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ABSTRACT. Growth analysis of analytic functions is very important part of
research in the field of complex analysis and many researchers are involved
in this area during past decades. Collecting ideas from Heittokangas et al.
(Meromorphic functions of finite p-order and linear g-difference equations, J.
Difference Equ. Appl., 27(9) (2021), 1280-1309) and Belaidi et al. (Study of
complex oscillation of solutions of a second order linear differential equation
with entire coefficients of («, 3,7v)-order, WSEAS Trans. Math., 21(2022),
361-370), here in this paper, we have defined the («, 3,v)-Nevanlinna order
and («, 8,v)-Nevanlinna type of an analytic function f in the unit disc U.
We have also established some growth properties of the composition of two
analytic functions in the unit disc on the basis of their (a, 3,~)-Nevanlinna
order, (a, 8, v)-Nevanlinna lower order, (¢, 3,~)-Nevanlinna type and (e, 8, 7)-
Nevanlinna weak type as compared to the growth of their corresponding left
and right factors, where «, 3,7 are continuous non-negative functions defined
on (—oo, +00).

1. INTRODUCTION

A function f, analytic in the unit disc U = {z:|z] < 1} is said to have
finite Nevanlinna order [§] if there exists a number p such that the Nevanlinna
characteristic function of f denoted by

2m
1

T(r,f)= %/log'|r ’f (rei0)|d0
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satisfies Ty (r) < (1 —r) " forall r in 0 < ro (u) < r < 1. The greatest lower bound
of all such numbers g is called the Nevanlinna order of f. Thus the Nevanlinna
order p(f) of f is given by

: log T (r)
= limsup————"—.
P(f) T_>1pflog(1 —r)

Similarly, the Nevanlinna lower order A(f) of f is given by

However during the last several years many authors have investigated about
Nevanlinna theory in the field of unit disc in different directions, e.g., [2}, Bl 10, 1T,
17).

Now, let L be a class of continuous non-negative functions a defined on
(—00,400) such that a(x) = a(zg) > 0 for x < xg with a(z) T 400 as zg <
x — 4oo. We say that « € Ly, if € L and afa +b) < a(a) + a(d) + ¢ for
all a,b > Ry and fixed ¢ € (0,400). Further we say that o € Lo, if « € L
and a(r + O(1)) = (1 + o(1))a(x) as & — +oo. Finally, @ € L3, if & € L and
ala+b) < ala) + a(d) for all a,b > Ry, i.e., « is subadditive. Clearly L3 C L;.

Particularly, when o € L3, then one can easily verify that a(mr) < ma(r),
m > 2 is an integer. Up to a normalization, subadditivity is implied by concavity.
Indeed, if a(r) is concave on [0, +00) and satisfies «(0) > 0, then for ¢ € [0, 1],

altz) = atz+(1—-1t)-0)
> ta(z) + (1 —t)a(0) > ta(x),
so that by choosing t = %5 or t = aLer’
a b
O[(G,-’-b) = ma(a"‘b) + ma(a—l—b)

< a<aib(a+b))+a(aib(a+b))

= afa)+ a), a,b>0.

As a non-decreasing, subadditive and unbounded function, «(r) satisfies

a(r) < a(r+ Ro) < a(r) + a(Ryp)

for any Ry > 0. This yields that a(r) ~ a(r + Ry) as r — 1. Throughout the
present paper we take o, ay, o, a3 € Ly, 8 € Lo, v € Ls.

