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QUALITATIVE STUDY FOR A COUPLED SYSTEM OF
DIFFERENTIAL EQUATION ON THE REAL HALF-LINE

AHMED M. A. EL-SAYED! AND MALAK M. S. BA-ALI?

ABSTRACT. This research paper focuses on investigating the solvability of the
qualitative study for a coupled system of differential equation on the real half-
line by applying Darboe’s fixed point Theorem and the technique of the mea-
sure of noncompactness (MNC). This study has been located in space BC(R4.).
Furthermore, we prove the asymptotic stability of the solution of our problem,
we introduce the idea of dependency of the solutions on some data. Addition-
ally, we delve into the study of Hyers-Ulam stability. Finally, we present an
example to support our findings.
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dependency; coupled system
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1. INTRODUCTION

The study of differential equations has received much attention over the last 30
years or so. For papers studying such kind of problems (see [I4} [15, B8, B9]) and
the references therein.

It is known that the nonlinear initial value problems create an important branch of
nonlinear analysis and have numerous applications in describing of miscellaneous
real world problems. Such kind of these equations have been considered in numer-
ous papers see [5] and references therein.

The technique associated with MNC in the Banach space BC(R4) have been suc-
cessfully used by J. Bana$ (see [5, [35] 2]) to prove the existence of asymptotically
stable solutions for some functional equation (see [12} [13]).

2020 Mathematics Subject Classification. 47TH10; 26A33; 93C27; 47THO8; 34K401.

Key words and phrases. Differential equation; existence of solution; Hyers—-Ulam stability;
dependency; coupled system; real half-line.

Submitted August 03, 2024. Revised August 22, 2024.

1



2 AHMED M. A. EL-SAYED! AND MALAK M. S. BA-ALI? EJMAA-2024/12(2)
The authors in [31] discussed the problem

dx
o= (t,x(t)), t € (0,00),

with the nonlocal integral condition

z(1) + /OTg(sw(s))ds =x9, 7>0

in an unbounded interval. Also, they studied the solvability of these problem using
the technique of MNC in an infinite interval and also discussed the asymptotically
stable and dependency.

Here we are concerning with the coupled system of initial value problem of the
functional differential equations

= Y61 (0), 2(0) = a0, 1€ (0,00) (1.1)

and
W _ faft,2(éa(t). 9(0) = 0. 1 € (0.00). (12)

Our aim here is to establish the solvability of the solution (z, y) € BC(Ry) X
BC(Ry) of the problem —. The main tools in our study is applying Darbo’s
fixed point Theorem [T9] and MNC technique. Furthermore, the asymptotic stabil-
ity and dependency of (z, y) € BC(R,) x BC(R4) on the initial data xg, yo and
on the functions f; and ¢;, 7 = 1, 2 has been studied. The Hyers — Ulam stability
of the problem — will be studied. Finally, we give an example illustrate
our results.

The main tool in our work are the measure of noncompactness and Darbo fixed
point Theorem [19].
Let BC(R4) be the class of all bounded and continuous functions in R, with the
standard norm

[zl sery) = lle]" = sup |(t)]
teERL

and E = BC(R;) x BC(R4) be the Banach space with the norm
Iz, Ylle = maz { ||z, lylI* }-
Now [25, 28], let E = BC(R+) x BC(R4+), X, Y C BC(R4) and
U={uelU:u=(z,y),zeX,yeY } =X xY.
Then, we can introduce the following:
wl(x,€) = sup {|z(t) — x(s)| : t,s € [0,T), [t —s| <€},
wl'(y,€) = sup {|y(t) —y(s)| : t,s € [0,T), |t —s| < €}
and
wh(u,e) = maz { wT(z,¢), Wl (y,€) },
then
WU, e) = sup wl (u,e) :u e,

T I T _ . T
WA () = lim T (U,€), wo(U) = lim_w (U).
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Also,
wlU) = wXxY) = maz {w(X), w(Y) },
diam(U) = diam(X xY) = maz { diam(X), diam(Y) },
tlggo sup diam(U) = mazx { tlggo sup diam(X), tlgglo sup diam(Y") }
and
p(U) =wo(U) + flgglo sup diamU (t). (1.3)

Finally, we state the Darbo fixed point Theorem [19].
The following Theorem will be needed.

Theorem 1.1. Let QQ be nonempty bounded closed convexr subset of the space E
and let F : Q — Q be a continuous operator such that u(FX) < ku(X) for any
nonempty subset X of Q, where k € [0,1) is a constant. Then F has a fizxed point
in the set Q).

