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NONUNIFORM SEMI-ORTHOGONAL WAVELET FRAMES ON
NON-ARCHIMEDEAN FIELDS

OWAIS AHMAD AND NEYAZ A. SHEIKH

ABSTRACT. A constructive algorithm based on the theory of spectral pairs for
constructing nonuniform wavelet basis in L?(R) was considered by Gabardo
and Nashed (J Funct. Anal. 158:209-241, 1998). In this setting, the associated
translation set A = {0,7/N} + 2Z is no longer a discrete subgroup of R but
a spectrum associated with a certain one-dimensional spectral pair and the
associated dilation is an even positive integer related to the given spectral
pair. In this paper, we introduce the notion of nonuniform semi-orthogonal
wavelet frame associated with nonuniform frame multiresolution analysis on
non-Archimedean fields and provide their characterization by means of some
basic equations in the frequency domain.

1. INTRODUCTION

The concept of frame in a Hilbert space was first introduced by Duffin and Scha-
effer [8] in connection with some deep problems in non-harmonic Fourier series.
Frames are basis-like systems that span a vector space but allow for linear depen-
dency, which can be used to reduce noise, find sparse representations, or obtain
other desirable features unavailable with orthonormal bases. An important exam-
ple about frame is wavelet frame, which is obtained by translating and dilating
a finite family of functions. To mention only a few references on wavelet frames,
the reader is referred to [3, 5, 6, 7] and many references therein. Multiresolution
analysis is an important mathematical tool since it provides a natural framework
for understanding and constructing discrete wavelet systems. The concept of MRA
has been extended in various ways in recent years. These concepts are general-
ized to L?(R), to lattices different from Z?, allowing the subspaces of MRA to be
generated by Riesz basis instead of orthonormal basis, admitting a finite number
of scaling functions, replacing the dilation factor 2 by an integer M > 2 or by an
expansive matrix A € GLg(R) as long as A C AZ?. All these concepts are devel-
oped on regular lattices, that is the translation set is always a group. Recently,
Gabardo and Nashed [10] considered a generalization of Mallat’s [13] celebrated
theory of MRA based on spectral pairs, in which the translation set acting on the
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scaling function associated with the MRA to generate the subspace V; is no longer
a group, but is the union of Z and a translate of Z.

On the other hand, there is a substantial body of work that has been con-
cerned with the construction of wavelets on non-Archimedean fiels. For example,
R. L. Benedetto and J. J. Benedetto [4] developed a wavelet theory for local fields
and related groups. They did not develop the multiresolution analysis (MRA) ap-
proach, their method is based on the theory of wavelet sets and only allows the
construction of wavelet functions whose Fourier transforms are characteristic func-
tions of some sets. Jiang et al.[11] pointed out a method for constructing orthogonal
wavelets on local field K with a constant generating sequence and derived necessary
and sufficient conditions for a solution of the refinement equation to generate a mul-
tiresolution analysis of L?(K). Recently, Shah and Abdullah [16] have generalized
the concept of multiresolution analysis on Euclidean spaces R™ to nonuniform mul-
tiresolution analysis on local fields of positive characteristic, in which the translation
set acting on the scaling function associated with the multiresolution analysis to
generate the subspace Vj is no longer a group, but is the union of Z and a translate
of Z, where Z = {u(n) : n € No} is a complete list of (distinct) coset representation
of the unit disc D in the locally compact Abelian group K. More precisely, this set
is of the form A = {0,7/N} + Z, where N > 1 is an integer and r is an odd integer
such that r and N are relatively prime. They call this a nonuniform multiresolution
analysis on local fields of positive characteristic.The notion of nonuniform wavelet
frames on non-Archimedean fields was introduced by Ahmad and Sheikh [1] and
established a complete characterization of tight nonuniform wavelet frames on these
fields. More results in this direction can also be found in [2, 12, 15, 14] and the
references therein.

Motivated and inspired by the above work,we introduce the notion of nonuni-
form semi-orthogonal wavelet frames on non-Archimedean fields. By using the ma-
chinery of Fourier transform, we provide the complete characterization of nonuni-
form semi-orthogonal wavelets as as generalization of the orthonormal wavelets .

