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UNIQUENESS RESULTS FOR DIFFERENTIAL POLYNOMIALS
WEIGHTED SHARING A SET

JAYANTA ROY

ABSTRACT. In this paper, we explore the uniqueness problem of differential
polynomials (Q(f))(k) and (Q(g))UC) of meromorphic functions f and g, re-
spectively with the notion of weighted sharing a set of roots of unity, where @
is a polynomial of one variable. The results of the paper generalize the results
due to Sultana and Sahoo [Mathematica Bohemica, 2024].

1. INTRODUCTION AND MAIN RESULTS

In this paper, the meromorphic function means the meromorphic function in the
complex plane. We use the standard notations of Nevanlinna theory, which can be
found in [2, 14, 15].

A meromorphic function a (# 0, 00) is said to be small with respect to f provided
T(r,a) = S(r,f) as r — oo, r € E where E is a set of positive real numbers of
finite Lebesgue measure. We denote by S(f) the collection of all small functions of
I

For any two non-constant meromorphic functions f and g, and a € S(f) N S(g),
we say that f and g share a CM(IM) provided that f —a and g — a have the same
zeros counting (ignoring) multiplicities.

For a meromorphic function f and aset S C C, we define E¢(S) = U,cg12]f(2)—
a = 0, counting multiplicities}, E¢(S) = J,cg{z|f(2)—a = 0, ignoring multiplicities}.
If E¢(S) = Ey4(S) (Ef(S) = E4(S)), then we say that f and g share S CM (IM).
Evidently, if S contains only one element, then it coincides with the usual definition
of CM (respectively IM) shared values.
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Considering set sharing instead of value sharing some authors proved uniqueness
of meromorphic functions when (f)®*) and (¢g™)*) share a set of roots of unity, see
[3, 6,9, 10].

Now, we recall the idea of weighted sharing, which was previously explored in
the literature (see [4, 5]). This concept forms the basis for discussing the relaxation
of sharing. Below, we will define this concept in more detail.

Definition 1.1. [4, 5] Let m be a non-negative integer or infinity and a € S(f).
We denote by En,(a, f) the set of all zeros of f — a, where a zero of multiplicity k
is counted k times if k < m and m + 1 times if k > m. If E,,(a, f) = En(a,9),
we say that f, g share the function a with weight m and we write f and g share
(a,m). Since E,(a, f) = En(a,g) implies that Es(a, f) = Es(a, g) for any integer
s(0<s<m),if f, g share (a,m), then f, g share (a,s), (0 < s < m). Moreover,
we note that f and g share the function a IM or CM if and only if f and g share
(a,0) or (a,00) respectively.

Definition 1.2. Let S be a set of distinct elements of CU {oco} and m be a non-
negative integer. We denote by E¢(S,m) the set Ef(S,m) = J,cq Em(a, f). We
say that f and g share the set S with weight m if Ef(S,m) = E,(S,m) and we
write f and g share (S,m).

Let Q(z) be a polynomial of degree ¢ € C and k be a positive integer. Denote
the derivatives of Q(z) by

I
Q') =b][Gz— =)™, (1)
i=1

where b € C — {0}, and denote by v and h the indexes such that 1 < v < h <,
and
mlzmgz....zmy>k:2my+12 ..... > my,
mp>me > ....>mp >k >mpe1 > . > my.
In 2017, An and Phuong [1] proved a uniqueness result on meromorphic functions
when (Q(f))™ and (Q(g))*) share a small function & CM. They demonstrated the
following outcomes.

Theorem 1.1. [1] Let f and g be two non-constant meromorphic functions, and
a (# 0,00) be a small function with respect to f. Suppose that (Q(f))*) and
(Q(g)™ share a CM. If ¢ > k 46 + 2v(k + 1) + 222:%1-1 m;, then one of the
following conclusions holds:

(1) Q(f) =tQ(g) + ¢ for a constant c.

