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A STUDY OF GENERALIZED PARTIAL MOCK THETA

FUNCTIONS

SWAYAMPRABHA TIWARI, SAMEENA SABA,*MOHAMMAD AHMAD

Abstract. S. Ramanujan in his last letter to G.H. Hardy has introduced sev-
enteen mock theta functions of dierenct orders ( 3,5 and 7) without explicitly

mentioning the reason for his levelling of order, later Watson added to this
set three more third order mock theta function. Watson also dened bilateral
form of some mock theta function of order ve and expressed them in terms

of lerch transendetal functions . Patial mock theta functions of sixth order
were studied by Y.S. Choi and partial mock theta functions of third order
were studied by G.E. Andrews. In this paper we have given generalization

of partial sixth and third order mock theta functions and it is shown that
these generalized partial mock theta functions are Fq functions. q-integral
representation of these generalized partial mock theta functions are also given.

we have also expressed some bilateral mock theta functions in terms of lerch
transcendental functions f(x, ξ; q, p).

1. Introduction:

S.Ramanujan in his last letter to G.H. Hardy[14,pp 354-355] indroduced sev-
enteen functions whom he called mock theta functions, as they were not theta
functions. He stated two conditions for a function to be a mock theta function:

(a) For every root of unity ζ, there is θ- function θζ(q) such that dierence
f(q)− θζ(q) is bounded as q → ζ radially.

(b) There is no single θ-function which works for all ζ i.e., for every θ-function
θ(q) there is some root of unity ζ for which dierence f(q)− θ(q) is unbounded as
q → ζ radially.
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of the seventeen mock theta functions,four were of third order,ten of fth order
in two groups with ve functions in each group and three of seventh order. Ra-
manujan did not specify what he meant by the order of a mock theta function.Later
Watson [18] added three more third order mock theta functions,making the four
third order mock theta functions to seven.
G.E. Andrews [4] while visiting Trinity College Cambridge University discovered
some notebooks of Ramanujan , and called it the ” Lost ” Notebook. In the Note-
book Andrews found more mock theta functions and some identities and Andrews
and Hickeson [5] called them sixth order.
The partial sixth order mock theta functions of Ramanujan are:

ϕ0,N (q) =

N

n=0

(−1)nqn
2

(q; q2)n
(−q)2n

,

ψ0,N (q) =

N

n=0

(−1)nq(n+1)2(q; q2)n
(−q)2n+1

,

ρ0,N (q) =

N

n=0

q
n(n+1)

2 (−q)n
(q; q2)n+1

,

σ0,N (q) =

N

n=0

q
(n+1)(n+2)

2 (−q)n
(q; q2)n+1

,

λ0,N (q) =

N

n=0

(−1)nqn(q; q2)n
(−q)n

,

µ0,N (q) =
N

n=0

(−1)n(q; q2)n
(−q)n

,

γ0,N (q) =

N

n=0

qn
2

(q)n
(q3; q3)n

,

The partial third order mock theta functions of Ramanujan are:

f0,N (q) =

N

n=0

qn
2

(−q)2n
,

ϕ0,N (q) =

N

n=0

qn
2

(−q2; q2)n
,
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ψ0,N (q) =

N

n=1

qn
2

(q; q2)n
,

χ0,N (q) =

N

n=0

qn
2

(1− q + q2).......(1− qn + q2n)
,

ω0,N (q) =

N

n=0

q2n(n+1)

(q; q2)2n+1

,

υ0,N (q) =

N

n=0

qn(n+1)

(−q; q2)n+1
,

ρ0,N (q) =

N

n=0

q2n(n+1)

(1 + q + q2).........(1 + q2n+1 + q4n+2)
,

We give a generalization of the partial sixth order and partial third order mock
theta functions. The generalized partial sixth order mock theta functions are:

ϕ0,N (t,α, z; q) =
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n
,

ψ0,N (t,α, z; q) =
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−1)+nαz2n+1( z

2

q ; q2)n

(−z2

q ; q2)2n+1

,

ρ0,N (t,α, z; q) =
1

(t)∞

N

n=0

(t)nq
n(n−3)

2 +nαzn(−z; q)n

( z
2

q ; q2)n+1

,

σ0,N (t,α, z; q) =
1

2(t)∞

N

n=0

(t)nq
n(n−1)