This article is tailored as follows. In Section 2, we discuss some preliminary
facts on non-Archimedean fields including some auxillary results that will be used
in establishing main results. Section 3 is devoted to the construction of nonuniform
semi-orthogonal wavelet frames on non-Archimedean fields.

2. EXISTENCE AND UNIQUENESS

A non-Archimedean field K is a locally compact, non-discrete and totally
disconnected field. If it is of characteristic zero, then it is a field of p-adic numbers
Q, or its finite extension. If K is of positive characteristic, then K is a field of
formal Laurent series over a finite field GF(p©). If ¢ = 1, it is a p-series field,
while for ¢ # 1, it is an algebraic extension of degree ¢ of a p-series field. Let K
be a fixed non-Archimedean field with the ring of integers ® = {z € K : |z| < 1}.
Since KT is a locally compact Abelian group, we choose a Haar measure dz for
K. The field K is locally compact, non-trivial, totally disconnected and complete
topological field endowed with non—Archimedean norm |- | : K — R™ satisfying
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(a) |x] = 0 if and only if z = 0;
(b) [zyl = [[[y| for all z,y € K;
(¢) |z + y| < max{|z|,|y|} for all z,y € K.

Property (c) is called the ultrametric inequality. Let B = {z € K : |z| < 1} be
the prime ideal of the ring of integers ® in K. Then, the residue space D/ is
isomorphic to a finite field GF(gq), where ¢ = p° for some prime p and ¢ € N. Since
K is totally disconnected and ‘B is both prime and principal ideal, so there exist a
prime element p of K such that B = (p) = pD. Let D* =D\B ={r € K : |z| = 1}.
Clearly, ©* is a group of units in K* and if  # 0, then can write x = p"y,y €
©*. Moreover, if U = {a,, : m=0,1,...,q — 1} denotes the fixed full set of coset
representatives of B in ®, then every element x € K can be expressed uniquely as
T = Z;’;k cop’ with ¢, € U. Recall that B is compact and open, so each fractional
ideal B* = pFD = {:E eK:|z|< q*k} is also compact and open and is a subgroup
of K. We use the notation in Taibleson’s book [13]. In the rest of this paper, we
use the symbols NNy and Z to denote the sets of natural, non-negative integers
and integers, respectively.

Let x be a fixed character on K+ that is trivial on ® but non-trivial on B!,
Therefore, y is constant on cosets of D so if y € B*, then y,(z) = x(y,2),z € K.
Suppose that x, is any character on KT, then the restriction x,|® is a character
on ®. Moreover, as characters on ®, x, = X, if and only if u — v € ®. Hence, if
{u(n) : n € Np} is a complete list of distinct coset representative of © in KT, then,
as it was proved in [13], the set {xy(n) :n € No} of distinct characters on D is a
complete orthonormal system on ©.

We now impose a natural order on the sequence {u(n)}22,. We have /8B =
GF(q) where GF(q) is a c-dimensional vector space over the field GF(p). We choose
aset {1 =", (1,C,-..,Cl—1} C D* such that span{@}; (1) >~ GF(q). For n € Ny
satisfying

0<n<q n=ay+ap+-+a_1p' 0<a,<p, andk=0,1,...,c—1,

we define

’LL(TL) = (ao + alCl +-+ ac—lCc—l) pil'

Also, for n = by +b1qg+bag®> + - +b¢°, n €Ny, 0< b, < q,k=0,1,2,...,s, we
set

w(n) = u(bo) + ulb)p" + -+ u(b)p .

This defines u(n) for all n € Ny. In general, it is not true that u(m + n) =
u(m) + u(n). But, if r,k € Ny and 0 < s < ¢*, then u(r¢® + s) = u(r)p=" + u(s).
Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and {u(f)+u(k) :
k € No} = {u(k) : k € Ny} for a fixed £ € Ny. Hereafter we use the notation
Xn = Xu(n), T > 0.
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Let the local field K be of characteristic p > 0 and (y, (1,(2,...,(.—1 be as
above. We define a character x on K as follows:

—jy _ [ exp(2mi/p), p=0andj=1,
X(Cub )—{1’ pu=1...,c—1lorj#1

The Fourier transform of f € L*(K) is denoted by f(¢) and defined by

Flf@)} = 16 = [ rape@ e
It is noted that

f(e) = /K f(2) xe @)z = /K F(@)x(~€x) d.

