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DIFFERENT FORMS OF CONVEXITY IN METRIC LINEAR

SPACES

HARPREET K. GROVER, T.D.NARANG, SHELLY GARG*

Abstract. Various forms of convexity in normed linear spaces that fall be-

tween strict and uniform convexity, such as the 2R property, local uniform con-
vexity, compact local uniform convexity, and mid-point local uniform convex-

ity, have sparked considerable interest over the years and have been thoroughly
investigated in the literature. The notion of strict convexity was extended to

metric linear spaces by Albinus in 1968, and that of uniform convexity by

Ahuja et al. in 1977. In this paper, we extend the other mentioned forms of
convexity to metric linear spaces. We explore the metric linear spaces that

have these properties and establish inter-relationships between these spaces.

We also give a characterization of strictly convex metric linear spaces.

1. Introduction

The study of special normed linear spaces, in which closed unit balls are round in
the sense that unit spheres include no nontrivial line segments, was initiated inde-
pendently by Clarkson [5] and Krein (see [2]). They used the term ‘strictly convex’
for the normed linear spaces with this special property , and later, Day [6] referred
to these normed linear spaces as ‘rotund’. Clarkson was particularly interested in
the uniform version of this property and initiated the study of uniformly convex
normed linear spaces. Since then, the concept of rotundity has sparked considerable
interest in various branches of mathematics. In particular, the convexity properties
have been of great interest to those working in the geometry of Banach spaces, fixed
point theory, approximation theory etc.
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Aside from strict and uniform convexity in normed linear spaces, numerous other
forms of convexity that fall between these two have piqued the interest of researchers
over the years. The 2R property, local uniform convexity, compact local uniform
convexity, and mid-point local uniform convexity are just a few that have gained
popularity among numerous researchers over the years (see [4, 6, 7, 8, 10, 11, 12,
13, 19, 20, 21, 22, 23, 24]).

The notions of strict convexity and uniform convexity were extended to spaces
more general than normed linear spaces, viz. metric linear spaces, by Albinus [3]
and Ahuja et al.[1], respectively, and subsequently, the study of these convexities
in metric linear spaces was taken up by Sastry et al. [16, 17, 18], Vasile’v [23] and
others. We recall here that a metric linear space is defined as a linear space X with
a metric d in which addition and scalar multiplication are both continuous and the
metric d is translation invariant. It is easy to see that if (X, ||.||) is a normed linear
space, it is also a metric linear space, with the metric function d defined on X as
d(x, y) = ||x− y||. On the other hand, there are plenty of examples of metric linear
spaces that are not normed linear spaces (see[14],[15]).

It is worth mentioning that in some of the scenarios, it becomes important,
though challenging, to consider the spaces that are not normable. For example,
some of the problems in approximation theory are better suited to non-normable
spaces because, many times, a metric is a natural measure of error while a norm is
not suitable. Moreover, analysts have always been naturally interested in exploring
the properties of normed linear spaces that remain intact in more general settings.
With these two objectives in mind, we extend to metric linear spaces the various
notions of convexity that fall between strict and uniform convexity, such as the 2R
property, local uniform convexity, compact local uniform convexity, and mid-point
local uniform convexity. We investigate the metric linear spaces equipped with
these types of convexity and determine their interrelationships.

In Section 2, we explore strict convexity, ball convexity, and mid-point convexity
in metric linear spaces and give a characterization of strictly convex metric linear
spaces amongst the metric linear spaces that have ball convexity. We also prove
that in a metric linear space, a closed mid-point convex set is convex. In Section
3, we give a sequential criterion for uniform convexity in metric linear spaces. In
Section 4, we extend and explore the above mentioned properties in metric linear
spaces.

In this papaer, we shall only be dealing with real metric linear spaces. Through-
out, Ac will stand for the set theoretic complement of a set A, the symbol N will
stand for the set of natural numbers, R for the set of real numbers and R+ for the
set of all non-negative real numbers. B[0, r] will denote the closed ball of radius r
around 0 and B(0, r) will denote the open ball around 0 of radius r. The symbols
SX and BX will denote the unit sphere and the closed unit ball in X, respectively
. For any x, y ∈ X, we will denote the closed line segment joining x and y by [x, y],
and the open line segment joining x and y by (x, y).

