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EXISTENCE OF ITERATED PROXIMATE ORDER AND
ITERATED PROXIMATE TYPE OF AN ENTIRE FUNCTION

SUTAPA MONDAL, CHINMAY GHOSH AND SANJIB KUMAR DATTA

ABSTRACT. In this paper we introduced iterated proximate order ( iterated
lower proximate order), iterated proximate type ( iterated lower proximate
type) of an entire function and proved the corresponding existence theorems.

1. INTRODUCTION

If f(z) is an entire function of finite order p and My (r) = sup |f(2)], it is proved
|z|=r
(Valiron [4] ) that there exists a positive continuous function p(r) with the following
properties:
(i) p(r) is differentiable for sufficiently large values of r except at isolated points
where p'(r — 0), p'(r + 0) exist;
(i) Tim p(r) = p
r—00
(iii) lim p'(r)rlogr = 0;
r—00
(iv) limsup % =1.
r—00
Such a function is called a proximate order for the entire function f(z). Shah [2]

gave a simple proof of the existence of proximate order of an entire function. Lahiri
[1] generalised the idea for a meromorphic function.

There are two other indicators of growth of an entire function f(z),the type T
and the lower type t. They are defined for all p, 0 < p < c© as

log M
limsup 2EM )
r—00 rP

log M
lim inf =t AU #(r) = t.
r—00 reP

Definition 1 [3] A function T'(r) is said to be a proximate type of an entire
function f(z) of order p(0 < p < oo) and finite type T if it satisfies the following
properties:
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(i) T'(r) is real valued, continuous and piecewise differentiable for sufficiently
large values of r;
(ii) lim T'(r) = T;
r—00
(iii) lim r7"(r) = 0, where T'(r) is either the right or the left hand derivative

T—>00
at points where they are different;
(iv) limsu _ My g
MSUP S {re Ty T
Srivastava and Juneja [3] gave the proof of the existence of proximate type of an
entire function.
Definition 2 [5] Tu, Chen, Zheng introduced the definition of iterated p order

pp of an entire function f for p € N as

lo My (r
Pp = lim sup M
r—00 logr
Similarly, the iterated p lower order A, of an entire function f for p € N as
lo Mg (r
Ny = lim inf 2821 M (7).
T—00 log r

(1)

(2)

Definition 3 [5] The finiteness degree of the order of an entire function f is
defined by

0 for f polynomial,
i(f)=<¢ min{p e N:p, <oo} for f transcendental for which some p € N with p, < co exists.
00 for f with p, = oo for all p € N.

Then it is clear that i(f) and i(g) are positive integers.
Definition 4 Also one can define the iterated p type T, of an entire function f

log, M¢(r
T, = limsup 208p 22711 1) .
7—00 TPr

as

Similarly the iterated p lower type t, of an entire dunction f as

log, M¢(r
t, = liminf M.
r—00 rPp

In this paper we want to prove the existence of iterated proximate p order and
the existence of iterated proximate p type of an entire function.

2. MAIN RESULTS

In this section we first introduce the definitions of iterated proximate p order
and iterated proximate p type of an entire function. Then we prove their existence.

Definition If f(z) is an entire function of iterated p order p,. A function p,(r)
is said to be finite iterated proximate p order of f(z) if the following properties
hold:

(1) pp(r) is differentiable for sufficiently large values of r except at isolated points
where p,(r — 0), pj,(r + 0) exist;

(i) Tim pp(r) = pp;

(i) tim 7 (r) [ og,(r) = 0
10gp—1 My (r) - 1.

(iv) lim sup -

r—00
Similarly finite iterated proximate p lower order of f(z) can be defined.
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Definition If f(z) is an entire function of iterated p order p,.Then the function
T,(r) is said to be iterated proximate p type of f(z) of order p(0 < p < o0) and
finite type T}, if it satisfies the following properties:

(i) T, (r) is differentiable for sufficiently large values of 1 except at isolated points
where T} (r — 0), T, (r +0) exist;

(i) lim Tp(r) = Tp;

(iif) lim T, (r) [T/ log;r = 0;

My (r) c=1

(IV) lim sup W

r—00
Similarly finite iterated proximate p lower type of f(z) can be defined.
Theorem 1 For every entire function f(z) of finite iterated order p,, with

i(f) =p (0 < pp < 0), there exists a proximate iterated order p,(r).
Proof. Let
oo (r) = log,, My (r)
logr

then
limsup o, (r) = pp-
T—00
We consider two cases:

Case I: Let o,,(r) > p, for atleast a sequence of values of r tending to infinity.
We define

¢p(r) = max {op(2)}.

T>T
Note that ¢,(r) exists and is nonincreasing,.
Let Ry > exp, (1) and 0,(R) > pp.
Then for r > Ry > R, we get

op(r) < op(R).
Since o,(r) is continuous, there exists ry € [R, R1] such that

op(r) = max {o,(x)}.

R<z<R;

Obviously r1 > exp, (1) and ¢,(r1) = o,(r1).

Note that r = r; exists for a sequence of values of r tending to infinity.