The properties of Fourier transforms on non-Archimedean field K are much sim-
ilar to those of on the classical field R. In fact, the Fourier transform on non-
Archimedean fields of positive characteristic have the following properties:
e The map f — f is a bounded linear transformation of L'(K) into L (K),
and || £l < [/l

o If f € LY(K), then f is uniformly continuous.
o If f € LY(K)NL*(K), then ||f|, = | f]|,-

The Fourier transform of a function f € L?(K) is defined by

f(&) = lim fy(6) = lim f(@)xe () da,

k—oc0 k—o0 |z|<g¥

where f, = f®_; and ®; is the characteristic function of B*. Furthermore, if
f € L?(D), then we define the Fourier coefficients of f as

Flutn)) = [ i@ de

The series >, -y, f(u(n))xu(n)(x) is called the Fourier series of f. From the stan-
dard L2?-theory for compact Abelian groups, we conclude that the Fourier series of
f converges to f in L?(®D) and Parseval’s identity holds:

9= [ l@fde = 3 |Futo)

n€Ny

‘ 2

For an integer N > 1 and an odd integer r with 1 < r < ¢IN — 1 such that r
and N are relatively prime, we define

A:{O ”<T)}+z.

" N

where Z = {u(n):n € Ng}. It is easy to verify that A is not a group on non-
Archimedean field K, but is the union of Z and a translate of Z. Following is
the definition of nonuniform frame multiresolution analysis (NUFMRA) on non-
Archimedean fields of positive characteristic.
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Definition 2.1. For an integer N > 1 and an odd integer r with 1 <7 < ¢qN —1
such that » and N are relatively prime, an associated NUMRA on non-Archimedean
field K of positive characteristic is a sequence of closed subspaces {V; : j € Z} of
L?(K) such that the following properties hold:

(a) V; CVjyforalljeZ;

(b)  Ujez Vj is dense in L*(K);

(©) ez Vi = {0k

(d) f() € Vjif and only if f(p~'N-) € Vj4; for all j € Z;
(

e) There exists a function ¢ in Vg such that {¢(- — A) : A € A}, forms a frame for
V.

It is worth noticing that, when N = 1, one recovers from the definition above
the definition of an FMRA on non-Archimedean fields of positive characteristic
p > 0. When, N > 1, the dilation is induced by p~*N and |p~!| = ¢ ensures that
gNA C ZCA.

As in the standard scheme, one expects the existence of ¢g/N — 1 number of
functions so that their translation by elements of A and dilations by the integral
powers of p~!N form an orthonormal basis for L?(K).

For a given ¥ = {¢1,v9,...,¢gn_1} C L?(K), define the nonuniform wavelet
system

W40 = {dnsn = @N) 200 NYz = N); je 2, A e A} (1)
We call the wavelet system W (v, j, \) a nonuniform wavelet frame for L?(K), if
there exist constants A and B,0 < A < B < oo such that for all f € L?(K)
gN—-1

Alfls < 32 ST e < BlIf - 2)

(=1 JEZ AEA

The largest constant A and the smallest constant B satisfying () are respectively
known as lower and upper frame bound. A nonuniform wavelet frame is a tight
nonuniform wavelet frame if A and B are equal and then the set U = {41, 12,...,Ygn-1}
is called nonuniform frame wavelets for the corresponding tight nonuniform wavelet
frame.If A = B = 1 then the nonuniform wavelet frame is called Parseval or nor-
malized tight nonuniform wavelet frame, i.e.,

gN—1

ST e[ = £

(=1 JEZ XA
The collection W (v, 4, A) is said to be a nonuniform semi-orthogonal wavelet frame
if
(e jx, Ve jr.0) =0 whenever j # j', \,o € A,1 <{<gN —1.