2. Strict convexity, ball convexity and mid-point convexity

In this section, we discuss strict convexity, ball convexity and mid-point convexity
in metric linear spaces. We recall that a normed linear space X is said to be strictly
convex if ||x+y

2 || < 1, whenever x and y are different points of the unit sphere SX .
This notion was extended to metric linear spaces as follows.
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Definition 2.1. A metric linear space (X, d) is said to be strictly convex if for any
r > 0 and x, y ∈ X, d(x, 0) ≤ r, d(y, 0) ≤ r imply d(x+y

2 , 0) < r unless x = y.

In other words, a metric linear space (X, d) is strictly convex, if whenever x and
y are two distinct points in any closed ball B[0, r], then mid-point joining x and
y is strictly inside the ball. The above formulation of strict convexity is due to
Ahuja et al. [1]. Vasilev [23] named such spaces as strongly convex and used them
to study approximative properties of sets in metric linear spaces.

According to the following finding by Sastry and Naidu [16], whenever x and y
are two different points in the closed ball B[0, r], then not only the mid-point but
the entire open line segment joining x and y lies precisely inside the ball B[0, r].

Theorem 2.2. Let (X, d) be a metric linear space. Then the following are equiva-
lent:

(i) r > 0, d(x, 0) = r = d(y, 0) and x ̸= y imply B(0, r) ∩ (x, y) ̸= ∅.
(ii) X is strictly convex.
(iii) r > 0, x ̸= y, x, y ∈ B[0, r] imply (x, y) ⊂ B(0, r).

From Theorem 2.2, we obtain the following:

Corollary 2.3. Let (X, d) be a metric linear space. Then the following are equiv-
alent:

(i) X is strictly convex.
(ii) For any x, y (x ̸= y) ∈ X with d(x, 0) = r = d(y, 0), imply d

(
x+y
2 , 0

)
< r,

where r > 0 is any real number

Proof. (i) implies (ii) is clear from the definition of strict convexity. Now assume
that (ii) holds. Then for any two distinct points x and y of X with d(x, 0) =
r = d(y, 0), we have x+y

2 ∈ B(0, r) ∩ (x, y), implying that the space (X, d) satisfies
condition (i) of Theorem 2.2 and hence X is strictly convex. □

It is easy to see that any closed or open ball B in a normed linear space X is a
convex subset of the space in the sense that whenever x, y ∈ B, the line segment
connecting x and y also lies in B, that is, [x, y] ⊆ B for all x, y ∈ B. But this may
not be so in a metric linear space, as can be seen from the following example by
Sastry and Naidu [16].

Example 2.4. Define f : R+ → R+ by

f(t) =

{
t, if 0 ≤ t ≤ 1;
1
2 (1 +

1
t ), if t > 1.

and d : R × R → R+ by d(x, y) = f(|x − y|). Then (R, d) is a metric linear space
and for 1

2 < r < 1, B(0, r) is not convex.

Perhaps this observation led Sastry and Naidu [17] to explore the metric linear
spaces in which all balls (open or closed) are convex subsets of the space. They
referred to such metric linear spaces as the spaces having ball convexity. According
to Theorem 2.2, a strictly convex metric linear space has ball convexity, while a
metric linear space with ball convexity may not be strictly convex, as demonstrated
by the following example by Sastry and Naidu [16].
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Example 2.5. Define f : R+ → R+ by

f(t) =

 t, if 0 ≤ t ≤ 1;
1, if 1 < t < 2;
t
2 , if t ≥ 2.

and d : R × R → R+ by d(x, y) = f(|x − y|). Then (R, d) is a metric linear space
and balls are convex in (R, d) but this is not a strictly convex metric linear space,
as d(1, 0) = f(1) = 1; d(2, 0) = f(2) = 1; and d( 1+2

2 , 0) = d( 32 , 0) = f( 32 ) = 1 ≮ 1.

We recall that a subset K of a metric linear space is said to be mid-point convex
if x+y

2 ∈ K, whenever x, y ∈ K. Clearly, every convex set is mid-point convex but
converse is not true, the set Q of rational numbers being an easy example of a mid-
point convex subset that is not a convex subset of R. In the following result, we
prove that for closed subsets of a metric linear space, mid-point convexity implies
convexity. For normed linear spaces, the result is well known (see [9])

Proposition 2.6. A closed mid-point convex subset of a metric linear space is
convex.