2) Q)™ (QgH® = a2,

In the same paper, An and Phuong [1], demonstrated that the conclusion (2) of
Theorem 1.1 can be ruled out by imposing extra constraints on the multiple zeros
of Q'(z) or if f and g share oo IM.

Theorem 1.2. [1] Let f and g be two non-constant meromorphic functions, and
a (# 0,00) be a small function with respect to f. Suppose that (Q(f))* and
(Q(9)™ share a CM. If ¢ > k+ 6+ 2v(k+ 1) + ZZE:V-H m; and if one of

(1) h > 4;

(2) h =3 and q # 2m; — 2k + 2, ¢ # ?"”17—22]”3, and q # 3m; — 2k + 3, for all
1=1,2,3; or
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(3) h=2,
and f and g share oo IM holds, then

Q(f) =tQ(g) + ¢ for a constant c.

The following findings were demonstrated for sharing the small function o IM
in 2021 by Phuong [8].

Theorem 1.3. [8] Let f and g be two non-constant meromorphic functions, and
a (# 0,00) be a small function with respect to f. Suppose that (Q(f))™® and
(Q(g) ™) share o IM. If ¢ > 4k + 12 + v(5k + 2) + 522:1/4-1 m;, then one of the
following conclusions holds:

(1) Q(f) =tQ(g) + ¢ for a constant c.

(2) (QUMNM.(QIgHM = a?.

Theorem 1.4. [8] Let f and g be two non-constant meromorphic functions, and
a (# 0,00) be a small function with respect to f. Suppose that (Q(f))® and
(Q(9))* share a CM. If ¢ > 4k + 12 4+ v(5k +2) + 5Zé:u+1 m; and if one of
(1) h > 4;

(2) h =3 and q # 2m; — 2k + 2, q¢ # 3’”1_—2%'*'3, and q # 3m; — 2k + 3, for all
i1=1,2,3; or

(3) h=2,

and f and g share oo IM holds, then

Q(f) =tQ(g) + ¢ for a constant c.

Recently, Sultana et al.[12] replaced a small function sharing by a set sharing
and proved the following theorems.

Theorem 1.5. [12] Let f and g be two non-constant meromorphic functions,
and « (# 0,00) be a small function of f. Let d be a positive integer and S =
{a(z),wa(z),w?a(z), ...... ,wi™la(2)} where w® = 1. Let Q be a polynomial of de-
gree ¢ (> 0) of the form (1) with ¢ > k+2+ 4 +2v(k + 1) + 2Zi:y+1mi. If
QU™ and (Q(g))*) share the set S CM, then one of the following holds:

(1) Q(f) =tQ(g) + ¢ for a constant ¢ and t* = 1.

(2) (QUNP.(Qg)*) = tad with t4 =1.

Theorem 1.6. [12] Let f and g be two non-constant meromorphic functions, and
a (# 0,00) be a small function with respect to f. Let d, S be defined as in Theorem
1.5and q>k+2+ % +2v(k+1)+ 222=u+1 mi. If (Q(f)™) and (Q(g))*) share
the set S CM and if one of

(1) h > 4;

(2) h =3 and q # 2m; — 2k + 2, q # 3"‘1_—22’““), and q # 3m; — 2k + 3, for all
1=1,2,3; or

(3) h=2,

and f and g share oo IM holds, then

Q(f) =tQ(g9) + ¢ for a constant ¢ and t* = 1.

Theorem 1.7. [12] Let f and g be two non-constant meromorphic functions,
and « (# 0,00) be a small function of f. Let d be a positive integer and S =
{a(2),wa(z),w?a(2),...... ,wila(2)} where w? = 1. Let Q be a polynomial of de-

gree q (> 0) of the form (1) with ¢ > k+2+38510 4 (2k+2+ 38 )4 (24 3) Zizyﬂ m;.
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IfF (Q(f))™ and (Q(g))™® share S IM, then one of the conclusions of Theorem 1.5
holds.