2. EXISTENCE OF SOLUTION

Consider now the problem (|1.1)-(1.2]) under the following assumptions:
(i) ¢i: Ry — Ry, i=1, 2, ¢;(t) <t are continuous and increasing.
(i) fi: Rt xR — R, i =1, 2 are continuous in t € Ry, V z, y € R and
satisfies Lipschitz condition
|fi(tax) - fz(tvy)‘ < bl(t)|x - y| Vie R+v z,y € Rv (21)
where b; is integrable [} bi(s)ds < [ bi(s)ds < b; and

¢ ¢
lim bi(s)ds =0, sup / bi(s)ds < b}, i=1, 2.
0

= Jo teR,
(i) b* < 1, where b* = max { b3, b3 }.
From equation (2.1)), we have
|fi(t, )| = [fs(t, 0)] < |fi(t, ) — fi(t,0)] < bi(t)]x],
[fi(t, z)| < |fi(t, 0)] + bs(t) ||
and
|fi(t,@)| < Jms(8)] + bi(t)]],
where

t t
|mi(t)] = |f:(t,0)] € BC(R4+) < o0, tli}rn / |m;i(s)|ds = 0 and sup / |m;(s)|ds < m.
> Jo 0

teER|

Now, the following lemma.

Lemma 2.1. The coupled system of the functional differential equations -
is equivalent to the functional integral equations

dﬂ=xw+AJN&M%®DM&tZO (2.2)

and

y@=m+£h@ﬂ@@ﬁﬁt20 (2.3)



4 AHMED M. A. EL-SAYED! AND MALAK M. S. BA-ALI? EJMAA-2024/12(2)

Proof. Let (z,y) € BC(R+) x BC(R4) be a solution of the problem ([1.1f)-(1.2),
then by integrability we get

8
=
=
=
I
8
—~
o
=
Il

/0 f1(s, y(1(5)))ds
() = w(0)+ / f1(5,y(d1()))ds

and

y(t) = y(0)+/0 fa(s, z(da(s)))ds.

Substituting x(0) = z¢ and y(0) = yo, we obtain (2.2]) and (2.3]).
Conversely, let (z, y) € BC(Ry) x BC(R4) be a solution of (2.2)-(2.3]).
Differentiation ([2.2)-(2.3), we obtain

L = hity(6a0)

and

Y pat 2 (62(0)).

Let t = 0, we have

2(0) = w0 and y(0) = yo.

Now, we have the following existences theorem.

Theorem 2.2. Assume that (i) — (iii) be satisfied, then the coupled system ([1.1))-
has at least one solution (r, y) € BC(Ry) x BC(Ry).

Proof. Define the set

Qr = { (CL‘, y) € BC(R+) X BC(R+) : HxH* <o, ”yH* <71, max { 1, T2 } < T},
roo= altﬂb%* , where a = max { |xo|, |yo| } and m* = max { mj, mj }.

Let Fy, F; be defined on BC(R) by

Fiy(t) = zo+ / f1(5,y(61(5)))ds, t € Ry, (2.4)

Fyr(t) = o+ / fals. 2(62(5)))ds, t € Ry (2.5)
0
and F is given by

Bz, y)(t) = (Fuy(t), Fax(t)).
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Now, let (z, y) € @), then

Fuy(2)] 2o+ / F1(s,y(61()))ds

t
< ool + / (5,91 (5)))|ds
0
t t
< ool + [ pmolds+ [ b()lly(er()lds
0 0
t
< ol +mi + ol / by (s)ds
0
< wo| +my 4y b,
then
* * * &€ +m*
| Fryl < lzol+mi+ri bl =11, 11 = |i|76*1
- Y1
Similarly, we obtain
* * * +m*
[Boall* < lyol 4 ms 4 rs by =, my = WOIETE
— U

then

1F(z, y)ll = [(Fiy, Fax)ll = maz { [Fuyll*, [[Fz]” } < r
Hence the operator F': Q, — Q..
Next, we prove that F is continuous on the ball Q,.