The characterization of nonuiform wavelet frames on non- Archimedean local fields
has been studied by Ahmad and Sheikh [1]. In fact, for a given dilation p~' N, they
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characterized all orthonormal wavelets {11, %2, ...,9,n-1} in L?(K) by means of
two basic equations in the frequency domain as:

Theorem 2.1 Let U = {41, 12,...,%,n-1} C L*(K). The affine system Wy given
by (1) is a normalized tight frame for L?(K) if and only if

gN—1

>3 [ (7 vy

‘2
{=1 j€Z

=1 forae. €K (3)

ST N e ((0TINYE) de((pIN) (€4 A) =0 forae. £ € K, A € A\ gNA.

(4)
In particular, ¥ is a set of basic wavelets of L?(K) if and only if |[1)e||, = 1 for
1 < ¢ < ¢gN —1 and equations (3) and (4) hold.

Let ¥ = {t1,%2,...,¢yn_1} be a set of basic frame wavelets of L*(K). We
define the spaces W;,j € Z, by W; =span{yy;x : 1 <L < gN—1,A € A}. Wealso
define V; = @ W,,,j € Z. Then it follows that {V; : j € Z} satisfies the properties

m<jg
(a)-(e) in the definition of an FMRA. Hence, {V; : j € Z} will form an FMRA of
L?(K) if we can find a function ¢ € L?(K) such that the system {Ty¢(z) : A € A} is
a frame for V. It is clear that the system of translates {Tx¢(z) : A € A} constitutes
a frame sequence in L?(K) with frame bounds 0 < A < B < oo if and only if

A< |p(e-N)|"<B, forae ces, (5)
AEA

where S = {E €D: @(5,)\) #+ 0}. In general, the collection {m\te(z) : 1 <L < gN — 1, € A}
forms a wavelet frame for Wy if and only if there exist positive numbers A and B
such that

A<y ‘zﬁz(g - A)f < B, forae £€S,, (6)
AEA

where B = max By, A = min Ay and I'y = {f €D zﬁg(f—)\) #* O}.

3. CHARACTERIZATION OF NONUNIFORM SEMI-ORTHOGONAL WAVELET
FRAMES

In this section we characterize all the nonuniform semi-orthogonal wavelet
frames on non-Archimedean fields.

For each 1 </ < gN — 1, we define
6)
Bi(6) = ](\)w (V] I

, otherwise,

) ifferfv

where I'y = {5 €Dy (§ — )\)) # 0}. Then, the system W (¥*, j, \) obtained
by the combined action of dilation and translation a finite number of functions
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U = {d’fﬂ/’;v e 7¢2N_1} C L2(K) is given by
W(\IJ*733A):{¢Z7J7A1S€SQN—1,']€Z7>\€A} (7)

The following theorem provides the characterization of nonuniform semi-orthogonal
wavelet frames on non-Archimedean fields.

Theorem 3.1 Let W (U, j, \) and W(U*, j, \) be as defined in equations (1) and
(7), respectively. Then the following are equivalent:
(1) W(,4, ) is a nonuniform semi-orthogonal wavelet frame with frame bounds
A and B.
(2) For each 1 < ¢ < gN — 1, there exists positive constants A = min 4, and
B = max By such that equation (6) hold and following two conditions are

satisfied:
gN—1
S Z‘W *W)Jg)’ =1 forae ¢cK, 8)
(=1 j€ZL
gN—-1 oo

SN G ((TINY U (0 IN)Y(E+A) =0 forae. &€ K, A€ A\gNA. (9)
(=1 35=0
(3) There exists positive numbers A and B such that functions ¢, ¢s, . .., Ygn—-1
satisfy conditions (6) , (9) and

gN—1
3D €+ N Ue((TINYI(E+N) =0, forae (€K, jEL (10)
=1 XeA
L
A< ZZ )w (p~ LN ‘ < B, foraec ¢cK. (11)
1j€Z

Proof. For each j € Z, we define the following spaces
W; = span{wm,,\ 1</l4<gN-1,)€ A}
and
Wi = span{wZM 1<l <gN -1, € A}.
Suppose that the nonuniform affine system W (¥, j, A) given by (1) is a nonuniform
semi-orthogonal wavelet frame for L?(K) with bounds 4 and B, i.e.,
gN—-1

AllAls < 32 30D e

(=1 jEZ XeA

for all f € L*(K).