Let pp (r1) = ¢p(r1) and ¢; be the smallest integer not less than 1+ such that
Pp(r1) > Pp(t1).

We define p,, (r) = pp (r1) for rp < r <.

Clearly ¢,(r) and pj, (r1) —log, ;7 +1log,, ; t; are continuous functions of r and

71520 pp (r1) —log, i 7 +log,  t = —oc.

Further lim p;, (r1) —log, ;7 +log, 1 t1 > ¢p(t1) for r (> t1) sufficiently close
rT—00

to t1 and ¢,(r) is nonincreasing.
We can define uq as follows

uy > i
pp(r) = pp(r1) —log, 7 +log, qt1, for ty <r <uy
pp(r) = ¢p(r), for r =uy
pp(r) > ¢p(r), for t; <r < u.
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Let o be the smallest value of r for which r > uy and ¢, (r2) = o,(r2). If ro > ug
then let p, (r) = ¢,(r) for ug <7 <ro.

One can be easily checked that ¢,(r) is constant in u; <7 < ry. Thus p, (r) is
constant in u; <r < rs.

Repeating this process infinitely and we obtain that p, (r) is differentiable in
adjacent intervals.

Further, p;, (r) = 0 or W})gim and p, (1) > ¢p (r) > op (r) for all r > rq.

Also p, (1) = o, () for a sequence of values of r tending to infinity, py (1) is
nonincreasing for » > r; and

pp = limsupo, (7)
T—00

= lim ¢, (r).

T—00

So
limsupp, (r) = liminfp, (1)

r—00 =00

lim p, (1)

r—r00

= pp

and

r—00

P
lim pj, (r) ] ] log,(r) = 0.
1=0

Further we have
log, My (r) = r7
= pre(n)
for a sequence of values of r tending to co and
log,, 1 My(r) < 7Pr ()
for remaining r’s. Therefore

lim sup w =1.
r—00 7Pp(T)

Finally note that p, (r) is continuous for » > r;. It proves Case L.

Case II: Let 0,(r) < p, for all sufficiently large values of .

In case II we have two Subcases

Subcase A: Let o,(r) = p, for atleast a sequence of values of r tending to
infinity.

We take p,(r) = p, for all values of r.

Subcase B: Let 0,(r) < p, for all sufficiently large values of .

Let

& (r) = max oy (z)

where Ry > exp, (1) is such that o,(x) < p, whenever x > Ry.

Note that &, (r) is increasing and for all sufficiently large > Rs,the roots of
&p(x) = pp +log, 4 v —log, ;7 are less than 7.

For a suitable large value us > Ro, we define

pp (u2) = pp>
pp(r) = pp+log, . r—log, | us,
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for to < r < uy where ta < ug is such that &, (t2) = pp (t2) .

In fact ¢ is given by the largest positive root of £,(z) = pptlog, ., x—log, ; us.

If &, (t2) # oy (t2) , let v1 (< t2) be the upper bound of point v at which &, (v) =
op (v) and v < to.

Note that &, (v1) = op (v1) .

We define

Pp (r) = E;D(r)

for v1 < r <ts.

One can check that &,(r) is constant in v; < r < t5. Thus p,(r) is constant in
[1}1, tg] .

If gp (tg) =0p (tg), we take v = tz.

We choose uz > ug suitably large and let

pp(u2) = pp,
Pp (T) = Pp + logp-',-l r—= 1ng-i—l usz,

for t3 < r < us where t3 < ug is such that &, (t3) = pp (t3) .

If & (t3) # pp (t3), let p, (r) = & (r) for vo < r < t3, where vo has a similar
property as that of vy.

Similarly as before p, () is constant in [ve,t3].

If fp (tg) =0p (tg), we take Vo = t3.

Let

pp (1) = pp (v2) + log,, 1 v2 —log, ;7

for t4 < r < vy where t4 (< vg) is the point of intersection of y = p, and y =
pp (v2) +1log, 1 va —log, y z.

We can choose ug so large that uy < t4.

Let py, (r) = pp for ug <r < ty.

We repeat this process.

Now we can show that for all 7 > us, p, > p, (1) > &, (r) > 0, () and p, (1) =
op (r) for r = vy, v, ....

So we obtain

limsup p, (r) = liminfp, (r)
= lim p, (r)
= pp
Since
log,, My (1) = 17"
—  gppp(n)

for a sequence of values of r tending to infinity and
log, | My(r) < rPo(r)

for remaining r’s.
Therefore

lo M (r
lim sup M -1
r—00 rp(r)

Also p,, (r) is differentiable in adjacent intervals.
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Further pf, (1) = 0 or and then

Hp+ll )

lim p}, (r) ] J10g;(r) =

T—>00

Finally note that p, (r) is continuous. Hence it proves Case II.
Theorem 2 For every entire function f(z) of finite iterated lower order \,, with
i(f) =p (0 <\, < 00), there exists a proximate iterated lower order A,(r).
Proof. We can prove this theorem in the same line of the previous theorem.
Example For an entire function f(z), its maximum modulus is M (r) = sup |f(2)].

|z|=r
Set ¢ (r) = log, M¢(r) > 0 for sufficiently large values of r.

log ¢(r)
logr < 0.