Theorem 1.8. [12] Let f and g be two non-constant meromorphic functions, and
a (#0,00) be a small function with respect to f. Let d, S be defined as in Theorem

1.5 and g > b+ 2+ B0 £ vk + 24+ B) + 24+ ) i, i I (QU)™ and
(Q(9))*) share the set S IM and if one of (1), (2) and (3) of Theorem 1.6 holds,
then

Q(f) =tQ(g9) + ¢ for a constant ¢ and t* = 1.
In this paper, we relax the nature of sharing and prove the followings theorems.

Theorem 1.9. Let f and g be two non-constant meromorphic functions, and
a (£ 0,00) be a small function with respect to f. Let d be a positive integer,
m be integer or co and S be defined as in Theorem 1.5. Let Q) be a polynomial of
degree q (> 0) of the form (1). If (Q(f))* and (Q(g))*) share (S, m) with one of
the following conditions:

(i) m>2 and

l

4
Q>k+2+8+2y(k+1)+?z m, (2)
1=v—+1
(15) m =1 and
l
k+10 k 1
k42 Wk +1) 4+ — ) — (24 —
¢>k+2+—- +1/<( + )+2d> (+2d)i§rlm (3)
(i) m =0 and
l
3k + 10 3k 3
2 2 24+ — 24— i 4
4> k+2+ =—— vk +2+ =) + ( +d)i§i—1m“ (4)

then one of the following conclusion holds:
(1) Q(f) = tQ(g) + c for a constant c and t* = 1.

(2) Q)P .(Qg)™ = tai with t* = 1.

Theorem 1.10. Let f and g be two non-constant meromorphic functions, and
a (# 0,00) be a small function with respect to f. Let d be a positive integer, m be
integer or oo and S be defined as in Theorem 1.5. Let @ be a polynomial of degree
q (> 0) of the form (1). If (Q(f)™ and (Q(g))*® share (S,m) with one of the
following conditions (i), (ii) and (iii) of Theorem 1.9 and if one of

(1) h > 4;

(2) h =3 and q # 2m; — 2k + 2, ¢ # ?”"1_—22’“'H)’, and q # 3m; — 2k + 3, for all
1=1,2,3; or

(8) h=2

and f and g share oo IM holds, then

Q(f) =tQ(g9) + ¢ for a constant ¢ and t* = 1.

Remark 1. We can easily see that Theorem 1.9 and Theorem 1.10 generalizes
Theorem 1.5, Theorem 1.7 and Theorem 1.6, Theorem 1.8 respectively.
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2. LEMMAS

In this section we present some lemmas which will needed in the sequel. Let F
and GG be non-constant meromorphic functions and H be a defined as follows:

_ f(2) (1) 7(2) (1)
J7 P N (P A (5)
F®) F-1 G G-1
Lemma 2.1. [11] Let f be a non-constant meromorphic function on C. Then
/!
mir 2 = (0.

as r — oo outside a subset of finite measure.

Lemma 2.2. [13, 15] Let f be a meromorphic function and let ¢ be a complex

number. Then 1

T, i
Lemma 2.3. [13, 15] (Second fundamental theorem) Let f be a non-constant mero-

morphic function on C. Let a; € S(f) where i =1,2,...,q be distinct meromorphic
functions on C. Then

T( )=T(r, )+ O(1).

1
f—a;

holds for all r outside a set E C (0,00) with finite Lebesgue measure.

(q - 2)T(Ta f) < ZN(Ta

Jj=1

)+ 5(r, f),

Lemma 2.4. [7] Let f be a non-constant meromorphic function and s, k be two
positive integers. If f*) £ 0, then

N, (r7 %) < T(?", f(k)) - T(T‘,f) + Nerk(Tﬂ %) + S(Tv f)

N, (7707 ) < KRR + Mot ) + S(r.1),
and

N <r, L) < kN(r, f) + N(r, l) + S(r, f).

f® f
Lemma 2.5. [13,15] Let f be a non-constant meromorphic function and let ag, ay, ..., an(#
0) be small functions with respect to f. Then

T(r,anf™ + an—1 """ 4 ...+ ao) = nT(r, f) + S(r, f).