By using scaling property of W; spaces, we write

gN—1 gN-—1
SO K= D0 D [ eon)?, forall f € Wy
=1 jEZLZXEA =1 XeA

Using the frame condition of the nonuniform affine system W (W, j, \), gives
gN—1

AHfH2 Z Z| fﬂ/)o)\ §B||f||;, for all f € Wy,

l=1 XeA

Therefore, it follows that the system of translates {m\1p: 1 < ¢ <gN —1,A € A}
is a frame for the space Wy which is equivalent to equation (6).
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Since the spaces W}’s are orthogonal to each other, i.e., W} L W2 ji # j2, so we
have

Z ‘1/3} (€-2) ’2 =1, forae {eD\T,. (12)
AEA

Therefore, the system W (¥* j A) is a tight nonuniform frame with frame bound 1
for L?(K). Hence, conditions (8) and (9) are satisfied by Theorem 2.1.
To prove (2)= (3), we use equation (6) for each 1 < ¢ < qN — 1 to get

. 2 . 2 1 . 2
7 0@ <|dr@f < [de)] - (13)
Or equivalently,
gN—1 gN—1 gN—1 2
I IATACSIIOINED S SITHCREICINED B DE- (R
{=1 j€L =1 j€EL EIJEZ

On taking max B, = B, min A, = A and applying equation (8), we get

gN—1

<> Z\&e((ple)jé)f <B, aefek

=1 jer
which shows equality (11). Moreover, it follows from identities (8) and (9) that
the system {’(/JZQ L IAE A} forms a tight frame for W with frame bound 1. By

Theorem 2.1, {wlf’j)\ CJEZLNE A} is a normalised tight frame for L?(K). Since
each 1} lies in Wy, it follows from the tightness of both systems {¢ZO, NIAE A}
and {17, ] € Z,A € A} that

i1z =305 [wi vl = S0 1w wion)

JEZ NEA AEA

Therefore, <¢2‘7¢2j,>\> =0 for j #0. Also, foreach 1 < £ < ¢gN —1and j € N, we
have
0 = (U ¥ijn)
= <T/Je»1/1z] >

= (gN)77/? / { 3" i (07 N (€ + Nu(r)) 97 (€ + Nu(r)) } Xa(8)de.
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This shows that
> (07 INY (& + Nu(r)) o5 (€ + Nu(r)) =0, for ae. € K,j € Z
reNg

Therefore, we have

S e (07IN) (€ + A) o€+ N)

= . AH}W{EH@@_MFFM

AEA
x Z Oy (PN (E+ ) UF (€+A) = 0.
keNo
Hence, condition (10) is satisfied.
To show (3) implies (1), we use condition (6) which shows that the nonuniform
affine system W (¥, j, \) constitutes a frame for W, and identity (10) shows that
Wy is orthogonal to W; for j # 0. Therefore, by the change of variables, we have

(VejxVemo) = (Yoo r—(gN)-ior Vem—jo), L<L<gN—1,)\0 €A,

It is immediate from the above relation that W; L W, for j # n. Thus, we conclude
that W (¥, 5, A) forms a frame for W =span{¢, ;1 <l <gN—-1,j €Z, € A}.
Next, we claim that W = L?(K). In order to prove this, it is sufficient to show that
the system W (¥*, j)\) given by equation (7) constitutes a frame for L?(K). To do
so, we set Qg = {f € Q:sup f C K\ {0} } which is also dense in L?(K). So it is
sufficient to say that {@Z)Zj)\ 1<U<gN—-1,57€Z, )€ A} is a wavelet frame for
L?(K) if the frame condition holds for all f € Q.

