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SUBCLASS OF UNIFORMLY CONVEX FUNCTIONS
ASSOCIATED WITH BOREL DISTRIBUTION SERIES

S.A.JADHAV, P.G.JADHAV, P.THIRUPATHI REDDY

ABSTRACT. This article aims to obtain some necessary and sufficient condi-
tions for functions, whose coefficients are probabilities of the Borel distribution
series, to belong to certain subclasses of analytic and univalent functions. In
this work, we shall derive a new subclass of uniformly convex functions de-
noted by H,(v,8) in the open unit disk D = {2z : z € C,|z| < 1} by using
the Borel distribution series. Also, we obtain geometric properties like coef-
ficient inequalities, closure theorem, partial sums, extreme points, and radius
of starlikeness and convexity of functions belonging to the subclass.

1. INTRODUCTION

Let A be the class of all analytic functions of the form
g(z)=z+ Z amz"™, (1)
m=2

defined on the open unit disc D. Let S be the subclass of A consisting of functions
that are univalent in D.
Let T be the subclass of S consisting of functions of the form

g(z) =2 — Z amz™, (am > 0), (2)
m=2

defined on the open unit disk D. The class T" was introduced and studied by Sil-
verman [23].
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A function g € A is called starlike of order v(0 < v < 1) if and only if

R <zg'(z)> >, (z€D).

9(2)

A function g € A is called convex of order v(0 <~ < 1) if and only if

29 (2)
§R<1+ 7 ) >y, (z€D).

We denote the class of all starlike functions of order y by S*(y) and the class convex
functions of order v by K(7).

Kanas and Wisniowska [10] introduced the class S-uniformly convex functions.
For -1<~v<1landpg>0.

(i) A function g € A is said to be in the class S-uniformly starlike functions of
order + if it satisfies the condition

" <gg<(>) ‘”) ~0

This class is denoted by Sy (v, 5).

-1

2g (2)
g , (ze€D).

(2)

(ii)A function g € A is said to be in the class 8 -uniformly convex functions of
order + if it satisfies the condition

(1435 ) 2

This class is denoted by UCV (v, 5).

Note that UCV (v,0) = K(v) and S,(7,0) = S*().

For 8 = 1 corresponds to the class of uniformly convex functions introduced by
Goodman [§, 9] and studied by Ronning [20, 21].

The study of operators plays an important role in Geometric Function Theory
(GFT). Many differential and integral operators can be written in terms of the
convolution of certain analytic functions. It is observed that this formalism makes
further mathematical exploration easier, and also improves the understanding of
the geometric and symmetric properties of such operators. The importance of con-
volution in the theory of operators may easily be understood from the work in
[, T2, ?]. Furthermore, probability is not just about flipping coins and counting
cards in a disc; it is used in a wide range of real-life areas, from insurance to mete-
orology and politics to economics forecasting.

2

zg (2)
g'(2)

, (ze€D).

The Borel distribution series has applications in Geometric Function Theory(GFT),
particularly in the study of univalent functions, coefficient problems, and growth
and distortion theorems. The Borel distribution series can be used to analyze the
behavior of these functions, particularly in determining the distribution of their
coefficients. It helps in understanding the probabilistic distribution of these coef-
ficients, providing insights into their expected magnitude and variance. The Borel
distribution series is used in modeling random holomorphic functions, which are
of interest in various areas of mathematical physics and probability theory. This



EJMAA-2024/12(2) SUBCLASS OF UNIFORMLY CONVEX FUNCTIONS... 3

approach provides insights into the typical behavior of such functions, which can
then be applied to specific problems in Geometric Function Theory. In some cases,
the Borel distribution series is applied to study the analytic continuation of func-
tions. This involves understanding how functions defined by a power series can be
extended beyond their radius of convergence, a topic closely related to the geomet-
ric properties of these functions.

By leveraging the statistical and probabilistic insights provided by the Borel dis-
tribution series, researchers in geometric function theory can gain a deeper under-
standing of the properties and behaviors of holomorphic and univalent functions.
This, in turn, helps in solving classical problems in the field and discovering new
phenomena related to the geometric aspects of analytic functions. See [26] [5] [16], 28]
for recent studies on the Borel distribution series.