Heittokangas et al. [7] have introduced a new concept of @-order of en-
tire and meromorphic functions considering ¢ as subadditive function. Later on
Belaidi et al. [4] have extended the above idea and have introduced the definitions
of (a, B,7)-order and («,3,7)-lower order for entire and meromorphic function.
Using these concepts, one may define the (a, 8, v)-Nevanlinna order and («, 3,7)-
Nevanlinna lower order of an analytic function f in the unit disc U in the following
ways:
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Definition 1.1. The («, ,7)-Nevanlinna order denoted by p(q, 3, [f] and (o, 8,7)-

Nevanlinna lower order denoted by \(a,g.)[f] of an analytic function f in the unit
disc U are defined as:

g7 )

wimlfl = limsup—o-82 T

e =1 5 (log(r(+))
)
)

e a(logT(r, f)
and XNa.pnlf] = hmmf—
o =15 (log(1(45)))

Belaidi et al. [5] have also introduced the definitions of another growth
indicators, called («, 8,7)-type and (a, 3,7)-lower type for entire and meromor-
phic functions. Using that concepts, one can define («, 3, 7)-Nevanlinna type and
(a, B,7)-Nevanlinna lower type of an analytic function f in the unit disc U in the
following way:

Definition 1.2. [5] The («a, ,7)-Nevanlinna type denoted by 04,8, f] and (o, B,7)-
Nevanlinna lower type denoted by G (q,p,)[f], of an analytic function f in the unit

disc U having finite positive (a, B,7)-Nevanlinna order (0 < p(a,5,,[f] < +00) are
defined as:

exp(a(logT (1, f)))

i (
O(apyf] = limsup -
b))
and E(Ol,ﬁ,'y) [f] = liminf eXp( (IOg T (7", )

/)
r—1 (@8]
exp (9 (lo1(:2) ) )
It is obvious that 0 < T4 .4\ [f] < 0(a,8,4)[f] < +o0.

Analogously, to determine the relative growth of two analytic functions hav-
ing same non-zero finite («, 3, 7) -Nevanlinna lower type, one can introduce the defi-
nitions of (a, 8, y)-Nevanlinna weak type and («, 3,7)-Nevanlinna upper weak type
of a analytic function f in the unit disc U having finite positive («, 3,~)-Nevanlinna
lower order, which are as follows:

Definition 1.3. The («, 3,7v)-Nevanlinna weak type denoted by 7(q p)[f] and
(o, B,v)-Nevanlinna upper weak type denoted by T(q p~)[f] of an analytic func-
tion f in the unit disc U having finite positive («, (8,7)-Nevanlinna lower order
(O < Magmlf] < +oo) are defined as:

T(a.pmlf] = limsup exp(a (logT(n )
r—1 (exp (ﬁ <log

1))
)

and T 5 [f] = liminf exp(o (logT( )
o T (o (8 (logt50)))

It is obvious that 0 < 74, 8.4 [f] < (a8, [f] < +o0.

Here, in this paper, our aim is to investigate some growth properties relating
to the composition of two analytic functions in the unit disc U on the basis of
(a, B,7)-Nevanlinna order, («, 8, v)-Nevanlinna type and («, 8, v)-Nevanlinna weak
type as compared to the growth of their corresponding left and right factors. We
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do not explain the standard definitions and notations in the theory of analytic
functions as those are available in [T} 6] [, [9].

2. MAIN RESULTS
In this section, the main results of the paper are presented.

Theorem 2.1. Let f and g be two analytic functions in the unit disc U such that
0 < Aarsmlfog] < par sy fogl < +0o0 and 0 < Aay .4 [f] < Plas.8.f] < +o0.
Then
A
(1,8,7) [f o g] < liminfal(IOgT(r’ f o g))
Plas,8.7) f] r=1  ag(logT(r, f))
< min { AN )lf © g]’ Plar s S © 9] }
Moz 8] Plaz.s ]
< max { Aarmlf © 9]’ Plar,8f 0 9] }
Moz 8] Plaz.smf]
iy 00BT (7 29) _ sl 23]
r—1 aa(logT(r, f)) Aoz, [f]
Proof. From the definitions of A(a, 8,1)[f29]: Prar 8,09 Mas,8.f] and pa,. 5. ],

we have for arbitrary positive € and for all sufficiently large values of r (< 1) such
that

01 (08T(r, [ 09)) > (N sl 061 <) BloBG(=)), (1)

o1 (08T(r, [ 09)) < (pes sl 061 +2) Blosr(r=—)), ()

