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ON A CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS
DEFINED BY DIFFERENTIAL OPERATOR
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INGLE

ABSTRACT. The study of operators plays an essential role in Mathematics,
especially in Geometric Function Theory in Complex Analysis and its related
fields. Many derivative and integral operators can be written in terms of
convolution of certain analytic functions. The class of analytic functions, which
has an essential place in the theory of geometric functions, has been studied
by many researchers before. This topic still maintains its popularity today. In
this work, we introduce and investigate a new subclass of analytic functions
in the open unit disc F with negative coefficients. The object of the present
paper is to determine the coefficient estimates, extreme points, integral means
inequalities and subordination results for this class.

1. INTRODUCTION

Let A denote the class of all functions u(z) of the form
wz)=z+ Y anz" 1)
n=2

in the open unit disc E = {z € C : |z| < 1}. Let S be the subclass of A consisting
of univalent functions and satisfy the following usual normalization condition u(0) =
u'(0) — 1 = 0. We denote by S the subclass of A consisting of functions u(z) which are
all univalent in E. A function v € A is a starlike function of the order v,0 < v < 1, if it
satisfy

m{zul(z)} >, (z € E). (2)

We denote this class with S™(v) .
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A function u € A is a convex function of the order v,0 < v < 1, if it satisfy

zu'"(2)

w'(2)

=

éR{lJr }>v,(zeE). (3

We denote this class with K (v).
Let T denote the class of functions analytic in E that are of the form

u(z) =z — Z anz", (an >0, z € E) (4)

and let T*(v) = TN S*(v), C(v) = T N K(v). The class T"(v) and allied classes pos-
sess some interesting properties and have been extensively studied by Silverman [12] and
Orhan [9].

Let u be a function in the class A. We define the following differential operator intro-
duced by Deniz and Ozkan [3] and others (see [4, 5, 6]).

Du(z) = u(z)
Diu(z) = Daulz) = X220 (2) + 2A + 1)2°u" (2) + 24/ (2)
DXu(z) = DA(Dru(z))

Dlu(z) = DA(DY Hu(2)),

where A > 0 and m € Ng = NU {0}. If u is given by (1), then from the definition of the
operator DY u(z), it is to see that

Du(z) =2+ Y n""A(n—1) +1]"anz". (5)

Many differential operators studied by various authors can be seen in the literature (
see [1, 2, 7, 13]).

Denote by

R = ﬁ xu(z), (5€No)
then implies that

Rou(z) := M, (6 € No).

d!

The operator R°u is called Ruschweyh derivative operator [10]. Noor [8] defined and
investigated an integral operator A° : A — A analogous to R’u as follows:

Let us(z) := rzz)(m, 0 € Ny and ugfl) be defined such that

us(z) * uf;l)(z) =

Then
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In [7], Kaziltepe et al. defined the following convolution operator:
D u(z) = u(z)
Diu(z) = Dau(z)

A (2) + 20+ 12" (2) + 2((2)

=2+ Z n? An—1)+ 1]—Fé?6++111?!anz”

DY u(z) = Dy(DY 'u(z)), (m €N).

It can be easly seen that

D/\'LL —Z—‘—ZTL 1]W6an
=24 Z O(n,m, A, 8)anz", (M)
n=2

where

T'(d+ n!

O(n,m, \,9) :nzm[)\(n—l)—ﬁ—l} TG +n) (8)

where m, z € Ng and A > 0. Now, by making use of the linear operator DY u(z), we define
a new subclass of functions belonging to the class A.

Definition 1.1. For 0 < h < 1,0< o0 <1 and 0 < s < 1, we let TSV (h,o0,5) be the
subclass of u consisting of functions of the form (4) and its geometrical condition satisfy

h (@5 u(z) - 52)

o(Dpu(z)) + (1 — h) B

<g, z€eFE,

where DY'u(z) is given by (7).

2. COEFFICIENT INEQUALITY

In the following theorem, we obtain a necessary and sufficient condition for function to
be in the class T'SY (%, 0,¢).

Theorem 2.1. Let the function u be defined by (4). Then u € TSY'(h,0,) if and only if

oo

Z (n—1)+¢(no+1—hn)]0(n,m,\,d)an <c(o+ (1—h)), (9)

where 0 < ¢ < 1,0<h <1 and 0 <o < 1. The result (9) is sharp for the function

slo+ A =h) "on>2.