Lemma 2.6. [10] Let m be a non-negative integer or infinity. F and G be non-
constant meromorphic functions sharing (1, m) and H as defined in (5). IfH#0
then

(i) If m > 2, then

—_

T(r,F) < 2N(r,F) +2N(r,G) + Na(r, =) + Ny(r, é) +S(r, F)+ S(r,G).

F
(i) If m =1, then
T(r,F) < 5N(r, F) +2N(r,
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(i4i) If m = 0, then
T(r, F) <4N(r,F) + 3N(r,G) + Na(r, %) + Na(r,

: )
+2N(r, ) + N(r, z) + S(r, F)+S(r, Q).

Q-

The same inequality holds for T(r,G).

Lemma 2.7. [12] Let Q be a polynomial of degree q in C, and let k be a positive
integer. Let

1
Q'(2) = bH(z — z;)™

where b € C*. Let f and g be two non-constant meromorphic functions. Assume

that (Q(f)*™)? = (Qg9)*)e. If ¢ — 21 — 2k —4 > 0, then Q(f) = tQ(g) +

¢, for a constant ¢ and td=1.

Lemma 2.8. [12] Let f and g be two non-constant meromorphic functions, and
a (# 0,00) be a small function with respect to f and g. If

(QUNM) Q) M) = a?,
then h <2 orh=3and g =2m; —2k+2, q = w, or q =3m; — 2k + 3,
fori=1,2 3. If further assume that f and g share oo IM, then also h = 1.

Lemma 2.9. Let f and g be two non-constant meromorphic functions, and let o
be a small function with respect to f. Let d,S be defined as in Theorem 1.5 and
qg>5+ %‘l +vk+1)+ Zi:DH ms. If (Q(f)™® and (Q(g9))* share (S,m), then
T(r,f)=0(T(r,g)), T(r,g) = O(T(r, f)) and o is a small function with respect to
g.

Proof. Proof follows from the proof of Lemma 2.6 of [12]. O

3. PROOF OF THE MAIN THEOREMS

Proof of Theorem 1.9 :

Proof. Let

~ d R d
F = (Q(f)(k), F:=Q(f), F:= % and G = (Q(g))(k)7 G1:=0Q(9). G := %.

It is easy to prove that S(r, F) = S(r, F) = S(r, f) and S(r,G) = S(r,G) = S(r, g).
By Lemma 2.9, «v is a small function with respect to g also. Since F' and G share
(S,m), it follows that F' and G share (1,m). We note that

N2(rvﬁ) :QN(r,f) SQT(’I",f)—FS(T,f)

and
Na(r, ) = Nz (1, gy ) < (b = UN( FY) + Niga (7, 2 ) + 5, ), (6)
and
— 1 — 1
N(T,F) < (k—=1)N(r, F}) + Ny, (7", F) + S(r, f). (7)
1
Similarly,

NQ(Ta é) = N2 (’I“, W) S (k - 1)N(T, G/l) +Nk+1 (T7 GL/I) + S(’I”7g), (8)



EJMAA-2025/13(1) UNIQUENESS RESULTS FOR DIFFERENTIAL...... SHARING A SET 7

and
Nl ) < (k= DN G + N (1 g7 ) + 50 )

Again we write

Q(2) — R(2) = a(z = B)Q'(2),
where a # 0 and § are constants and R(z) is a polynomial of degree atmost g — 2.
Applying Lemmas 2.1, 2.2, we have

m (7"’ m) =m (7"’ fg(@([ﬂ' (Q(lf))/)
< {rrtm) o () v < r) 500
From this we get

T(r, F}) = m(r, Fll,) + N(r, Fil,) +0(1)

1 1 1
>T (“ —Q(f%R(f)) = N(r gy=rey) + N 77) +0(1)
Z qT(r, f) - N(?”, (Q(lf))/) - N(’I“, ﬁ) + N(Ta FL{) + O(l)