02 (08 7(7, 1)) > (N 5 1] — 2) Blloglr (1)) 3)

and az (08 7(7, 1)) = (a0 1f] + ) Bllog(y (7)) (4)

Again for a sequence of values of 7 tending to 1,

ar (log T(r, f 0 9)) < (Naw,a 1S © g1 +€) Bllog(V(7=))); (5)

a1 (logT(r, f 2 9)) 2 (p(as 5[ © 9] = ) Blog(y(7—))); (6)

az (1ogT(r, f)) < (Maz.pm /] +€) Blog(v(7—)) (7)

and a2 (08 T(r, £)) > (plas 0[] — ) Bllog(r (). (®)

Now from and it follows for all sufficiently large values of r (< 1), that
ar (logT(r, f09)) _ Mersmlfogl—¢
az(logT(r, f)) = passylfl +¢
As e (> 0) is arbitrary, we obtain that

lim it 2L 108 T( F09)) A pnlf o 9] (9)

r=1 ag (logT(r, f)) = Plaz,B.m ]
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Combining () and (3)), we have for a sequence of values of r tending to 1 that

ar (log T(r, f09)) _ Mewsmlfoglte
as (logT(r, f)) = Nawpyfl—¢

Since € (> 0) is arbitrary it follows that

A
Jim inf 2 (log T'(r, f © 9)) < 2Mew,B) [fodl )

r=1 oz (logT(r, f))  — Aag.mf]
Again from and , for a sequence of values of r tending to 1, we get

(10)

a1 (logT(r, fog)) | Aawsmlfogl—¢
ar (logT(r, f)) = Nawpylfl+e

As e (> 0) is arbitrary, we get from above that

s 21108 T(r, fog9)  Aasalf 0]
0, log T ) = Mazsnlf] (1)

Now, it follows from and (2)) , for all sufficiently large values of r (< 1) that

ai (logT(r, fog)) _ Plaasylfogl+e
ag (logT(r, f)) = Nawplfl —¢

Since € (> 0) is arbitrary, we obtain that

limsupOé1 (logT'(r, f 2 g)) < P(a,B,7) [foyg]
ro1 as(logT(r, f)) Nas g /]

Now from and , it follows for a sequence of values of r tending to 1, that

. (12)

a1 (logT(r,fog9)) _ Plaapmlfoglte
as (logT(r, f)) = Plasplfl —€

As e (> 0) is arbitrary, we obtain that

lim inf 2L (logT(r. f 0 g)) < Pon,8.y)f 09l )
r—=1 g (logT(r, f)) Plonsn /]

So combining and (@ , we get for a sequence of values of r tending to 1, that

(13)

a1 (logT(r,fog)) _ Plaspmlfogl—¢
Q2 (IOgT(T’, f)) g p((mﬁy’)’)[.ﬂ +e€ )

Since € (> 0) is arbitrary, it follows that

lim supo‘{1 (log T'(r, f © 9)) > Pla1,B,7) [f og] .
r—1  as (logT(r, f)) Plan By L]

Thus the theorem follows from @ , , , , and . O

Remark 2.1. If we take 0 < Xay,5.9)09] < Plas,8,4)[9] < +00” instead of 0 <
Nas.8. ] < Plas.pylf] < +00” and other conditions remain same, the conclusion
of Theorem remains true with “Na, 541917 “Plas.8,19] " and “az (logT(r,g))”

in replace of “Nay,8.)f]7s “Plas.s.f]7 and “az (logT(r, f))” respectively in the
denominators.

(14)
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Theorem 2.2. Let f and g be two non-constant analytic functions in the unit disc
U such that 0 < Xa,g,9)[f] < P(a.pqy)[f] < +00 and N\ p.)[f ©g] = +oo. Then

a(logT(r, o g))
1 a(log T(r. 1))

= +400.