Obviously p, = hm sup
Then it can be found (lengthy process) proximate iterated p order p, () such
that
b (r) < reem)

for sufficiently large values of r, and
¢ (rp) > 7Pp(Tn)

for a sequence of values of {r,}, r, — 0.

Theorem 3 For every entire function f(z) of finite iterated order p,, with
i(f) =p (0 < pp < 00) and finite iterated type T}, there exists a proximate iterated
type T'(r).

Proof.

lo Me(r

pp = limsupigp-irl f()
r—00 ogr

log, M(r

T, = limsupM
r—00 rPr

log, M
t, = liminfM.

r—00 rPp

)

)

Let
log,, My (r)
Sp(T’) = T
Then two cases arise.
Case I: S,(r) > T, for a sequence of values of r tending to infinity.

Define
Qp(r) = max {Sy(z)}.

r>r

Since Sp(z) is continuous, limsup S,(x) = T, and S,(x) > T, for a sequence of
Tr—r00

values of x tending to infinity, @, (r) exists and is a nonincreasing function of r.

Let 71 be a number such that r; > exp,(1) and Qp(r1) = max,>,, {Sp(7)} =
Sp(r1). Such values exists for a sequence of values of r tending to infinity.

Next, suppose that T,(r1) = Q,(r1) and choose ¢; be the smallest integer not
less than 1 + 71 such that Q,(r1) > Qp(t1).

We set, Tp,(r) = Tp(r1) = Qp(r1) for m <7 < ty.
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Define u; as

u > t
Tp(r) = T(r1)—log,r+log,t; forty <r <,
T,(r) = Qp(r) for r=uq,

but
Tp(r) > Qp(r) for t; <r < wuy.

Let ro be the smallest value of r for which ro > u; and Q,(r2) = Sp(r2).

If ro > w; then let T,(r) = Qp(r) for uy < r < ry. One can be easily checked
that Q,(r) is constant in uy <7 < ro.

Repeating the argument we obtain that T),(r) is differentiable in adjacent inter-
vals.

Further 7 (r) =0 or — ( f:_ol log, r) and Tp,(r) > Qp(r) > Sy(r) for all r > rq.

Further T,(r) = S,(r) for an infinite number of values of r, also T),(r) is nonin-
creasing and T, = limsup S,(r) = li_>m Qp(r).

r T oo

— 00
So,
limsup T),(r) = liminf T,,(r) = lim T,(r) =T,
r—00 r—00 r—00
and

T—00

p—1
lim T (r) H log; r = 0.
i=0
Further we have,
My(r) = exp, {r?7Sp(r)} = exp, {r**T,(r)}
for sufficiently large values of r,
My(r) < exp, {r*rT,(r)}

for the remaining r's.
Therefore )
Mf T
limsup ————————
rssel exby {7 (1)}
Case II: Let S, (r) < T, for sufficiently large values of r. There are two Subcases.
Subcase A:

=1

Sp(r) =T,
for atleast a sequence of values of r tending to infinity.
We take T,,(r) = T}, for all values of .
Subcase B:
Sp(r) <T,
for sufficiently large values of r.
Let L,(r) = maxx<.<, {Sp(x)}, where X > exp,(1) is such that S,(z) < T,
whenever x > X.
Note that L,(r) is nondecreasing. Take a suitably large value of r1 > X and let

Tp(rl) = pr
T,(r) = T,+log,r—log,ry, for sy <r <y,

where s1 < 71 is such that L,(s1) = Tp(s1) upto the nearest point ¢; < s1, at which
Lp(t1) = Sp(tr)-
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T,(r) is then constant for ¢; < r < sq. If Ly(s1) = Sp(s1), then let t1 = s1.
Choose 13 > 71 suitably large and let

TP(TQ) = Tp7
T:D(T> = T+ long - Ing ro, for so < r <71y

where s5 (< r2) is such that L,(s2) = Tp(s2).

If L,(s2) # Sp(s2) then Ly(r) = T,(r) for ta < r < s9 where to (< s2) is the
nearest point to se at which L,(¢2) = Sp(t2).

If L,(s2) = Sp(s2), then let to = so.

For r < to, let

Tp(r) = Tp(t2) +log,(t2) —log,r , for uy <7 <ty
where u1 (< t2) is the point of intersection of y = T}, with
y = Ty(t2) +log, (t2) — log, .

Let T,(r) = T, for r1 < r < uy. It is always possible to choose ry so large that
ry < ui.
Repeating the procedure and note that

Ty(r) > Ly(r) > Sp(r)

and T,(r) = Sp(r) for r = ty,ta,ts, ... .

Hence

rlgiolo Tp(r) =T,
and
M
lim sup ¢ =1
r—oo exp, {rPrT,(r)}

Theorem 4 For every entire function f(z) of finite iterated lower order A, with
i(f) = p (0 < Ap < 00) and finite iterated lower type ¢,, there exists a proximate
iterated lower type ¢, (7).

Proof. We can prove this theorem in the same line of the previous theorem.
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