U= G D F o+ - WL m e
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Proof. Suppose that the inequality (9) holds true and |z| = 1. Then we obtain

‘h ((D;”u(z))' - M)‘ —¢|o (JD)Tu(z))' . h)M)‘

z z
= —hZ(n —1)0(n,m, A, 6)anz"1'
n=2
—<lo+( Z (no+1—h (n,m,/\,é)anznl‘

i hn—=1)+¢(no+1—h)]O(n,m,\ d0)an —c(c + (1 —h))

<0.

Hence, by maximum modulus principle, u € T'SY'(h, 0,¢). Now assume that u € T'SY' (h, 0, <)
so that

B ((gu(z) - Ee2)

a(Dpu(z)) + (1 — by B

‘h ((D;"u(z))’ - %“(Z)) ’ <s

Therefore, we get

<g, z€ F.

Hence,

¥4

- <1D>Tu(z))’ (- E)M) ’

‘ Z (n—-1)© nm,)\,(S)anzn_l’

<gslo+(1—-h)-— Z(na +1-h)O(n,m, A,é)anzn_l‘
n=2
Thus,
> [(n—1) +s(no + 1 — h)]O(n,m, X, 8)an < (o + (1 — h))
n=2
and this completes the proof. O

Corollary 2.0. Let the function u € TSY (h,o,s). Then

s(c+(1—h) n
WS = 1) fe(no £ 1= RO m e~ "=

3. DISTORTION AND COVERING THEOREM
We introduce the growth and distortion theorems for the functions in the class TS} (%, 0, ).
Theorem 3.2. Let the function u € TSY'(k,0,5). Then

s(c+(1—h))

=TGRy W e P 2" < fu(2)]

§(O’+(1—h)) ‘2‘2.

S SN o+ oo 1)

The result is sharp and attained

(o + (1= 1) .

UE) =2 S o+ @e T IR
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Proof.

oo oo
2 < |z\+2an|z|"
n=2 n=2
<lz| +12)? Zan.

n=2

By Theorem 2.1, we get

s(c+(1—h)
Z“" [hi+<¢(20 +1—h)]O(n,m, \,d)

Thus,

S(o +(1- 1) "

Gl < e+ g ot c@e s 1o

Also,

2)| 2 2| - Zan\zl
> o= 2 Y a
n=2

s(c+ (1 —h)) | |2

> [ —
2l - SE o Ot @o F 1)

Theorem 3.3. Let u € TSY' (h,0,5). Then

2%(o + (1 — 1)) 2(0 + (1 —h))

1—

(10)

< | <
BN+ <@ f1om I SEIs 1+

with equality for
2¢(c 4+ (1 —h)) 2

u(z) =2z — O(2,m,\,0)[h+¢(20+1— h)]z .

Proof. Notice that

©(2,0, 0, B)[h+ <(20 + 1 — h)] inan

n=2

< i n[h(n — 1) + s(no + 1 — h)|O(n, m, X, d)an

<c(o+ (1 —h)),
from Theorem 2.1. Thus,

"(2)| =

o0
—1
1— E nanz"
2

<1+ Z nan|z|"

n=2
o0
<1+ 7| Z nan
n=2

<1+ 2¢(c 4+ (1 —h))

0(2,m, A\, 0)[h+<¢(20+1—h)]

02,m,\,8)h+¢(20+1—

(11)

(12)
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On the other hand,

[u'(2)| = |1 — Znanznl‘
n=2
>1- Znan|z|n*1
n=2
>1— |z Znan
n=2
250+ (1 —h)
>1-— . 1
2 -l g T o F T (13)
Combining (12) and (13), we get the result. O

4. RADII OF STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

In the following theorems, we obtain the radii of starlikeness, convexity and close-to-
convexity for the class T'SY'(h, 0,¢).