Thus using the Lemma 2.4 to the function F| we get
T(r,F) > T(r,F{) + Na(r, &) — Niy1(r, %) +S(r, f)
> qT(r, f) = N(r, giyy) = N, 725) + N, 77)
+Na(r, +) 7Nk+1(T,F—l,)+S(T,f). (10)

Case 1: H # 0. Then by Lemma 2.6, we get following subcases:
Subcase 1.1: If m > 2, then using Lemma 2.5 we have

dT(r,F) =T(r,F) <dN; (r, ) +dNz (r, &) + 2N (r, F)
+2N (r,G) + S(r, f) + S(r, g). (11)
Using (6)(10) and (11) we get
dqT(r, f) < d(k — 1)N(r G) + dNps (7, &7 ) + 2N(r,G) + 2N (1, F)
+dN(r, gipy) + AN (1, 725) = dN(r, z7) + ANy (r, 37) + S(r, f) + S(r, 9)
< (d(k—1)+ 2)N(r g) +d(k+1) 37 N(r, .25) +dN(r, 57)
+d 3, miN (r, 2 )+2N(r £ +dk+1) Y, N(r, 7)
+d Y, miN(r, 22) + AN (r, £5) + +S(r, f) + S(r,9)
< (d(k U2+ dvk+ 1) +dY mZ) T(r,g)
+ (2 td+dv(k+1)+dY_ ., mi) T(r, )+ +S(r, f) + S(r, g).
This implies
(dg—2—d—dv(k+1) = di_, . mi) T(r f)

< (A0 + 1) + 24+ dulk +1) + A3, mi) T 9) + S(r, f) + S(r,g). (12)
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Similarly, we get
(dq —2—d—dv(k+1)—d¥_, ., mi> T(r,9)
< (A0 + 1)+ 2+ dvlk+ 1) + A1, mi) T( ) + SO, f) + S(r,9). (13)
Combining (12) and (13), we get
(dq —4—d(k+2)—2dv(k+1)—2d Z mz> (r, /)+T(r,9)) < S(r, f)+5(r, ).
i=v+1

Therefore, we have ¢ < k+2+2+2v(k+1)+2 Zé:y+1 m;, which contradicts (2).

Subcase 1.2: m = 1, then
dT(r, f) =T(r,F) <dNy (r, +) +dNa (r, &) +
+2N (r,G) + AN (r,£) + S (r, /) + S (r.9). (14)
Using (6)—(10) and (14) we get

dqT(r, f) < d(k = D)N(,G1) + AN (r, &7 ) + 2N(r,G) + §N (1, F)
CDN(r, ) + 3Nk (1 &) + dAN(r, ) +dN(r, 75) — dN(r, )
+dNi1(r, 77) + S(r, f) + 8(r,g) < (d(k — 1) + 2)N(r, g)
+d(k+ 1) N Ao) +dN(r 2) +d S miN (r, )
BN (r, £) + (d(k + 1)+ 5) S0, N, 2) + (d+ 5 S, maN (r, 125
+5N(r, 77) +dN(r, f+ﬁ) +S(r, )+ S(r,g)

< (A0 + 1) + 2+ vk + 1) + A4, mi) T(r,9)

+ (3 +EpdrvdE+ D)+ + @+ HY ml) T(r, f) ++S(r, f) + S(r, 9).
This implies
(dg—3—%—d=v(dk+1D)+5) — (d+3) i, m) T )
< (d(k FU 424+ du(k+1)+dY L, mi) T(r,g) + S(r, f) + S(r,g). (15)
Similarly, we get
(da—3-5—d—vldk+1)+5) — @+ Ty mi) T(r.9)
< (dlk+ 1)+ 24+ du(k + 1) +d S0, mi) TG f) + S(r, ) + S(r.9). (16)
Combining (15) and (16), we get
(dq—5fd(k:+2) . fy((2d(k+1) +k
S(r. f) +
Therefore, we have ¢ < k + 2 + k+10 +v (
which contradicts (3).