Let f be in Qy and {¢F,93,...,9%} C L*(K). Applying Parseval’s formula, we
obtain

Sl = S ()
JEZ AEA JEL XEA
2

_ ZZqNJ/Q/f W( 1N)>XA<(pl€N)j) a4

JEZ NEA

2

= S Y | [ F(6NYO GO d

JEZ XEA [F¢
2

= 3@ [ 1Y F (6N €+ Nulw) B+ ul)]| de
JEZL ND s€Np

= S [ (RO &, (14)
JEL ND

where
Z (P~ NY (€ + Nu(s)) U5 (£ + Nu(s)), 1<€<gN-1. (15)

S\
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Moreover, we have

/ RO de =
ND

/Zf (P~ N) (€ + Nu(s)) U5 (€ + Nu(s))| d¢

ND s€Np

[ 3 |7 7wy e+ ) B (ew Nuto)) | e

ND seNp

S [ 17 (6w M) 5+ M) de

S€N0N©
1/2
2
K

[ 17 (i)
K
1/2
N . 2 ~
Q (o Ny df) (K/ ;)
Since both f and f are compactly supported and each v lies in L2(K ), therefore,
it follows from the above inequality that R§ (&) € L3(D). Also, for any j € Z, we

have

IFL(©) Z‘f (b~ N (€ + Nu(s)

s€Ng s€Ng

/f((p”N)j&)

By applying Plancheral’s formula, we get

=\ #

AEA [N

IN

2
GIR

IN

; €+ Nu(s )) 1< (< gN-1,

7

and

31(©) xa(€) de = / RE(E) xa(€) de.

ND

- / IR de.
ND

Hence equation (14) becomes

ZZ|<f7w}@k,j,>\>|2 = Z —Jj/2

2

/ S F((0TINY (& + Nu(s)) ¥7 (6 + Nu(s))| de

JEZ NEA JEZ No s€No
= Z J/Q/ Zf ) (€ + Nu(s))j (€ + Nus))
JEZ No s€No
x> F((07'NY (€ + Nu(s)) ¥f (€ + Nu(s))de
s€Ng
= V) ”2/f SINOUH©) S F (5N (E+ Nu(s)
JEZ s€Np
X¢¢ (§ + NU(S))dg
- [l#e© (b~ NPe)| de + (), (16)
K
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where

N=% [ 709 (Gt ) (64 oy ) o (e +3ut0 )

JEZL i s€Ng
(17)
We now estimate H(f) by means of the decomposition of the set {u(s):s e A}.
For given s € A, there is a unique pair (A,0) with A € A and 0 € A \ gNA, such
that s = (¢N)*o. Therefore, we have {u(s) : s € A} = {((p™*N)*¥) u(o)}. Since
the series H(f) is absolutely convergent, we can estimate H(f) by rearranging the
series, changing the orders of summation and integration by Levi Lemma as follows:

) = %/f &0 (=i ){Zf(§+< oo )i (=i fN))+u<s))}ds
-2 /lE 5 ) (o (55)
< i (et ) o) } de
g[S T ) G
<bi (o (p—w)Au(o))}ds
- /M{Z > b ((Greyges) ) Fle+ 67 M)

XeA o€A\gNA jEZ
(e ) } &

= /Jﬁ(@{z Z f(f+ N Z¢z(1j,\>

JEZ oEA\GNA AeA

- L T [ores e o) i (o)

jEZ g€A\GNA ¢ AEA
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Using the above estimate of H(f) in equation (16), we obtain

gN—-1 ) . 2qN—l 5 2
; %gwﬁw,j,ol =/|f<§)) ; % ¥ ((plN)j) de
J K J
DS SN FICHECINTTEID 9SS
JEZ oEA\GNA j¢ /=1 XeA

i (7 8P ) 0 (673 (i + o) ) ) e 19

Implementation of equations (9) and (13) in (18) yields
gN—-1

ABIl < 320 3 ST vt [P < BN

=1 jJEZAEA

It follows that the system {W;’,A 1<l<gN-1,j€Z,)€ A} is a frame for

L?(K) and hence, we obtain the desired result.
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