Now, let § > 0 be given and take (z1, y1), (z2, y2) € U C @, such that
lze — x1]|* < § and |ly2 — y1]|* < d, then

Fun(®) - Fun ()] = |0+ / F1(5.y2(1(5)))ds — a0 — / F1(s,n(1(5)))ds
<

< /0Ibl(5)||y2(¢1(8))—y1(¢1(8))ld8- (2.6)

(¢) Choose T > 0 such that ¢t > T, then

f1(s,92(#1(5))) — f1(s,y1(@1(s)))|ds

IN

t
| Fiys — Fug " T / by (s)] ds
0

< b = e
(#3) Also, for T > 0, t € [0,T] then from ([2.6]), we get

t
|z — Fi|* < |\y2—y1||*/|b1<s>|ds

0

T

IA

lys — al* / by(s)] ds
0
S ) b1 = €1.

We can deduce that the operator Fj is a continuous operator and by the same
way we can prove Fy is also a continuous operator.
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Hence the operator F(z, y) = (F1y, Fax) : Q, — @, is continuous.
Now, let U = X XY be nonempty subset of @,. Fix ¢ > 0 and choose y € Y and
t1, to € Ry such that |ty — t1] < §, then

Fiyg(ts) — Fry(th)] = |oo + / " fu(s,y(6 ()))ds — o — / " fu(s.y(n(5)))ds

IN

[ 1hG s

t1
Now, let t1, t2 € [0,T7], [t2 — t1| < 6, then we deduce that

WT(Fiye) < /2|f1(8,y(q/>1(s)))\ds<e

t1

wi(FRY) < 0

and as T — oo

wo(F1Y) =0.
Similarly, we can deduce that
wo(F2X) =0,
then
wo(FU) = maz{wo(F1Y), wo(F2X)} = 0.
Hence

UJO(FU) = 0. (27)

Moreover, for any v1 = (z1, y1), v2 = (22, y2) € U C @, and fixed t > 0, then

from and we get
wa(t) — 21 ()] < / F1(5, 12(61(5))) — f(s, 11(61(5)))
0

t
< [ )laen(s) - men(slds < 2r b
0
and
sup  |z1(t) —x2(t)] < 27 0b)
To,x1EX
0 < diam X(t) < 27rb],
then
tlim diam X (t) be exist and € [0, 2 r bj].
— 00
Similarly,

lim diam Y (t) be exist and € [0, 2 7 b3].

t—o0
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Now, from and (2.5), we have
t

Fua(t) — Fun (1) < / 162(5) 121 (5)) — w1 (6 (5))|ds
t

< b1(s)| sup_ [y2(1(s)) — ya(da(s))lds

0 Y1,Y2€Y

/ |b1(s)| diam Y (s)ds
0

IN

IN

¢
/ <|b1(s)| lim diam Y (s) + e> ds
0 S§—00

t—o00

t
lim diam Y(t)—|—e*>./ |b1(s)|ds
0

t—o00

lim diam Y (t) + 6*) bl

lim diam Y(t)) by + €"b]

t—o00

AN
7/ N7 N7 N7 N

< tlggo diam Y(t))b; + €1,
then
diam F1Y (t) < b] tllglo diamY ().
Hence

. ) < bl ) '
tlifﬁlo sup diam Fy Y(t) < b 75li)r(r)lo sup diamY (t)
Similarly, we can deduce that
. ) < bl ) .
tlirgo sup diam Fy X(t) < b3 tlgglo sup diam X (t)
Hence

diam (FVY, F2X)(t) = max { diam (F} Y(t)), diam (Fy X(t)) }

then
tlgglo sup diam (F1Y, F»X)(t) = b
and
tlinolo sup diam F U(t) = b". (2.8)
Now, from and and the definition of x in (L.3)), we obtain
u (FU) = b
Then by Darbo fixed point Theorem [19] F has a fixed point (z,y) € U, then the

coupled system of functional integral equation (2.2)-(2.3]) has at least one solution in
the space BC(R). Consequently the problem (1.1])-(1.2)) has at least one solution
in the space BC(Ry).
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3. ASYMPTOTIC STABILITY

Theorem 3.1. The solution (x, y) € BC(Ry) x BC(Ry) of the coupled system
- is asymptotically stable in the sense that

for any € > 0, there exist T'(e) > 0 and r > 0, such that, if any two solutions
('x’y)a (x1,y1) € U satisfy ||($,y) - (mlayl)ll Se6t> T(E)

This indicates that |x(t) — x1(t)] < € and |y(t) — 1 (t)| <€, r > T(e).