) = 24+ 1) S,y mi) (T /) +T(r.9))
S(r.g).
1)+ g5) = 2+ 59) Ticyq i
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T, F)

Subcase 1.3: m = 0, then
L)+ dNy(r, &) + 2N(
9). (17)

dT(r,F) =T(r,F) < 4N(r, F) + 3N (r, G) + dNs(r,
+N(r,§)+S(T,f) S(r,

Using (6)—(10) and (17) we get
IN(r,G}) + dNks (7, & ) + 3N (r, G) + AN (r, F)

dqT(r, f) < d(k —

+2(k = DN (r, F{) + 2Nk (v, ) + (k = DN, G) + Ny (r, &)
) + dN(r, 525) — AN (r, ) + dNp4a (r, F) +S(r, f)+ S(r, g)
Ak +1)+ k) T, N(r, 22) + (d+1)N(r,$)
L)+ (2k +2)N(r, f)+(d(k+1)+2k)2§=1N(
5) +2N(r, )+ S(r, f) + S(r, g)

+AN(r, oipyy
< (d(k=1)+k+2)N(r,g) +

(d+ 1) Zl v+1 miN(T’ g—=zi
Hd+2) Sl milN(r, 22) + dN(r, 115

(Al + 1) + b+ 4 (@ + 1) +8) + (d+ 1) XL, ) TG 9)

<2k+6+d+u(d(k+1)+2k) d+2)3) Vﬂmz) T(r, f) ++S(r, f) + S(r, g)

=)

This implies
(dg =2k —d— v((k +1) + 2%) = (@ +2) Sl mi) TG )

(A0 +1) + 4+ 4+ v(d(k + 1) + k) + (d+ 1) Sy i) T(r,9)
S(r, f) +5(r. g). (18)

Similarly, we get
(dq 2k —d—v((k+1)+2k) = (d+2) X', mz) T(r,g)
(d(k A0tk At udh+1) 4R+ @A+ )Y, ml) T(r, f)
+S(r, f) + S(r, g). (19)

Combining (18) and (19), we get
(dq —d(k+2) — 3k — 10 — v(2d(k + 1) + 3k) — (2d + 3) ¥, 1, mz) (T(r, f) + T(r,g))

és(rvf)—'_s(r?g)
Therefore, we have ¢ < k+2+3k%w+v(2k+2+%)+(2+ )27, v+1 My

which contradicts (4).

Case 2: H = 0. Thus, when we integrate twice, we get

1 A
=—+B8,

G-1 F-1
where A (# 0) and B are constants.
Thus }
G- (B+1)F+(A-B—-1)
B BF+(A—B)

(20)
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and R
2 (B-A)G+(A-B-1)
BG — (B +1) '
Now we consider the following three subcases:
Subcase 2.1: B # 0, —1. Then from (21) we have

(21)

Using Lemma 2.3 we get

dT(r,g) = T(r,G) < N(r,G) + N(r, é)
Using (7), (9), (22) and (10) for G, we get
dqT(r,g) < dT(r,G) + AN (r, ges) + AN (r, 15
2(r, §) + dNiya(r, gr) + S(r,9) < N(T79)+N(T’é
+N(r, ) +dN(r, grgy) + dN(r, 725) + S(r, g)

<(k+2+d+ (d+1)ky+(d+1)zl w1 mi)T(r,g) +T(r, f)
+S(r, f)+ S(r,g)

Therefore we get
(dg—d—k—-2—(d+1Dkv—(d+1) Zl w1 ma)T(r,g) <T(r, f)
+S(r, )+ 5(r,g9). (23)
If A— B —1#0, then it follows from (20) that