Proof. If possible, let the conclusion of the theorem does not hold. Then we can
find a constant A > 0 such that for a sequence of values of r tending to 1,

a(logT(r, fog)) < A-a(logT(r, f)). (15)

Again from the definition of p(q,g,,)[f], it follows for all sufficiently large values of
r (< 1) that

allog T'(r, ) < (p(a,5,m[f] + €)Blog(v(—)))- (16)

From and , for a sequence of values of r tending to 1,we have

a(log(T(r, £ ©.9))) < Alp(ap.lf] + B 0g(r(——))),

1—7r
a(logT(r, f o g))
Blog(v(1)))

a(logT(r, fog))

< A(p(a,ﬁﬁ) [f] +€),

i.e., liminf < 400,
r=1 B(log(v(7%)))
i.e., )\(Q,Bﬁ) [f o g] < +00.
This is a contradiction.
Thus the theorem follows. O

Remark 2.2. If we take “0 < Xa,p,)[9] < P(a,py)]g] < +00” instead of “0 <
Mag) ] < pea,pnlf] < 4+00” and other conditions remain same, the conclusion
of Theorem remains true with “a(logT(r,g))” in replace of “a(logT(r, f))” in
the denominators.

Remark 2.3. Theorem and Remark [2.2 are also valid with “limit superior”
instead of “limit” if “Na. . [f 0 g] = +o0” is replaced by “piapy[f 0 g] = +o0”
and the other conditions remain the same.

Theorem 2.3. Let f and g be two analytic functions in the unit disc U such that
0 < T pmlf 9] < F(ar,pmlf 0 9] <400, 0 <T(ay,p.4)[f] < T(az,pmf] <Ho0
and p(a, g, [f © 9] = Plas.p.y[f]- Then

e <
= { U:E;fﬁ;i{[fﬁ] | ”?:;fié?ﬁiff] }
<o U?S;Z;i{[ff] / ”(?:;fiéfiff] }
Ay Tade i
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Proof. From the definitions of 0(a,.g.1)[f]; T (as,8,) ], T(ar,8.)[fog] and T, 5.4)[fo
g], we have for arbitrary positive e(> 0) and for all sufficiently large values of r
(< 1) that

Pesslien,

(17)
)))))p(alvﬁw)[fog]’
. (18)
exp(az(log T(r, f))) < (0(az,5[f] +¢) (eXP(ﬂ(log(V(ﬁ)))))p(“z’B’”m’ (19)

exp(az(108T(r, £))) > (7o 1] — <) (exp(Bllog(r (=) 25V (20)

Again for a sequence of values of r tending to 1, we get that

exp(a1(log T(r, f 0 9))) < (0(an .S © 9] + ) (exp(Blog(v(—

exp(a1(log T(r, f 0 9))) 2 (F(ar .S 0 9] =€) (exp(Blog(v(T—

)))))p(al,ﬁm[fog]’

exp(a(log T'(r, f 0 9))) = (0(ay,8.v)[f © 9] — €)(exp(B(log(~(

b (21)

exp(a1 (1og T(r, £ 09))) < (T(ar.p.)[f © 9]+ €) (exp(Blog(y(—))) s o,
(22)

exp(a(108 (. 1)) € (F(aa 5[]+ ) (exp(Bloay () )eso ), (23
exp(@2(108 T 1)) 2 (91ap oy f] ) (exp(BlloB () o. (24)

Now from 7 and the condition p(o, g.4)[f © 9] = P(as,8,y) [f]; it follows
for all sufficiently large values of r (< 1) that
exp(ai(log T(r, f 0 9))) _ T(awpmlf o9l — €
exp(az(logT(r, f)) = O(aspmlfl+e
As € (> 0) is arbitrary, we obtain from above that
lim ing SR 08 T(r. [ 09))  Tarplf 0]
r=1 exp(az(log T'(r, f))) (az,8.7 ]
Combining and and the condition pa, 5, [f © 9] = P(as,8,v)[f], We get
for a sequence of values of r tending to 1 that
exp(a1(log T(r, f 0 9))) _ F(aw,pmlf o9l +¢
exp(az(logT(r, f))) = T(azmlfl —¢
Since £ (> 0) is arbitrary, it follows from above that
Jimn g EP(@1 (108 T(r, f 0 9))) _ Far,8) [f o9l
r>1 exp(ax(log T'(r, f))) T(a.87 ]