Proof. Suppose A is a closed mid-point convex subset of a metric linear space
(X, d). We show that A is convex. Let x, y ∈ A. Consider the mapping T : [0, 1] →
X defined by T (λ) = λx + (1 − λ)y. By the continuity of addition and scalar
multiplication in X, T is continuous. Let

U = {λ ∈ [0, 1] : T (λ) ̸∈ A} = {λ ∈ [0, 1] : T (λ) ∈ Ac} = T−1(Ac).

By the continuity of T , U is open in [0, 1]. If U = ∅, then λx + (1 − λ)y ∈ A
for all λ ∈ [0, 1], as desired. So, assume that U ̸= ∅. As x, y ∈ A and A is
mid-point convex, x+y

2 = T ( 12 ) ∈ A. Thus 1
2 ̸∈ U , implying that U is a non-

empty proper open subset of [0, 1]. Therefore, we can find distinct λ1, λ2 ∈ [0, 1]\U
such that (λ1, λ2) ⊂ U . Then λ1+λ2

2 ∈ (λ1, λ2) ⊂ U implies that T
(
λ1+λ2

2

)
̸∈

A. But T
(
λ1+λ2

2

)
=

(
λ1+λ2

2

)
x +

[
1−

(
λ1+λ2

2

)]
y = [λ1x+(1−λ1)y]+[λ2x+(1−λ2)y]

2 =
T (λ1)+T (λ2)

2 , which is not possible as T (λ1), T (λ2) ∈ A and therefore, by mid-point

convexity of A, T (λ1)+T (λ2)
2 ∈ A. Thus U = ∅ and hence A is convex. □

It is well known (see [11, p. 440]) that a normed linear space is strictly convex
if and only if any two closed balls in X having disjoint interior, do not intersect at
more than one point. We extend this result to metric linear spaces.

Theorem 2.7. (i) In a strictly convex metric linear space, no two closed balls
having disjoint interiors intersect at more than one point.
(ii) A metric linear space (X, d) with ball convexity is strictly convex if no two
closed balls in X having disjoint interiors intersect at more than one point.

Proof. (i) Assume that B[x, r] and B[y, s] are two closed balls in a strictly convex
metric linear space (X, d) such that B(x, r) ∩ B(y, s) = ∅. If possible, assume
that a, b (a ̸= b) ∈ B[x, r] ∩ B[y, s]. Then d(x, a) ≤ r, d(x, b) ≤ r and d(y, a) ≤
s, d(y, b) ≤ s. As d is translation invariant, we have d(x− a, 0) ≤ r, d(x− b, 0) ≤ r
and d(y− b, 0) ≤ s, d(y− b, 0) ≤ s. Now as a ̸= b, x− a ̸= x− b and y− a ̸= y− b,
therefore by strict convexity of X, we have

d

(
x− a+ x− b

2
, 0

)
< r, that is, d

(
x− a+ b

2
, 0

)
< r
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and d

(
y − a+ y − b

2
, 0

)
< s, that is, d

(
y − a+ b

2
, 0

)
< s.

Again by the translation invariance of d, we have d
(
x, a+b

2

)
< r and d

(
y, a+b

2

)
< s,

implying that a+b
2 ∈ B(x, r) ∩B(y, s) = ∅, which is not possible. Thus B[x, r] and

B[y, s] cannot intersect at more than one point.

(ii) Suppose to the contrary that X is not strictly convex. Then there exist a, b ∈
X, (a ̸= b) and r > 0 such that d(a, 0) = r = d(b, 0) but d(a+b

2 , 0) ≥ r. Now as a, b ∈
B[0, r] and B[0, r] is convex, we must have a+b

2 ∈ B[0, r], that is, d
(
a+b
2 , 0

)
≤ r.

Thus d
(
a+b
2 , 0) = r. We claim that B(0, r)∩B(a+ b, r) = ∅. If z ∈ B(0, r)∩B(a+

b, r), then d(z, 0) < r and d(a+ b, z) < r, that is, d(z, 0) < r and d(a+ b−z, 0) < r,
implying that z, a+ b− z ∈ B(0, r). Now, as B(0, r) is convex, we have 1

2z+
1
2 (a+

b − z) ∈ B(0, r), that is, a+b
2 ∈ B(0, r), which is not true as d

(
a+b
2 , 0

)
= r. Thus,

B(0, r)∩B(a+ b, r) = ∅. But d(a, 0) = r = d(b, 0), implying that a, b ∈ B[0, r], and
d(a, a+b) = d(0, b) = r = d(0, a) = d(b, a+b), implying that a, b ∈ B[a+b, r]. Thus
a, b(a ̸= b) ∈ B[0, r] ∩ B[a + b, r] but B(0, r) ∩ B(a + b, r) = ∅, which contradicts
the hypothesis and hence the result follows. □

From Theorem 2.7, we obtain the following characterization of strictly convex
metric linear spaces:

Theorem 2.8. A metric linear space (X, d) with ball convexity is strictly convex
if and only if no two closed balls in X having disjoint interiors intersect at more
than one point.