2 +nαzn+1(−z
q ; q)n

( z
2

q ; q2)n+1

,

λ0,N (t,α, z; q) =
1

(t)∞

N

n=0

(t)n(−1)nqnα( q
3

z2 ; q
2)n

(−q2

z ; q2)n
,

µ0,N (t,α, z; q) =
1

(t)∞

N

n=0

(t)n(−1)nqn(α−1)( q
3

z2 ; q
2)n

(−q2

z ; q)n
,
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and

γ0,N (t,α, z; q) =
1

(t)∞

N

n=0

(t)nq
n(n−3)+nαz2n

(υ2z; q)n(υ4z; q)n
,

For t = 0,α = 1,we have the generalized partial functions of Choi[9].
The generalized partial third order mock theta function are:

f0,N (t,α,β, z; q) =
1

(t)∞

N

n=0

(t)nq
n2−4n+nβαnz2n

(−z; q)n(
−αz
q ; q)n

ϕ0,N (t,α,β, z; q) =
1

(t)∞

N

n=0

(t)nq
n2−3n+nβz2n

(−αz2

q ; q2)n

ψ0,N (t,α,β, z; q) =
1

(t)∞

N

n=0

(t)nq
n2−n+nβz2n+1

(αz
2

q2 ; q2)n+1

υ0,N (t,α,β, z; q) =
1

(t)∞

N

n=0

(t)nq
n2−2n+nβz2n

(−α2z2

q3 ; q2)n+1

ω0,N (t,α,β, z; q) =
1

(t)∞

N

n=0

(t)nq
2n2−5n−4+nβα2nz4(n+1)

( z
2

q ; q2)n+1(
α2z2

q3 ; q2)n+1

χ0,N (t,α,β, z; q) =
1

(t)∞

N

n=0

(t)nq
n2−3n+nβz2n

(υz; q)n(−υ2z; q)n

and

ρ0,N (t,α,β, z; q) =
1

(t)∞

N

n=0

(t)nq
2n2−3n+nβz4n

(υ
2z2

q ; q2)n+1(
υ−2z2

q ; q2)n+1

where

υ = e
πi
3

For β = 1 and z = q the rst ve functions namely f0,N ,ϕ0,N ,ψ0,N ,υ0,N ,ω0,N are
generalized third order partial mock theta functions of Andrews[6].For t = 0,β =
1,α = q the generalized functions f0,N ,ϕ0,N ,ψ0,N and χ0,N reduce to the third order
mock theta functions of Ramanujan and ω0,N ,ν0,N and ρ0,N reduces to the third
order mock theta functions of Watson[18].
In this study we will show that these generalized functions are Fq-functions.
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2. Notation:

We use the following q-notation. Suppose q and z are complex numbers and n
is an integer. If n ≥ 0 we dene

(z)n = (z; q)n =

n−1

i=0

(1 − qiz) if n ≤ 0 and (z)−n = (z; q)−n = (−z)−nq
n(n+1)

2
q
z ;q


n

and more generally (z1, z2, · · · , zr; q)n = (z1)n(z2)n · · · (zr)n.
For

qk
 < 1 let us dene (z; qk)n = (1 − z)(1 − zqk) · · · (1 − zqk(n−1)), n ≥

1 (z; qk)0 = 1 and (z; qk)∞ = limn→∞(z; qk)n =

i≥0

(1 − qkiz) and even more

generally,

(z1, z2 · · · zr; qk)∞ = (z1; q
k)∞ · · · (zr; qk)∞

A basic hypergeometric series r+1Φr on base qk is dened as

r+1Φr


a1, a2 · · · ar+1

b1, b2 · · · br
; qk; z


=

∞

n=0

(a1, a2, · · · , ar+1; q
k)nz

n

(qk; qk)n(b1, b2, · · · br; qk)n
, (|z| < 1)

(1)
and a bilateral basic hypergeometric series rΨr is dened as

rΨr


a1, · · · ar
b1, · · · br

; q, z


=

∞

n=−∞

(a1, · · · , ar; q)n zn

(b1 · · · br; q)n
, (


b1 · · · br
a1 · · · ar

 < |z| < 1) (2)

The Lerch transcendental function f(x, ξ; q, p) is dened by:

f(x, ξ; q, p) =

∞

−∞

(pq)n
2

(xξ)−2n

(−pξ−2; p2)n
(3)

and by

f(x, ξ; q, p) =

∞

−∞
(−ξ2p; p2)nq

n2

x2n (4)

3. The Generalized Functions are Fq - Functions:

We show that these partial generalized functions are Fq - Function.
Theorem 1
The generalized partial sixth order mock theta functions ϕ0,N (t,α, z; q),ψ0,N (t,α, z; q),ρ0,N (t,α, z; q),
σ0,N (t,α, z; q) and the generalized partial third order mock theta functions f0,N (t,α,β, z; q)
,ϕ0,N (t,α,β, z; q),ψ0,N (t,α,β, z; q),ν0,N (t,α,β, z; q),χ0,N (t,α, z; q),ρ0,N (t,β, z; q), ω0,N (t,α,β, z; q)
are Fq -Functions.
Proof:
We shall give the proof for ϕ0,N (t,α, z; q) only .The proofs for the other generalized
partial mock theta functions are similar,hence omitted.
Applying the dierence operator Dq,t to ϕ0,N (t,α, z; q) ,we have :
t Dq,t ϕ0,N (t,α, z; q) = ϕ0,N (t,α, z; q) - ϕ0,N (tq,α, z; q)