Now from (I8, and the condition p(a, g, [f © 9] = P(as,8,1)[f]; We obtain
for a sequence of values of r tending to 1, that

exp(ai(log T(r, f 0 9))) | TF(arpmlf o9l — €
exp(ao(logT'(r, f))) — Tlas,pylfl +¢
As e (> 0) is arbitrary, we get from above that
limn sup S 108 T (1 £ 0 9))) | Teawpnlf o 91
ro1 exp(ag(log T(r, f))) T (0,87 /]

. (25)

(26)
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In view of the condition p(a, 8,4)[f © 9] = Pas,8,4)[f], it follows from and
for all sufficiently large values of 7 (< 1) that
exp(a1(log T'(r, f 0 9))) _ Tt smlf o9l +e
exp(az(logT'(r, f))) = Tlaspylfl —¢
Since € (> 0) is arbitrary, we obtain that
lim sup SR 108 T f09))) _ T@rplf o 9]
ro1 exp(ag(log T(r, f))) T (a8 ]

Now from (L7), and the condition pa, 5.4)[f © 9] = Plas,s[f]; it follows
for a sequence of values of r tending to 1, that
exp(01 (08T (r, £ 0))) _ Tarslf 0]+
exp(ag (IOgT(ra f))) T O(as,B) [f] —e
As g (> 0) is arbitrary, we obtain that

. cexp(og(logT(r, fog))) _ Oy .pylfod]
B o p (0 (0e TG 1) = otempmlf]

So combining and and in view of the condition p(., g [f © 9] =
Plas,8,y) L], we get for a sequence of values of r tending to 1, that

exp(a1(log 7'(r, f 0 9))) . T smlfogl—¢
exp(az(logT(r, f))) = Clanplf] +€
Since € (> 0) is arbitrary, it follows that

sy EP(@1 (108 T (1, f 0 9)))  T(arplf 0 9]
s (o T, 1)~ aapl]

Thus the theorem follows from , , , , and . (I

Remark 2.4. If we take ‘0 < T(ay,8,4)[9] < O(as,5,y)09] < +00”and “pia, p)[f ©
9] = Plas,8,)[9] 7 instead of “0 < T(a, 8,4)[f] < O(as,p,)[f] < +00” and “pia, plfo
9] = Plas,p,)|f]7 and other conditions remain same, the results of Theorem re-
main true with “o(a, 3917, “Clas.8.)09]” andexp(az(logT(r,g)))” instead of
“Clas. s f17 Tlag.pyf]” and “exp(az(logT(r, f)))” respectively in the denom-
tnators.

(28)

< (29)

(30)

Remark 2.5. If we take ‘O < T(ay.8,7)[f] < T(as,p)f] < +00” and “p(a, q)[f ©
9] = Naz.pf]7 instead of “0 < T(ay 51)[f] < 00y 5.7 [f] < +007 and “pa, ) [fo
9l = Plas.py|f]” and other conditions remain same, the results of Theorem
remain true with “Tia, s [f]7 and “Ta, g)[f]7 in place of “o(a, p)[f]” and
“C(as,8.)f] « respectively in the denominators.

Remark 2.6. If we take 0 < T(ay,81)[9] < T(as,p.y)09] < +007 and “pa, ) [f ©

9] = Nas,8.)09] 7 instead of “0 < T(ay 8. 1f] < O(as,8yf] <4007 and “pia, g [fo
9] = P(as,p,) 17 and other conditions remain same, the results of Theorem Te-

main true with “ra, g)09]" T(as,8,709]” and “exp(az(logT(r,g)))” in place of

“Clan8 7 Clas,pyf]” and ‘exp(az(logT(r, f)))” respectively in the denom-

imnators.