3. Uniform convexity

In this section, we discuss uniform convexity in metric linear spaces. We recall
that a normed linear space X is called uniformly convex if for each ϵ > 0, there
exists some δ > 0 such that || 12 (x+ y)|| ≤ 1− δ, for all x, y ∈ SX with ||x− y|| ≥ ϵ.
While strict convexity ensures that every non-trivial line segment with endpoints
on the space’s unit sphere has its mid-point only in the interior of the closed unit
ball, uniform convexity measures how deep in the interior of the closed unit ball
the mid-point of such a segment will lie if the segment has some minimum positive
length. The notion of uniform convexity was extended to metric linear spaces
by Ahuja et al.[1] and later, Sastry and Naidu [16, 17] discussed different forms
of uniform convexity in metric linear spaces. Throughout, we shall consider the
following definition of uniform convexity, which was referred to as U.C II by Sastry
and Naidu [16].

Definition 3.1. A metric linear space (X, d) is called uniformly convex if given
r > 0, ϵ > 0, there exists some δ > 0 such that d(x, 0) ≤ r, d(y, 0) ≤ r and
d(x, y) ≥ ϵ imply d(x+y

2 , 0) ≤ r − δ.

The following examples of uniformly convex metric linear spaces are due to Sastry
et al.[18].

Example 3.2. Define f : R+ → R+ by f(x) = log(1 + x) and d : R × R → R+

by d(x, y) = f(|x − y|). Then (R, d) is a metric linear space, which is uniformly
convex.
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Example 3.3. Define f : R+ → R+ by

f(x) =


0, if x = 0;
1

n+1 + t
n(n+1) , if x = 1+t

2n+1 , 0 ≤ t ≤ 1, n ∈ N;
x+ 1

2 , if x ≥ 1
2 .

and d : R × R → R+ by d(x, y) = f(|x − y|). Then (R, d) is a uniformly convex
metric linear space.

It is well known that a uniformly convex metric linear space is strictly convex
[16]. It was established by Sastry and Naidu [16] that a metric linear space (X, d)
for which d is a bounded metric on X cannot be uniformly convex. On the other
hand, the following example by them is of bounded strictly convex metric linear
space and therefore, it is an example of a strictly convex metric linear space that
is not uniformly convex.

Example 3.4. Define f : R+ → R+ by f(t) = t
1+t and d : R × R → R+ by

d(x, y) = f(|x− y|). Then (R, d) is a strictly convex metric linear space and clearly
d(x, y) ≤ 1 for all x, y ∈ R, thus (R, d) cannot be uniformly convex.

It is known (see [11, Proposition 5.2.8]) that a normed linear space (X, ||.||) is
uniformly convex if and only if whenever {xn} and {yn} are sequences in BX such
that || 12 (xn + yn)|| → 1, then ||xn − yn|| → 0. We generalize this result to metric
linear spaces.

Proposition 3.5. Let (X, d) be a metric linear space. If (X, d) is uniformly convex,
then for any two sequences {xn}, {yn} in X satisfying d(xn, 0) ≤ r, d(yn, 0) ≤ r,
and d

(
xn+yn

2 , 0
)
→ r, where r > 0 is any real number, we have d(xn, yn) → 0. The

converse holds if (X, d) has ball convexity.

Proof. Let (X, d) be a uniformly convex metric linear space. Assume to the con-
trary that for some r > 0, there are sequences {xn}, {yn} satisfying d(xn, 0) ≤
r, d(yn, 0) ≤ r for all n and d

(
xn+yn

2 , 0
)
→ r but d(xn, yn) does not converge to

0. Then for some ϵ > 0,m ∈ N and a subsequence {(xnk
, ynk

)} of the sequence
{(xn, yn)}, we have d(xnk

, ynk
) ≥ ϵ for all k ≥ m. As (X, d) is uniformly convex, for

the pair (ϵ, r), there is a δ > 0 for which d
(

xnk
+ynk

2 , 0
)
≤ r−δ, but this contradicts

the fact that d
(

xnk
+ynk

2 , 0
)
→ r.