Proof. From Theorem [2.2] we have evaluated, we have

ly2 — w1 ll® = |[[Fiy2 — Fiy|”

- ’/Ot f1(s,y2(h1(5)))ds — /Ot f1(s,y1(¢1(s)))ds

IN

/0 (5, 92(61())) — Fa(5 1 (61(5))) | ds

IN

t t

2/ ma(s)|ds +2 72 [ [bu(s)|ds
0 0

< 261-1—27‘162:%.

Similarly,

* €
ze —z1[]" < 3
then
(w1, y1) = (22, )l = [(Fiys, Faz1) — (Fiye, Faxs)||
|(Fiy1 — Frys, Foxq — Foao)||
[ Fiyr — Fryal|* + ||[Fazy — Foxs||”
€ €

- — — €.

2 2
Consequently, the coupled system (1.1)-(1.2) is asymptotically stable.

Corollary 3.2. Let the assumptions of theorem [2.2] be satisfied, then the solution

of the problem (|1.1)-(1.2) is unique.

<

4. DEPENDENCY
4.1. Dependency on the initial data z(, yo and on the functions ¢;, i=1, 2.

Theorem 4.1. Let the assumptions of Theorems[2.4 be satisfies, then the solution
(z, y) € U of the coupled system — is asymptotically dependence on the
initial data xo , yo and the functions ¢; , i1 =1, 24f Ye > 0, 34 (€) such that

maz { ) |¢i¢z‘|} <5

then |[(z,y) — (x5, ys)l| <,
where x* be a solution of

2 (t) = o + / f1(s, 5" ($5(3)))ds, >0
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and y* be a solution of
t
y () = yg +/ fa(s,z*(¢5(5)))ds, t > 0.
0

Proof. Let (z,y),(z*,y*) € U be two solutions of the coupled system ([2.2)-
E3). then

() — a7 (1) = m+Afwwwwm@
- %—Aﬁ@wwwmm
< |u—xm+A\ﬁwwwm@»—ﬁuw%ﬁmeS
t
< w+A|ﬁ@wwm@»—ﬁ@wwmwmus
+ A|ﬁ@w%@@»w—ﬁ@w%w@»wm
then
le—a*l* < 8+ bily—y I + by (6u() — v (63(0)
< S+billy =yt +bien
Hence
le—a " < 6+ B ly—y"I" + e
Similarly,

ly(®) —y* (@] < Iyo—y6‘|+/0|f2(87w(¢2(8)))—f2(87w*(¢2(8)))ld8

+ /|f2(87x*(¢2(8)))—fz(sw*(aﬁ;(S)))lds,
0

then
ly=y" " < & + b3 [lz— ™" +b3e".
Hence
|l —2*|* < & 4+ b (§ + b5 ||lx —a*||* + b5e™) + bie”
< 0 +0b7 0 + b] bie* + bie*
- 1— b7 b%
and
. 0 + b5 o + by bie* + bie*
ly—y " < : 12 AN
1—b7 b3
Hence
‘i e 5 + b* 6 + b*2e* +b*e
maz { o~ ", Iy -7} < < X
Since
[(z,y) — (@ y) = [(z—=2z%),(y—y")

= maz { |[(z =29 Iy =y} <e
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then

Iz, y) — (@ 5| <e
4.2. Dependency on the functions f;, i=1, 2.

Theorem 4.2. Let the assumptions of Theorems[2.9 be satisfies, then the solution

(z, y) € U of the coupled system — s asymptotically dependence on the
functions f;, i=1, 2if Ve > 0, 36 (¢) such that

Amwﬂw—ﬁ@mw@<&

then ||(1'7y) - (xs7ys)|| <k¢,
where x* be a solution of

t
w0 =a0+ [ Fisy (), 20
and y* be a solution of
t
V(O =t [ F50 Gals))is, 20

Proof. Let (z,y),(z*,y*) € U be two solutions of the coupled system ([2.2)-
(2.3). then

z(t) 2" ()] =

m+Ah@M%@WS

- m—Aﬁ@fwwm@

IN

Auwww@m—ﬁ@wwwmm

IN

Avwww@m—ﬁmwwwmm

+ / |f1(s,y7(01(s))) = f1 (5,47 (¢1(5)))lds,
0

then
|z —a*I* < billy—y*[I" + 0.
Similarly,
t
W=y O < [ 1alsa@a) ~ fols. o (Ga(s)lds
+ /|f2(5,93*(¢2(8)))*fé*(s,x*(sz(S)))lds,
0
then
ly =y " < b llz—2""+ o
Hence

=" < b1 (b3 flw—a™|"+ 6)+0
biS + 6
1—0b; b

IN
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and
. b5 o6 + 6
ly—y*I* < .
1—107 b3
Hence
1% il b* 6 + 4
maz { [z — 2|, [ly—y*[I"} < T2 €
Since
[(z,y) — @5y = [(z—2%),(@y—y)
= maz { [|(z — 2", [[(y —y")II"} <e
then

(z,y) — (=", y")|| <.