Theorem 4.4. Letu € TSY' (h,0,¢). Thenw is starlike in |z| < R1 of order p, 0 < p <1,
where

R1 = inf

n

{u—pon—D+«@u+1—h»@wm%%®}”h,n>2. (14)

(n—p)s(o+(1—h)

Proof. w is starlike of order p, 0 < p < 1if

o 1‘ _ n=2 _ S n=2 _
u(z) 1— 3 anzn—t 1— 3 anlz|nt
n=2 n=2
Thus,
2 (2) ‘ (n=p) | net
-1 <1—-pif —an|z|" < 1. (15)
u(z) Z;u—p>

Hence, by Theorem 2.1, (15) will be true if

n— p|z‘n_1 < (h(n —1) + ¢(no + 1 — h))O(n,m, \,d)
1—p - s(c+(1—h)
or if
1
(1 =p)(A(n =1) +s(no +1—h)O(n,m, A, 5)] T
2 < > 2. 16
i< | = Pl + (T ) 1o
The theorem follows easily from (16). O

Theorem 4.5. Let u € TSY (h,0,5). Then u is convez in |z| < Rz of order p, 0 < p < 1,
where

— i { =P (A0 = 1) +¢(no 41— 1))O(n,m, A, 5) = .
Ry = f{ n(n — p)s(o + (1 — h)) } , n > 2. (17)

n
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Proof. w is convex of order p, 0 < p < 1if

w{1+2C1 >,

Thus, it is enough to show that

. — S n(n—1az"* S n(n = Danlz|™
zu”(2) =2 n=2
W (2) = =) <
1— 3 napzn? Z nan|z|n=1
n=2 n=2
Thus,
2u”(2) = n(n—p) 1
<1l-—pif —an|z|" T < 1. (18)
ey 2 =y v

Hence, by Theorem 2.1, (18) will be true if

n(n — p) < (h(n—1) +¢(no+1—h))O(n,m, \,9)

1—p - s(c+(1—nh)
or if
(L= p)(h(n—1) + <(nor +1— h))@(n,m,w} whT
< > 2 19
1< | wn = p)sto + (1) "z 19
The theorem follows easily from (19). O

Theorem 4.6. Let u € TSY (h,0,5). Then u is close-to-convex in |z| < Rs of order
p, 0 < p <1, where

1
— _ 1— w=1
Rs :inf{(l p)(An = 1) + <(no + h))@(n’m’A’é)} ,n>2 (20)
n ns(o+ (1 —h))
Proof. w is close-to-convex of order p,0 < p < 1 if
R{d'(2)} > p.
Thus, it is enough to show that
|u (2 —1|’ Znan - Z nan|z|"”
Thus,
/' (z) =1 <1— pzfz an|z"1<1 (21)
Hence, by Theorem 2.1, (21) will be true if
2t < (Ai(n — 1) + ¢(no + 1 — h))O(n,m, A, )
1—p - s(c+ (1 —h)
or if
|Z| < (17p)(h(n7 1)+§(na+17h))®(n,m,)\,5) B ,n > 2. (22)

nelo + (1= )
The theorem follows easily from (22). O
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5. EXTREME POINTS
In the following theorem, we obtain extreme points for the class T'SY' (%, 0, ).
Theorem 5.7. Let ui(z) = z and

_ o+ (1 —h)
[A(n — 1) + s(no + 1 — h)|O(n,m, A, )

Then u € TSY (h,0,5) if and only if it can be expressed in the form

2", form=2,3,---.

un(z) =

Zenun ), where 0, > 0 and Z@n—l

n=1
Proof. Assume that u(z) = i Onun(z), hence, we get
n=1
.\ s(o+(1=h))bn n
we)=z-), [i(n — 1) + <(no + 1 — h)]O(n, m, A, 8) -

n=2

Now, u € TSY (R, 0,¢), since

- [i(n — 1) + s(no + 1 — R)]O(n, m, A, d)
7;2 s(c+(1—h))
o s(o+ (1 —h))b,

[fi(n —1)+¢(no +1—h)]O(n,m,A\d)

:i9n21—91§1.

n=2

Conversely, suppose u € TSY'(h,0,¢). Then we show that u can be written in the form

Z Hnun( )
NOW u € TSY (h,0,¢) implies from Theorem 2.1
slo+ (1 —h)
[h(n —1)+<(noc+1—h)]O(n,m,\ )"
Setting 0, = = [ 1)+<£7<f:(11 hh))])@(n m”\’é)an, n=23,---
and 6, =1 — 22 6., we obtain u(z) = 21 Onun(z). O

6. HADAMARD PRODUCT

In the following theorem, we obtain the convolution result for functions belongs to the
class TSY'(h, 0,5).
Theorem 6.8. Let u,g € T'S(h,0,6,9). Then ux g € T'S(h,0,(,9) for

oo}

—Z—Zanz ,9(z Z bn2" and (u* g)( —Z—Zanbz,

where
(o4 (1 —h)h(n —1)
[A(n — 1) + s(no + 1 — B)]20(n,m, \,8) —s2(c + (1 — h))(no + 1 —h)~

Proof. w € TSY' (h,0,¢) and so

¢z

Z [i(n=1) + (o +1=NIO(,m A0 (23)

s(e+(1-h)
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(lo+(1=h))

and
o [i(n — 1) + s(no + 1 — h)]O(n,m, \, )
Z by < 1.
— s(c+(1—-h)
We have to find the smallest number ¢ such that
Z h(n —1) +§(no+1—h)]@(n,m,)\76)anbnS1.