Conversely, assume that (X, d) is a metric linear space with ball convexity for
which the sequences mentioned in the statement have the required behaviour. If
(X, d) were not uniformly convex, then there would exist a pair (ϵ, r) of positive
real numbers and a pair of points, xn, yn ∈ X for each n, satisfying d(xn, 0) ≤
r, d(yn, 0) ≤ r, d(xn, yn) ≥ ϵ but d

(
xn+yn

2 , 0
)
> r − 1

n . By the convexity of the

ball B[0, r], we have d
(
xn+yn

2 , 0
)
≤ r, implying that d

(
xn+yn

2 , 0
)
→ r. But, as

d(xn, yn) ≥ ϵ for all n, d(xn, yn) does not converge to zero, which contradicts the
hypothesis. Hence (X, d) must be uniformly convex. □

4. Some convexity conditions in-between strict and uniform
convexity

We start off this section by discussing the 2R property, a weaker variant of
uniform convexity in normed linear spaces. We recall that a normed linear space
(X, ||.||) is said to have the 2R property [22] if any sequence {xn} in SX satisfying
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limn,m→∞ ||xn+xm

2 || = 1 is a Cauchy sequence. It is known that a uniformly convex
normed linear space has the 2R property (see [19, p. 77]) and a normed linear space
having the 2R property is strictly convex. On the other hand, Fan and Glicksberg
[7] gave an example of a normed linear space with the 2R property that is not
uniformly convex. Smith [20] gave an example of a strictly convex normed linear
space which does not have the 2R property. Thus, the 2R property is a property
strictly in-between the strict convexity and the uniform convexity. We extend the
notion of the 2R property to metric linear spaces as follows.

Definition 4.1. A metric linear space (X, d) is said to have the 2R property if
for any positive real number r, any sequence {xn} in X satisfying d(xn, 0) = r and
limn,m7→∞ d

(
xn+xm

2 , 0
)
= r, is a Cauchy sequence.

We show that, as in normed linear spaces, uniform convexity implies the 2R
property in metric linear spaces also.

Proposition 4.2. A uniformly convex metric linear space has 2R property

Proof. Let (X, d) be a uniformly convex metric linear space. For a positive real
number r, let {xn} be a sequence in X such that d(xn, 0) = r for all n and
limn,m→∞ d

(
xn+xm

2 , 0
)
= r. Let ϵ > 0 be given. Since (X, d) is uniformly convex,

for the pair (ϵ, r), there exists δ > 0 such that d(x, 0) ≤ r, d(y, 0) ≤ r, d(x, y) ≥ ϵ
imply d

(
x+y
2 , 0

)
≤ r − δ. As limn,m→∞ d

(
xn+xm

2 , 0
)
= r, there exists k ∈ N such

that r − δ < d
(
xn+xm

2 , 0
)
< r + δ for all n,m ≥ k. By the definition of δ, we have

d(xn, xm) < ϵ for all n,m ≥ k, so that {xn} is a Cauchy sequence. □

It was already noted that the ball convexity is always present in a normed linear
space but not necessarily in a metric linear space, and that ball convexity follows
from strict convexity in a metric linear space but not the other way around. We
next show that in a metric linear space, ball convexity in the presence of the 2R
property implies the strict convexity.

Proposition 4.3. A metric linear space having ball convexity and 2R property is
strictly convex.

Proof. Let (X, d) be a metric linear space having both ball convexity as well as
the 2R property. Suppose to the contrary that (X, d) is not strictly convex. Then
by Corollary 2.3, there exists r > 0 and x, y ∈ X with x ̸= y such that d(x, 0) =
r = d(y, 0) but d

(
x+y
2 , 0

)
≥ r. Since x, y ∈ B[0, r] and B[0, r] is convex, we have

d
(
x+y
2 , 0

)
≤ r; therefore, d

(
x+y
2 , 0

)
= r. Let {xn} be the sequence in X defined by

xn =

{
x, if n is even;
y, if n is odd.