=
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n
− 1

(tq)∞

N

n=0

(−1)n(tq)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n
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=
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n
− 1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n(1− tqn)

(−z2

q ; q)2n

=
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+n(α+1)z2n( z

2

q ; q2)n

(−z2

q ; q)2n

= tϕ0,N (t,α+ 1, z; q).

so

Dq,tϕ0,N (t,α, z; q) = ϕ0,N (t,α+ 1, z; q).

Hence ϕ0,N (t,α, z; q) is a Fq -function.
As stated earlier the proofs for other partial generalized functions are similar,so
omitted.

4. Relation between the Generalized Partial Sixth Order Mock
Theta Functions and Generalized Partial Third Order Mock

Theta Functions:

Theorem 2

(i)ϕ0,N (t,α, z; q) = 1
(t)∞

N
n=0

(−1)n(t)nq
n(n−3)+nαz2n( z2

q ;q2)n

(−z2

q ;q)2n
+ z

qψ0,N (t,α, z; q).

(ii)σ0,N (t,α, z; q) = z
2 (1 +

z
q )Dq,tρ0,N (t,α, z; q).

(iii)Dq,tϕ0,N (t,α2,β, z; q) = (1 + α2z2

q3 )ν0,N (t,α,β, z; q).

(iv)ψ0,N (t, −α2

q ,β, z; q) = zDq,tν0,N (t,α,β, z; q).

Proof of (i)

ϕ0,N (t,α, z; q) = 1
(t)∞

N
n=0

(−1)n(t)nq
n(n−3)+nαz2n( z2

q ;q2)n(1+z2q2n−1)

(−z2

q ;q)2n+1

=
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n+1

+
z

q

1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n+1

=
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n+1

+
z

q
ψ0,N (t,α, z; q)

Which proves Theorem 2 (i).

Proof of (ii)

ρ0,N (t,α, z; q) =
z(1 + z

q )

2(t)∞

N

n=0

(t)nq
n(n−1)

2 +nαzn(−z; q)n

( z
2

q ; q2)n+1

=
z

2
(1 +

z

q
)Dq,tρ0,N (t,α, z; q).
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Which proves Theorem 2 (ii).

Proof of (iii)
Writing α2 for α in ϕ0,N (t,α,β, z; q), we have

Dq,tϕ0,N (t,α2,β, z; q) =
1

(t)∞

N

n=0

(t)nq
n2−2n+nβz2n

(−α2z2

q ; q2)n
= (1 +

α2z2

q3
)ν0,N (t,α,β, z; q)

Which proves Theorem 2 (iii).

Proof of (iv)
Writing −α

q for α and then α2 for α in ψ0,N (t,α,β, z; q) , we have

ψ0,N (t,α2,β, z; q) =
z

(t)∞

N

n=0

(t)nq
n2−2n+nβz2n

(−α2z2

q3 ; q2)n+1

= zDq,tν0,N (t,α,β, z; q)

which proves Theorem 2(iv).

5. q-Integral Representation for the Generalized Partial Sixth
Order Mock Theta Function and Generalized Partial Third

Order Mock Theta Functions:

The q-integral was dened by Thomas and Jackson[11,p.23] as

 1

0

f(t)dqt = (1− q)

∞

n=0

f(qn)qn

We now give the q-integral representation for the generalized sixth order mock theta
functions and also for generalized third order mock theta functions.

Theorem 3(a)

(i)ϕ0,N (qt,α, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ϕ0,N (0, aω, z; q)dqω.

(ii)ψ0,N (qt,α, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ψ0,N (0, aω, z; q)dqω.

(iii)ρ0,N (qt,α, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ρ0,N (0, aω, z; q)dqω.

(iv)γ0,N (qt,α, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞γ0,N (0, aω, z; q)dqω.

(v)σ0,N (qt,α, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞σ0,N (0, aω, z; q)dqω.

Proof



8 SWAYAMPRABHA TIWARI, SAMEENA SABA, MOHAMMAD AHMAD EJMAA-2024/12(2)

We shall give the detailed proof for ϕ0,N (qt,α, z; q). The proof for the other
functions are similar,so omitted.
Limiting case of q-beta integral [11,p.23(1.11.7)] is

1

(qx; q)∞
=

(1− q)−1

(q; q)∞

 1

0

tx−1(tq; q)∞dqt.