By Cauchy-Schwarz inequality

Z [i(n —1) +<(no +1 = WO, m A 8) e

s(c+(1—-h))

Therefore, it is enough to show that

[A(n —1) + ¢(no + 1 — h)]|O(n,m, A, ) b
C(o+(1—h) e
[A(n — 1)+ ¢(no +1—h)]O(n,m,\,J) -
: RCEI=) b
et —— _ [~ 1) +<(no + 1 B¢
n—1)+g¢no+1-—
anbn < [An—1)+¢(no+1—h)s’
From (26),

s(e+(1-h)
[h(n —1)4+<s(noc+1—-h)]O(n,m,A\7¥)"
Thus, it is enough to show that
s(oc+ (1 —h)) [h

Anbn

(n—1)+¢(noc+1-"n)¢

[R(n — 1) +s(no + 1 — h)]O(n,m, A, d) = [An=1)+¢(no+1—h)s

which simplifies to

o+ (1= h)h(n—1)

¢z

7. CLOSURE THEOREMS

We shall prove the following closure theorems for the class T'SY (h, o,¢).

Theorem 7.9. Let u; € TSY (h,0,5),5 =1,2,...,s. Then
Zc]uj € TSY'(h,o,9).
For uj(z) =2z — 3 an,;2", where Z c; =1
n=2 j=1

Proof.

9(2) = cju;(z)
j=1
o0 S
=z— Z chan,jz"

n=2j=1

oo

n

=z — E enz
n=2

[f(n—1)+s(no+1-n)]20(n,m,\,8) —c2(c+ (1 —h))(ne+1—h)

9

(24)
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where e, = 3" cjan, ;. Thus, g(z) € TSV (h,0,¢) if

j=1

Z h(n —1) +§(na+1—h)]@(n,m,)\,5)en<1
n=2

s(c+ (1 —h)) -
that is, if
i i [A(n —1) +s(no+1— h)]@(n,m,)\,5)c_a '
3 0n,j
n=2j=1 C(U + (1 - h))
- = [A(n — 1) + ¢(no + 1 — B)]O(n,m, X, )
=D @
o (o4 (1—h))
S ZC]' =1
j=1
O
Theorem 7.10. Let u,g € TSY' (h,0,5). Then
h(z)=2— Z(ai +02)2" € TSY (h,0,5), where
n=2
> 2h(n — 1)s%(o + (1 — h))
~ [A(n—1)+s(no+1—hn)]?60(n,m,A\,0) —2s2(c + (1 — h))(noc +1—h)’
Proof. Since u,g € TSY' (h,0,s), so Theorem 2.1 yields
2
Z{ (n—1) +§(na+17h))®(n,m,)\,5)an} <1
r (0 +(1—h)
and
2 [(h(n—1)+<(no +1—h)O(n,m,\,8), 1°
> by| <1.
2 @+ A=h)
We obtain from the last two inequalities
=1 (h(nf1)+<(na+17h))®(n,m,)\,5)]2 2 o
1 2 )<l 28
7;22{ <o+ (1= ) (an +6) (28)
But h(z) € TS(h,0,(,q, m), if and only if
An—1)4+C¢(noc+1—h)]O(n,m,AJd), o 2
a> + %) <1, 29
2 (o1 h) (o +0n) 29

where 0 < ¢ < 1, however (28) implies (29) if
[h(n _ 1) + g(na +1- h)]@(n7 m, >‘7 6)

Clo+ (1—h))
! {(h(n —1) +¢(no +1—h)O(n,m,\,38)]°
-2 s(c+ (1 —h))

Simplifying, we get

> 2h(n — 1)s%(oc + (1 — h))
~ [(n—1)+s(no+1—h)]20(n,m,\,0) —2s2(c + (1 — h))(no + 1 —h)’
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