In Geometric Function Theory (GFT), the elementary distributions such as the
Pascal, Poisson, logarithmic, binomial and beta negative binomial, have been par-
tially from a theoretical point of view. For detailed study, we refer the readers
to (see [2, [4, 15 18, 19]). A discrete random variable z is said to have a Borel
distribution if it takes values 1, 2, 3... with the probabilities e;“, 2“62!72”, 9”25;3”,
..., respectively, where p is parameter.

r—1_—ur
P(x:fr):(ﬂr) ‘6 , r=1,2...
r

Wanas and Khuttar[27] introduced a series whose coefficients are probabilities of
the Borel distribution:

> m — m—2€—u(m—1)
M(M,z)=z+z[“( (17111)! M (zeD, 0<u<l). (3)

From a well-known ratio test, the above series is convergent with the domain of
convergence of the entire complex plane.

Now we consider the linear operator B,,(1)(z) : A — A defined by the convolution
or Hadamard product

Bn()g(z) = M(p, 2) * f(2) =z + Z Ymamz™, (2 €D, apm >0). (4)

m=2

m — m7267u(m71)
) = = )

Motivated by results on connections between various subclasses of analytic uni-
valent functions using special functions and distribution series, we obtain some
necessary and sufficient conditions for the Borel distribution series to be in the
classes. Inspired by Alessa et al [3], Breaz et al [6] and Murugusundaramoorthy
and Magesh [I3], we define new subclass H,, (v, 3) using Borel distribution as the
following:

Definition 1.1 For —1 <~ <1, 8 >0, we let H,(v, ) consists of functions g € A
satisfying the condition

2(Bm()g(2))"
%{ B (p)g(2) V} >0

/

2(Bm(1)g(2))

Buez) | ©)
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where B, (1)g(z) is defined in ().
Now, we define

THy(y,B) = Hu(v, B)NT.

The objective of this paper is to introduce coefficient inequalities, closure theorem,
extreme points and radii of starlikeness, covexity, partial sums and integral opera-
tor of functions belonging to the newly described subclass.

2. COEFFICIENT ESTIMATES

In the section, we discuss the coefficient estimates for the function g belonging
to the class H,,(v, §).
Theorem 2.1 For —1 <~ <1, 8 > 0, a function g is given by is in the class
H,(v,p) if and only if

o0

D 1+ 8) = (v + B)tbm(p)|am| < (1 —7). (7)

m=2

Where

[/—I/(m _ 1)]771—26—/1.(7)7,—1)
(m—1)!

VY () =

Proof. It is sufficient to show that
Vi !
2(Bm(n)g(2)) 1‘ B %{Z(Bm(ﬂ)g(z)) B 1} <1

By (11)g(2) By (11)g(2)
‘We have
2Bue2)) | w2 (Bulw(z)
"B 1‘ %{ Bo(1)9(2) 1}
2(Bm(1))g(2))
S(”m’ B (0)9(2)
(1+8) S (m — V) ()|am]|z™

< m=2
1- 22 Y (1) lam || 2™t

(1+8) 3 (m = 1)m(p)|am|

< m=2

1= 5 el

The above expression is bounded above by (1 — ) if

o0

(1+8) ) (m—=1)m(p)lam| < (1 —7) <1 - wm(u)lam|> :

m=2

Which is equivalent to

o0

[m(1 4 B) = (v + B)lvbm () am| < (1 — 7).

m=2
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This is true by hypothesis and the proof is complete.

Theorem 2.2 Let § >0, —1 <+ < 1 then g is of the form to be in the class
TH,(v,B) if and only if

oo

D T m1+B) = (v + B)em(wam < (1—7), (8)

m=2

where 1), (1) is given by ().

Proof. In the view of Theorem 2.1, we have to prove only necessity
If g € TH,(v,B) and z real then

o0 o0

1- > M (1) A 2™ > (m— D)o () am 2™ 1
m=2 m=2
r ) Y > 0o ’
1- 22 'l/)m(ﬂ)amzm_l 1- 22 q/}m(/JJ)CerLZm_l

as z — 1 along real axis, we obtain the desired inequality

m= 2

That is

oo

S+ 8) = (v + B)m ()am < (1—7).

