p
g 1+ Du(z) '

Here F(z) = zf'(z). So on differentiating it logarithmically, we get
(F'(2)" _ (29'(2))" | 2P'(2)

o T ) P (39)
Now for g € S*(A, B), we have
(zg/(z))/ 1-—Ar (A _ B)
Re( q'(2) ) 2 1—Br 1- B%p2’ (39)

So using Lemma 6 and inequality (39) in equation (38), the result (37) is obvious.
Sharpness follows if we take f,,(z) to be same as in (28).
On putting A =1, B = —1 in Theorem 7, it gives the following result:
Corollary 15 Let F(z) = zf'(z), where f(z) € C¥(C, D), then
1—r 2r (C—D)r
14r 1-72 (1-Cr)(1-Dr)’
(zF'(2)) S 1—7r _ 2r
Fr(z) —)1+47r_1—1r2
,VI=D)I-C)(L+ )1+ D) —(1-CDr?)  C4D
* (C—D)(1=r2) cC—D’
where R; and Ry are defined in Lemma 6.
For A=1,B=-1,C = (2a—1)8,D = (8, Theorem 7 gives the following result
due to Selvaraj et al. [13].
Corollary 16 Let F(z) = zf'(z), where f(z) € C*(«, 3), then

Re

l—r 2r 2(1 — «a)pr 0 <<t

RB(ZF/(Z))I> %—&—r 157“2 (1+8r)[1+ (2a —1)pr]’ - =7
/ - —

F'(z) ! ! + v - a , ifr <r <1,

1+r 1—72 1-a

if By < Ry,

if Rl Z R27

if B1 < Ry,

if Rl Z R27
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VA + B+ 2a —1)B](1 = r2)[1 — 2a —1)Br?] — [1 + (1 — 2a)5%r?]

h =
e (1= a)B(1—7?)
and and r* is the unique root of the equation
(2a —1)B*r* =220 — 1)%r% — [1 +4aB + 2a — 1)B*r* —2r +1=0

in the interval (0, 1].
Theorem 8 If f(z) € C¥(A, B; C, D) with respect to the function g(z) € S*(A, B)

and let
F(z):/o fit)dt,G(z)/O @dt.

Then F(z) € C%(A, B;C, D) with respect to the function G(z).
Proof. Since f(z) € CZ(A, B;C, D) with respect to the function g(z) € S*(A, B),

s0
(zf'(2)) , 1+C=
. 4
9'(2) B 1+ Dz (40)
From Lemma 8, it is easy to show that G(z) € S*(A, B). Again, we have
/ ! !
P ) "

G'(z)  g(2)
Following (40), (41) and Lemma 8, we have
(zF'(2)) - 1+Cxz
G'(2) 1+ Dz’

which proves the theorem.
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