5. HYERS - ULAM STABILITY

Definition 5.1. [27, 37, 29] Let the solution (z, y) € U of the coupled system
(2.2)-(2.3) be exists, then the problem (1.1))-(1.2]) is Hyers-Ulam stable if

Ve > 0, 3 d(€) such that for any § — approximate solution of the coupled system

(2.2))-(2.3), then (zs,ys) € U satisfies,

mazx { d;: — f1(t,ys(o1(1)))],

implies ||(x,y) — (zs,ys)|| < €

ddf — fg(t,xs(gbg(t)))'} <da(t) (5.1)

where sup fot a(s) ds < k.
teER

Theorem 5.2. Let the assumptions of Theorem [2.9 be satisfied, then the coupled

system — is Hyers - Ulam stable.
Proof. From (5.1, we have

drg
dt

—6* = —5/0 a(s)ds < x(t) — x4(0) + f1(87y3(¢1(5)))d5§5/0 a(s)ds = 6"

0

—da(t) < = Fi(tys(1(2))) < 0 alt)

5 2wt [ A < 5
0
Similarly,
Sa) < Y pra(6a(0) <5 alt)
5= b [ i < n@-n©)+ [ Al <s [ o=
-0 < ys(t)—yo—l—/ fa(s,25(¢2(s)))ds < 67
0
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Let maz {|z,(t)=zo+Jy f1(s,ys(61(s))ds], [ys()=yo+fy fa(s,2s(a(s)))ds]} < &.

Now,

o) - a0 = |a+ [ fl(s,y(él(S)))ds—ws(t)‘
< et / Fr(s9(1(s)))ds — o — / F1(5, ys(61(5)))ds
+ () — a0+ / F1(5.5a(61(5)) s
< / (s, 9(61(5))) — a5, a1 ()))]ds + 6,
0
then
le—aall* < B Iy — el + 07
Similarly,

ly(t) —ws()] < /0Ifl(S,x(%(S)))—fl(Saxs(¢2(8)))|d8+5*,

then
ly—wsll™ < b3lle — " + 6"
Hence
|z —asl|" < b7 (b3 [z —as]| + 67) +67
< by & + 6%
- 1—b7b5
and
. by 6* +6*
ly —usl* < 22—,
1—b7b;
then
. . b* 0* +6*
maz { |z —zs|", [ly—vs[*} < 2z €
Since
(@, y) = (@s,ys)llv = (@ —2s), (y —ys)llv
= maz { [[(z =z )", [(y—y)I" } <e,
then
[(z,y) = (25, ys)llv < e
Example.

Taking into account the equation

dr  tet (tet—e )|yt

E =73 + 3 , te (0,00) (52)
and

dy te ' (te ' —e")|x(t)

a - a + 16 , t € (0,00) (53)
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Set
tet  (tet—e My
t =
fl( ,(E) 3 + ] )
te t  (tet—e Yzt
t = .
f2( ay) 4 + 16
Putting
% 1 " 1 N 1 1 1
my =g, My = ,m —ma:r{?), i} =3
1 1 1 1 1
b=, b= — b = Tl
173 27 3¢ mar{g, 60 = 3
we can find that
b = 0.125 < 1,

then the problem (5.2)-(5.3) has at least one solution (z, y) € BC(R4) x BC(Ry).

6. CONCLUSIONS

In this investigation, the asymptotic stability and dependency of the solutions for
differential equation have been established on R, . Firstly, we studied the existences
of solutions (x,y) € BC(R4+) x BC(R) of the problem —, by applying the
technique associated with the MNC in the Banach space BC(R.). Next, we studied
the asymptotic stability and dependency of the solution (z,y) € BC(R4)x BC(R4)
on the initial data zy, yo and on the functions f;, ¢;. Moreover, we studied the
Hyers-Ulam stability. Finally, we discussed the example to illustrate our results.

Acknowledgment. The authors are very much thankful to Professor M. Cichon
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manuscript.
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