Then d(xn, 0) = r and d
(
xn+xm

2 , 0
)
= r for all n,m ∈ N. But d(x2n, x2n−1)

= d(x, y) > ϵ = d(x,y)
2 for all n. Thus, {xn} is not a Cauchy sequence, which

contradicts that X has the 2R property. □

We are unsure if a metric linear space with the 2R property has ball convexity,
and we leave it as an open question.

Question 4.4. Is ball convexity present in a metric linear space with the 2R prop-
erty?
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A few other forms of convexity that have been studied in case of normed linear
spaces are ‘local uniform convexity’, ‘compact local uniform convexity’, ‘mid-point
local uniform convexity’([11, Chapter 5] and [24]). For brevity, these properties are
referred to as LUR, CLUR, and MLUR respectively. Lovaglia [10] called a normed
linear space LUR, if for each ϵ > 0 and x ∈ X with ||x|| = 1, there exists δ(ϵ, x) > 0
such that || 12 (x + y)|| ≤ 1 − δ for all y ∈ SX with ||x − y|| ≥ ϵ. It is known that
every uniformly convex normed linear space is LUR and every LUR normed linear
space is strictly convex (see [11, page 460]). Smith[21] proved that neither of the
two reverse implications is true, thereby implying that LUR property is strictly
between strict convexity and uniform convexity. We now extend the notion of LUR
to metric linear spaces as follows.

Definition 4.5. A metric linear space (X, d) is called LUR space if given ϵ > 0 and
x ∈ X, there exists δ(ϵ, x) such that d

(
x+y
2 , 0

)
≤ r − δ(ϵ, x), whenever d(x, y) ≥ ϵ

and d(y, 0) ≤ r, where r = d(x, 0).

It is clear from the definition that every uniformly convex metric linear space is
an LUR space. We now show that any LUR metric linear space is strictly convex,
just like in the case of normed linear spaces.

Proposition 4.6. Every LUR metric linear space is strictly convex.

Proof. Let (X, d) be an LUR metric linear space and x, y with x ̸= y be such that
d(x, 0) = r = d(y, 0). Since x ̸= y, ϵ = 1

2d(x, y) > 0 and d(x, y) > ϵ. As (X, d)

is LUR, there exists δ(ϵ, x) such that d
(
x+y
2 , 0

)
≤ r − δ(ϵ, x) < r. Therefore by

Corollary 2.3, (X, d) is strictly convex. □

Remark 4.7. An LUR space may not have the 2R property even in normed linear
spaces. Smith [20] gave an example of an LUR Banach space that does not have
the 2R property. Fan and Glicksberg [8] asked whether a space satisfying the 2R
property is LUR, which was answered in negative by Polak and Sims [13].

The sequential version of the LUR property can be stated as follows.

Proposition 4.8. If a metric linear space (X, d) is LUR, then for any x ∈ X with
d(x, 0) = r and for any sequence {yn} in B[0, r] such that d

(
x+yn

2 , 0
)
→ r, we have

d(x, yn) → 0. Converse holds in metric linear spaces with ball convexity.

Proof. By taking xn = x for all n in the proof of Proposition 3.5, we obtain the
desired result. □

Vlasov [24] called a normed linear space CLUR if x ∈ SX , {xn} ⊂ SX and
||x+xn

2 || → 1 imply {xn} has a convergent subsequence. It is easy to see that an
LUR normed linear space is CLUR but the following example shows that a CLUR
normed linear space may not be LUR.

Example 4.9. [12, page 394] Let X = lp, 1 < p < ∞.
For an element x = (x1, x2, . . . , xn, . . . ) ∈ X, let x′ = (0, x2, . . . , xn, . . . ) and x′′ =
(x1, 0, x2, . . . , xn, . . . ). If norm on X is defined as ||||x|||| = max{||x′||p, ||x′′||p},
then (X, ||||.||||) is a CLUR space which is not strictly convex and hence cannot be
LUR.

We now extend the notion of CLUR spaces to metric linear spaces as follows.
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Definition 4.10. A metric linear space (X, d) is called CLUR if for a positive
real number r, whenever d(x, 0) = r, d(xn, 0) ≤ r for all n, and d

(
x+xn

2 , 0
)
→ r,

then {xn} has a subsequence converging to some y ∈ B[0, r].

As stated earlier, any LUR normed linear space is CLUR. The following result
shows that this holds true for metric linear spaces also. The proof is immediate
from Proposition 4.8.