Theorem 2.3 The class TH, (v, ) is a convex set.

Proof. Let the function

D=2= 3 an 2" (am; 20, j=1,2), (9)

be in the class TH, (v, ). We have to show that the function k(z) defined by
k(z) =ng1(2) + (L —n)g2(2), (0 <n < 1) isin the class TH,(v, B).

= Y a1+ (1= m)am ]2
m=2

Using Theorem 2.2, we get

oo

<nl=v9)+1-n1-7)

m=2

which implies k(z) € TH, (v, 5). Hence TH, (v, 3) is convex.
Theorem 2.4 Let ¢1(z) = z and
1—
gm(z) =2z — i 2™ (m > 2). (10)

[m(1+8) = (v + B)lm (1)
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Then g(z) € TH, (7, B) if and only if it can be expressed in the form

=Y Engm(z) (Em>=0), Y &u=1 (11)

Proof. Suppose g(z) can be written as in (10)), then

1_7 m
7272&” A+8) — (7 + B )~

Now,

= =) +8) =+ Dlml)
2 T i ) (% Bl ~ 2,

=1-&4 <1

Thus g(z) € TH,(v, B).
Conversely,
let g(z) € TH,(,8) then by using (11]), we get
1 N m
g'm — [m( + ﬂ) - (_'Y/:’ 5)]1/’ (:U‘) Qs (m > 2)

and & =1— > &, then we have g(z) = Z &mgm(2) and the proof is complete.

m=2
Theorem 2.5 Let the function g;(z), (j = 1 2...e) be in the classes TH,(v;, )
then the fung;cion

k(z) =z— > dp2™ is in the class TH, (v, 3), where
m=2

v = 112112 vis  9i(z)=2z— Z am 2™, am; >0, (j=1,2,...¢)
m=2

1 €
= >ty (am; > 0).
j=1

Proof. Since g;(z) is in the class TH,, (v, §) by using Theorem 2.1, we have

> m (Y + B)om () am,j <1 =1

m=2
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Now,
D m(+B8) = (v + B)bm () dm = D [m(1+ B) = (v + B)]tbm (1 Zam,j

= % <Z [m(l + /6) — (’Y + 6)]¢m(u)am7j>

Observe that .
oo ML+ B) = (v + B)om(1) s Y am,j
- =1 <1.

2 1—n

Thus, k(z) € THu(v, B).
The proof is completed.

3. RADIUS OF STARLIKENESS AND CONVEXITY

Now, we obtain the radii of convexity and starlikeness for the class TH (v, ).
Theorem 3.1 Let the function g(z) defined by belong to the class TH, (v, )
then g(z) is starlike of order ((0 < ¢ < 1) in the disc |z| < Rg, where

Ry = inf [(1 - C)[mgj;ﬁc))(—l(vj)ﬁ)]wm(u)} T ms2. a2
Proof. Given g € T and g is starlike of order {, we have
29'(2)
o) —1‘<(1—(). (13)

For the left hand side of we have,

1= > amlz|™ 1
m=2
The last expression is less than 1 — ( if
o0
Z m- Cam|z|m*1 < 1.
1-¢
m=2

using the fact that g(z) € TH, (v, 5) if and only if

- m(1+ ) — ('Y"’ﬁ)]wm( )
Z -

A < 1.

m=2

is true if
m=C e M+ 8) — (0 D)
1-¢ - -y '
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Equivalently

71 < { (L= Om(1 +B) = (v + B)lom (1) }m
- (m =01 =) '
Which yields the starlikeness of the family.

Theorem 3.2 Let the function g(z) defined by (2 belong to the class TH, (v, 8),
then g(z) is convex of order (0 < ¢ < 1) in the disc |z| < Rz, where

[u —Om1+8) — (v+ mwmmq e
m(m — ¢)(1— )

Proof. Since g is convex if and only if zg’ is starlike we can prove this theorem
similar to Theorem 3.1.