Now

ϕ0,N (t,α, z; q) =
1

(t)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n
,

Replacing t by qt and qα by a,we have

ϕ0,N (qt,α, z; q) =
1

(qt)∞

N

n=0

(−1)n(qt)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n
,

=

N

n=0

(−1)nqn(n−3)+nαz2n( z
2

q ; q2)n

(−z2

q ; q)2n

(1− q)−1

(q; q)∞

 1

0

ωn+t−1(ωq; q)∞dqω,

=
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞

N

n=0

(−1)n(t)nq
n(n−3)+nαz2n( z

2

q ; q2)n

(−z2

q ; q)2n
(aω)ndqω (5)

But

ϕ0,N (0,α, z; q) =
N

n=0

(−1)nqn(n−3)+nαz2n( z
2

q ; q2)n

(−z2

q ; q)2n
,

and since qα =a ,

ϕ0,N (0, a, z; q) =

N

n=0

(−1)n(a)nqn(n−3)z2n( z
2

q ; q2)n

(−z2

q ; q)2n
,

Hence

ϕ0,N (0, aω, z; q) =
N

n=0

(−1)n(aω)nqn(n−3)z2n( z
2

q ; q2)n

(−z2

q ; q)2n
, (6)

By using (5.1),(5.2) can be written as

ϕ0,N (qt,α, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ϕ0,N (0, aω, z; q)dqω.

which proves (i). The proofs for all other functions are similar.
Theorem 3(b):

The q-integral representation for the generalized partial third order mock theta
functions:

(i)f0,N (qt,α,β, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞f0,N (0, a, aω, z; q)dqω.
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(ii)ϕ0,N (qt,α,β, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ϕ0,N (0, a, aω, z; q)dqω.

(iii)ψ0,N (qt,α,β, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ψ0,N (0, a, aω, z; q)dqω.

(iv)ν0,N (qt,α,β, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ν0,N (0, a, aω, z; q)dqω.

(v)χ0,N (qt,α,β, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞χ0,N (0, a, aω, z; q)dqω.

(vi)ρ0,N (qt,α,β, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ρ0,N (0, a, aω, z; q)dqω.

(vii)ω0,N (qt,α,β, z; q) =
(1− q)−1

(q; q)∞

 1

0

ωt−1(ωq; q)∞ω0,N (0, a, aω, z; q)dqω.

Proof:
The proofs are similar to given above for ϕ0,N (qt,α, z; q),so the Theorem 3(b) fol-
lows.

6. Repersentation in terms of Lerch Transcendental Function

The bilateral mock theta functions corresponding to third order mock theta
functions were studied by S.D. Prasad [13] .we now express some of these functions
in terms of Lerch trascendental functions by means of the following lemma of M
Ahmad [3] .

Lemma 6.1 For ϵ = ±1,
∞

n=−∞
(−1)rn

qαn
2

qβn

(ϵqγ ; qδ)n
= f(ir(−ϵ)−1/2q

2γ−2β−δ
4 , (−ϵ)1/2q

δ−2γ
4 ; q

2α−δ
2 , q

δ
2 ). (7)

and
∞

n=−∞
(−1)rn(−q; qγ)nq

αn2

qβn = f(irq
β
2 , q

2−γ
4 ; qα, q

γ
2 ). (8)

Proof. The proof follows from direct substitution and use of basic hypergeometric
transformations. □

we now express the following bilateral 3rd order mock theta functions as Lerch
trascendental functions
A mock theta function is expressed in terms of a series from 0 to ∞, whereas the
correponding bilateral mock theta is the same series from −∞ to ∞.

ϕ0,c(q) =
∞

−∞
qn

2

(−q2;q2)n
= f(−q

1
2 , q

−1
2 ; 1, q) by taking α = 1,β = 0, ϵ = −1,

γ = 2, δ = 2, r = 2 in equation (3.1)

ψ0,c(q) =
∞

−∞
qn

2

(q;q2)n
= f(i, i; 1, q) by taking α = 1,β = 0, ϵ = 1, γ = 1, δ = 2, r =

2 in equation (3.1)
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υ0, c(q) = 1
1+q

∞
−∞

qn
2+n

(−q3;q2)n
= 1

1+qf(−q
1
2 , q−1; 1, q) by taking α = 1,β = 1, ϵ =

−1, γ = 3, δ = 2, r = 2 in equation (3.1)
Conclusions: Mock theta functions are mysterious functions.These investiga-

tions will be helpful in understanding more about these partial mock theta func-
tions.Being shown that they belong to the class of Fq-functions and properties are
established for the partial mock theta functions and relations between these partial
mock theta functions may also be derived.
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