Proposition 4.11. Every LUR metric linear space is CLUR

As mentioned earlier, a CLUR normed linear space may not be strictly convex
or LUR but it is known (see [12, p. 394]) that a normed linear space which is both
strictly convex and CLUR is LUR. We show that this holds true in case of metric
linear spaces as well.

Proposition 4.12. A metric linear space which is both strictly convex and CLUR
is LUR.

Proof. Let (X, d) be a metric linear space which is both strictly convex and CLUR.
Assume to the contrary that (X, d) is not LUR. Then there exists ϵ > 0 and
x ∈ X with d(x, 0) = r for which no positive δ works. In particular, for each n,
there is xn ∈ X satisfying d(xn, 0) ≤ r, d(x, xn) ≥ ϵ but d

(
x+xn

2 , 0
)
> r − 1

n . As
x, xn ∈ B[0, r] for all n and x ̸= xn, therefore, by strict convexity of (X, d) , we
have d

(
x+xn

2 , 0
)
< r for all n. Thus d

(
x+xn

2 , 0
)
→ r. Now as (X, d) is CLUR,

there exists a subsequence {xnk
} of {xn} converging to some y ∈ B[0, r]. Then,

d
(

x+xnk

2 , 0
)
→ d

(
x+y
2 , 0

)
. Also, d

(
x+xnk

2 , 0
)
→ r, thus by uniqueness of limit,

we have d
(
x+y
2 , 0

)
= r. But x, y ∈ B[0, r]; therefore, by strict convexity of (X, d),

we have x = y. Thus {xnk
} is a subsequence of {xn} converging to x, which is not

possible since d(x, xn) ≥ ϵ for all n. □

Anderson [4] called a normed linear space, midpoint locally uniformly convex or
MLUR if whenever {xn} and {yn} are sequences in SX and 1

2 (xn + yn) converges
to some member of SX , then ||xn − yn|| → 0. It is known (see [11, p.473]) that
every LUR normed linear space is MLUR and every MLUR normed linear space is
strictly convex. We extend MLUR notion to metric linear spaces as follows.

Definition 4.13. A metric linear space (X, d) is called MLUR, if whenever {xn}
and {yn} are sequences in X such that d(xn, 0) ≤ r, d(yn, 0) ≤ r and d

(
xn+yn

2 , z
)
→

0 for some z ∈ X such that d(z, 0) = r, then d(xn, yn) → 0, where r > 0 is any real
number.

Every LUR normed linear space is MLUR but as of now, we do not know whether
this is true in case of metric linear spaces or not. We leave it as an open question.

Question 4.14. Is every LUR metric linear space MLUR? If the answer is ‘No’,
then whether every uniformly convex metric linear space is MLUR?

We next see that every MLUR metric linear space with ball convexity is strictly
convex.

Proposition 4.15. An MLUR metric linear space with ball convexity is strictly
convex.
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Proof. Let (X, d) be a metric linear space that has ball convexity and is MLUR.
Suppose to the contrary that (X, d) is not strictly convex. Then there exists
x, y (x ̸= y) ∈ X, such that d(x, 0) = r = d(y, 0) but d

(
x+y
2 , 0

)
≥ r. As

x, y ∈ B[0, r] and B[0, r] is convex, we have d
(
x+y
2 , 0

)
≤ r. Thus, d

(
x+y
2 , 0

)
= r.

Taking xn = x for all n and yn = y for all n, we have d(xn, 0) = r = d(yn, 0) and
1
2 (xn + yn) converges to z = 1

2 (x + y) but d(xn, yn) = d(x, y) ̸= 0 for all n. Thus,
d(xn, yn) does not converge to 0, which contradicts the hypothesis that (X, d) is an
MLUR space. □

The presence of ball convexity in normed linear spaces implies that MLUR
normed linear spaces are strictly convex spaces, albeit we are unsure if this holds
true for MLUR metric linear spaces as well, and we leave it as an open question.

Question 4.16. Is every MLUR metric linear space strictly convex?

5. Conclusion

One of the most natural themes in mathematical research is to refine the frame-
work of the established results and see which ones hold up in situations that are
a little more universal. Over the years, several different forms of convexity have
been used in discussing existence and uniqueness concerns related to approxima-
tion problems in normed linear spaces. It is hoped that extending these notions
of convexity to metric linear spaces would encourage further research in different
branches of mathematics.
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