Ry = inf , (m>2). (14)

4. PARTIAL SUMS

In this section, We derive the sharp lower bounds for quotients as follows

9(2) } {gk(Z) } { 9'(2) } {gé(Z) }
R , R , R R .
{ 9r(2) 9(2) 91.(2) 9'(2)
Let us use earlier methods of Silverman [24] and Silvia [25] and also (see [7}, 1T, [14]

17]) on partial sums of analytic functions:
Theorem 4.1 Let g(z) € H,(v, ) given by and let its partial sum be given by

k
g1(2) = 2, gr(z) = 24 Y am2™. (15)
m=2
Suppose that > @,z™ <1 where
m=2
1, (m=12,...k)
Q2
a, (m=k+1,k+2,...),
and
_ MmO +8) = (v + B)eom(w)
m 1 _ ’_y .
Then
1
%{g(z)}>1— , (z€D) (16)
9k (2) k41
and
&e{gk(z)} > Yk (L e D). (17)
g(2) 14+ agsr
The result is sharp for every n € Ny, with the extremal function given by
1
g(z) =2+ 1 (2 € D). (18)

k41
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Proof. We have

k 00 [’}
Z |am| + g1 Z ‘am‘ S Z am|am| S 1.
m=2 m=k+1 m=2

By setting,

hl(z)

z 1
wa{ag - (1- o))
9k (2) Qg1
oo k
L+arir Y amz™ 1+ 3 ap2zm !
m=k+1 m=1

k
1+ > apzm—!

m=2

Now using we get

oo
k41 Y. @
‘hl(z) — 1] _ moEp <1
hl(z) + 1| k o0 -7
2-25 am—Qry1 D, Gm
m=2 m=k+1

which gives proof of of Theorem 4.1. To see that function g(z) = z +

gives sharp result. For z = re' (0<r<1

k+2 1
—1 -
9k (Z) Qp41 A1

asr— 1.
Similarly take

ha(2) = (1 + agsr) {gk(z) - (1 O"““)}

9(2) Cltagn
00 k
(1 —ags1) 2™+ Y a2t
m=k+1 m=1

1+ Y apzmt
m=2

Now,
(1 + (677 1) a
‘h2(2) —1 ’ < i m:XIc:+1 "
h + 1|~ k pos .
2(2) 2-25 apm— (ka1 —1) > am
m=t m=k+1
\Zi%igﬁl <1 if and only if

o] k
20041 Z amSQfQZam,
m=1

m=k+1

(19)

Zk+1

Q41
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which is equivalent to

Z Am, +05n+1 Z Qm S 1.

m=k+1
Which gives assertion of the Theorem 4.1.
We can similarly prove Theorem 4.2 below.
Theorem 4.2 Let g(z) € TH, (v, 8) given by and let its partial sum be given

by then
! k+1
R { g/(z) } >1-— +
9%(2) Qp41

9, (2) } oyl
R > .
{ g'(2) k+14 oy

bounds are sharp for extremal function given by (I8).

and

5. HADAMARD PRODUCT AND INTEGRAL OPERATOR

&)
Let the functions g(z) and h(z) be defined by g(z) = z — Y amz™, h(z) =

m=2

z— Y, bpz™, (2 € D). The Hadamard product of g(z) and h(z) be defined by
m=2

(g*h —Z_Zammz

Theorem 5.1 Let the function g(z) be defined by (2)) be in the class TH, (v, 3).
Let h(z) =z — 3 bmz™ for |by,| < 1. Then (g * h)(z) € THu(v, 5).
m=2

Proof. Consider,

M8

Z (1+8) = (v + B)Ym () |ambm| < [m(1+ B) — (v + B)]bm (1) am][brm]

3
||
o
3
||
N

< DI+ B) = (v + B) v ()]
<=7

That implies (g * h)(z) € TH, (7, B).

Theorem 5.2 Let g(z) € TH, (v, 8) then F(z) € TH,(v,B).
Where
A+1

2

F(z) = /OA M lg(t)ydt, (A > —1).

Proof. After simplification F(z) becomes

oo

F(z):z—z 1+)\amzm, (A>-1).
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Since A > —1 we have 0 < 12 |q,.| < |ay,|.

m-+A
S I (+)— O+ )om ()~ am] < 3 (18~ ) )] < (1),

By Theorem 2.2, we have F(z) € TH,(v, ).
Acknowledgements: The authors record their sincere thanks to the Editor
and the referees for their valuable comments to revise the paper in present form.
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