Now in the line of Theorem [2.3], one can easily prove the following theorem
using the notions of (a, 8,7)-Nevanlinna weak type and («, 8, v)-Nevanlinna upper
weak type and so the proof is omitted.
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Theorem 2.4. Let f and g be two analytic functions in the unit disc U such that
0 < Ty, [f © 9] < T(ar,smf 091 <400, 0 < T(az 57 f] < Tas,pf] < +o0
and Na, gy [f © 9] = Nas,py)[f]- Then

T 8)lf o9l . (&xp(a1 (log T'(r, f o g)))
Tl b as(log T(r 1)

< min { Tt pnlf © 9] , ?(ih,ﬁn) [fog] }
T ] T(ansmlf]

< max J Tersnlf 0 4] T(al,am[fog]}
= { Tantll] | T(ansml]
. exp(al(logT(nfog))) ?(0175»’7) [fog}
< s (e M08 T ) = s ]

Remark 2.7. If we take 0 < T(ay,8,)[9] < ?(gsﬂw) l9] < +o0” and “Na, p,)[f ©
9] = Nas.p. 9] instead of “0 < T(ay g ) [f] < T(a,p1)[f] < +007 and Aa, gl fo
9] = MNas, g f]7 and other conditions remain same, the results of Theorem re-
main true with “Ta, 50917, “Tas,809]” and ‘exp(as(logT(r,g)))” in place of
“T(as,8,7) (17, “T(assy)f]7 and “exp(az(logT'(r, f)))” respectively in the denomi-
nators.

Remark 2.8. If we take “0 < Tay,8,9)[f] < T (az,6,7) [f] < +00” and “Na, py)[fo
9] = Pas,py) 17 instead of “0 < T(a,.8.4)[f] < T(as,8.)f] < +00” and “Na, g4 [f0
9] = Nas,8)f]” and other conditions remain same, the results of Theorem
remain true with “G(a, g [f]7 and 0, 5 [f]17 in place of “T(a, p[f]” and
“Tlas,p,y) [f]7 respectively in the denominators.

Remark 2.9. If we take “0 < T(ay,8,)[9] < T (ax3,,7) [9] < +o00” and “Na, g)[f o
91 = Plas,p.) 9] instead of “0 < T(ay 5.3 [f] < T(az,p.)[f] < +00” and Aa, gl fo
9] = Mas,8,)f]” and other conditions remain same, the results of Theorem re-
main true with “G(a, 8.)09]”; “O(as,87)09]” and ‘exp(as(logT'(r,g)))” in place of
“Teas )17 Tlas,pylf]” and ‘exp(as(logT'(r, f)))” respectively in the denomi-
nators.

3. CONCLUSION

Many researchers have investigated on the growth properties of composite entire
functions during last several years from different angle of view using the concepts of
order, generalized order, (p, ¢)-th order, (p, q)-p order, (p.q)-L order, relative order,
generalized order («, 3) and so many. On the other hand, Belaidi et al. [4] have
introduced the definitions of («, 3,7)-order of entire and meromorphic functions
which has a great contribution in the field of differential equations and extended so
many important results in this field. In this paper, we have introduced (a, 3,7)-
Nevanlinna order and (c«, 3, )-Nevanlinna type of an analytic function in the unit
disc U and also investigated some growth properties of the composition of two
analytic functions in the unit disc on the basis of their («, 3, v)-Nevanlinna order,
(a, B,7v)-Nevanlinna lower order, (a, 3, v)-Nevanlinna type and («, 3, v)-Nevanlinna
weak type as compared to the growth of their corresponding left and right factors,
where «, 8, are continuous non-negative functions defined on (—oo, +00).

This concept of (a, 8, 7)-Nevanlinna order and («, 3,7)-Nevanlinna type in the
unit disc may help to develop the theory of growth properties of linear differential
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equations whose coefficients are entire or meromorphic functions. This is a vast
area of active research and left to the interested researchers.
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