_ 1 — 1
N<7" m) =N(r%)-

BF1
Again by Nevanlinna second fundamental theorem we have

IT(r, f) = T(r. F) < N(r. F)+N(r,%)+ﬁ<r,ﬁ§>+3(r,ﬁ)
< N(r,F)+N(r,+)+ N(r, %)+ S(r, f) + S(r, 9). (24)
Using (7), (9), (24) an
dqT(r, f) < dT(r,F) + dN(r, )—|—dN( ) dN (r,
—dN2(7F)+de+1(7F/)+S( f) < N( )+ N, %
+N(r, g) +dAN(r, griy) +dAN(r, 725) + S(r, f) + S(r,g
<(k+2+d+ (d+ )ku—l—(d—i—l)zl w1 ma)T(r, f)
+(k+1+kv+ Zi:y+1 mi )T (r,g) + S(r, f) + S(r, 9).
Therefore we get
(dg—d—k—2—(d+ Dkv— (d+ )ZZ va1m)T(r, f)
<(k+1+kv+ Zi=u+1 m; )T (r,g) + S(r, f) + S(r, g). (25)

d (10), we get

77)
)
)
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Combining (23) and (25), we get
(dg—d—k=2=(d+ kv~ (@+ 1) S, mi) (T(r, ) + T(r,9))
<T(r, )+ (b 1 v+ iy 4y mi)T(r,9) + S0, f) + 5(r,9),
= (dg—d =2k =3~ (d+ kv — (d+2) Li_, 4y mi) (T, ) + T(r,9))
< S(r, f)+ S(r, g).

Therefore, we have ¢ < 1+ 2553 4 pk(14+2)+ (1+ 2) Zz »4+1 M, which contradicts
assumptions (2)—(4).

Therefore A — B —1 = 0. Then by (20)

N <r, Fi 1 — N G).
Again using Lemma 2.3 we get
dT(r, f) = T(r, F) < N(r.F) + N(r. £) + N (r, 72 ) + S(r, F)
<N(r,F)+N(r,+)+N(r,G)+ S(r, F) (26)

Using (7), (9), (26) and (10), we get
dqT(r, f) < dT(r, F) + dN(r, grczy) + dN(r, 715) — dN(r, F
—dNs(r, ) + dNjey1 (1, 77) + S(r, f) < N(r 9)+N(r, )
+N(r, f) + AN (r, grgy) + AN (r, 715) + S(r, f) + S(r,9)

<(k+2+d+(d+1kv+(d+ )El vi1ma)T(r, f) +T(r, g)
+S(r, f)+ S(r,g).

Therefore we get
(dg—d—k—2—(@+ kv — (d+1)Ti, mi) T(r, f) < T(r,9)
+S(r, f)+ S(r,g). (27)
Combining (23) and (27), we get
(dg—d—k =2 (d+ kv~ @+ 1) S, mi) (T(r,f) + T(r,9))
<T(r,f)+T(r,g) + S(r, ) + S(r.9),
(dq —d—k—-3—(d+Dkv—(d+1)X'_ ., m) (T(r, f) + T(r, 9))
<8(r,f)+S(r,g).
Therefore, we have ¢ < 1+ %42 4 pk(1+ 1)+ (1 + 1)\ | m;, which violates
assumptions (2)—(4).

Subcase 2.2: B = —1. Then

A+1—F’
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and .
. (1+A4)G-4
2
If A+1#0,
N( L )=N(ﬁ>,
F_(At+1)
N T?'—'—i :N(T7 ~)
A+1

By similar argument as Subcase 2.1 we have a contradiction.
Therefore A +1 = 0 then FG = 1. and so we get (Q(f))™.(Q(9))*® = tad, with
td=1.

Subcase 2.3: B = 0. Then (20) and (21) gives G = % and F = AG+1— A.
IfA-1+#0 N (r, m) = N(r, é) and N (r, G——%> = N(r, %) Proceeding
similarly as in Subcase 2.1 we get a contradiction.

Therefore, A —1 = 0 then F = G i.e., (Q(f))® = t(Q(g))™, with t* = 1. Then
by Lemma 2.7, we get Q(f) = tQ(g) + c for a constant ¢ and ¢ = 1. a

Proof of Theorem 1.10 :

Proof. The proof of the theorem follows from Theorem 1.9 and Lemma 2.8. O
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